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This book completes the story begun in the first volume of Understand- 
ing Quantum Physics (1990), the story of quantum mechanics. It can be 
used in the second semester of a two-semester introductory quantum 
mechanics course at the junior or senior undergraduate level following a 
semester devoted to Understanding Quantum Physics or any other under- 
graduate quantum text that covers the material summarized in Chapter 1: 
the time-dependent and time-independent Schroedinger equations, the 
solution of these equations for simple one-dimensional systems (square 
wells, harmonic oscillators, etc.), and the basic definitions of the mathe- 
matical constructs of quantum mechanics (expectation value, Hamilto- 
nian, commutator, and the like). Understanding More Quantum Physics 
was designed for students of physics, chemistry, or engineering who have 
had such an introduction to the fundamentals of quantum mechanics and 
some college math and physics. 

This book is a reprint of Part I of Quantum States of Atoms, Molecules, 
and Solids by Michael A. Morrison, Neal F. Lane, and Thomas L. Estle, 
published by Prentice Hall in 1976, now out of print. In that book this 
material served as essential groundwork for the study (in Parts II and III) 
of molecules and solids. This stand-alone book can still be used in that 
capacity. Except for a few minor differences of notation and units be- 
tween this book and the first volume of Understanding Quantum Physics, 
the two meld smoothly. In the future, this book will, in turn, be sup- 
planted by the second volume of Understanding Quantum Physics, which 
will cover the same topics and a bit more besides. 

The pedagogical philosophy Neal Lane, Tom Estle, and I used in writ- 
ing this text is identical to my current thinking about how to explain 
quantum mechanics, and most of what we wrote in the Preface to Quan- 
tum States of Atoms, Molecules, and Solids still holds. We have pre- 
sented major concepts and problem-solving techniques in as simple a 
context as possible, trying wherever possible to avoid nonessential math- 
ematical or physical complications. Thus we sometimes introduce new 
ideas via simple one-dimensional models, as in the introduction to the 
quantum mechanics of many-particle systems in Chapter 8. This strategy 
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viii Preface 


is predicated on our conviction that you will find it easier to tackle mathe- 
matically and physically sophisticated problems once you grasp the un- 
derlying principles of the problem. 

In each chapter you will find a selection of ‘‘exercises”’ and, at the end 
of each chapter, a wide-ranging selection of problems. The former tend to 
be straightforward manipulations of the sort usually prefaced by the egre- 
gious phrase ‘‘it can be shown that... ° We have kept the number of 
such exercises to a minimum and included steps in derivations in the text 
where the truth of the matter is that “‘it can be shown (but only with 
difficulty) that. . . .’” By contrast, the problems at the end of each chapter 
will help you understand the principles presented in the text, isolate and 
clarify possible points of confusion, and extend the primary text material 
to other topics. We mean these problems to be learning tools and so have 
loaded them with hints, intermediate steps, and other forms of guidance. 

We developed and tested this material over a six-year period at Rice 
University, and at least one group of students worked every exercise and 
problem. Each problem comes with a “‘rating’’ of one to four stars: * = 
easy; ** = average; *** = a little challenging, but don’t panic; **** = 
pretty difficult. These ratings, which are based on evaluations by stu- 
dents, should guide you to problems at an appropriate level of difficulty. 

Like Understanding Quantum Physics, Quantum States of Atoms, 
Molecules, and Solids was born of our enthusiasm for quantum physics 
and our belief that learning about this subject is interesting, exciting, and 
should be (dare I say it?) fun. I hope this sense of the wonder and excite- 
ment of quantum physics is communicated to you and that you will leave 
this book eager to turn to other treatments (there are a lot of good, varied 
quantum books out there!) and to the fascinating applications of quantum 
mechanics to atoms, molecules, solids, and the rest of the universe. 


Michael A. Morrison 
Norman, Oklahoma 
January, 1991 
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Recollections 
of Quantum Theory: 
A Survey Chapter 


“How often have I said to you that when you have eliminated the impossible, what- 
ever remains, however improbable, must be the truth.” 

Arthur Conan Doyle, Sherlock Holmes to Dr. Watson in “The Sign of Four,” The 
Complete Sherlock Holmes (Garden City, N.Y.: Doubleday & Company). 


Throughout the nineteenth century great strides were made in the study of 
classical physics, and by the early 1900s a complacent mood had settled over 
physicists. Newtonian mechanics had been carried forward by Hamilton and 
Lagrange to the point where it appeared not only correct but also quite 
beautiful. Moreover, the electromagnetic theory of James Clark Maxwell 
masterfully dealt with problems involving electric and magnetic fields. Little 
did most of the scientists of this era realize that this mood was about to be 
shattered, that a series of experiments and comparisons of observations to 
theory would shortly reveal gaping holes in physical theory as it applied to the 
microscopic realm, and that a series of papers by Einstein, Schroedinger, de 
Broglie, Heisenberg, and others was about to burst on the scene causing shock 
waves whose reverberations would be felt throughout the twentieth century. 
For theirs was to become a new physics called guantum mechanics and was 
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destined to revise radically man’s thinking about the physical world and his 
relation to it. 

However, a history of the development of quantum physics cannot be 
presented here; such a digression would lead us too far from our goals. Nor 
shall we seek to present a pedagogically sound discourse on the principles of 
quantum theory; a number of other books have already done so.'! Rather we 
shall briefly survey the principal concepts, methods, and results of elementary 
nonrelativistic quantum theory. These results are not to be taken lightly, for 
they constitute the theoretical foundation on which the rest of this book is 
constructed. This brief treatment is simply a review and summary of impor- 
tant material, most of which should already be familiar to the reader and 
which can be skimmed by anyone who is not enthralled by summaries. We 
shall refer to and explicate results from this chapter as needed in later work. 


1.1 THE WAVE-PARTICLE DUALITY 


At the heart of quantum physics is a revolutionary concept of the nature of 
matter. Until the advent of quantum mechanics, particles had been thought of 
as entities possessing well-defined positions, momenta, energies, and so on, 
and as obeying the laws of classical mechanics. Then came the wave theory of 
matter and its consequences as set forth by Heisenberg, who demonstrated 
that the nature of the universe prohibits us from determining simultaneously 
the position and momentum of a particle to an aribitrary degree of precision. 
This disconcerting notion is expressed mathematically by the Heisenberg 
uncertainty principle :? 


Ap, Ax = h, Ap, Ay = h, Ap, Az = h, (1.1) 


where Ap,, is the uncertainty in the x component of linear momentum, Ax is 
the uncertainty in the x component of position, and so on. The constant h is 


h (1.2) 


Il 


b 
In 
where h is Planck’s constant,’ 

h = 6.6257 x 10-7 erg-sec. (1.3) 


1See the Suggested Readings at the end of this chapter for references to histories 
and elementary texts. 

2A similar relationship holds for energy and time, AE At = h. 

3See Appendix 1 for a table of fundamental constants. 
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This principle, together with experimental observations, forces us to 
consider a particle of matter (e.g., an electron) as having a dual nature: it has 
both wavelike and corpuscular properties. In fact, it is not strictly a “particle” 
at all; it is a quantum mechanical system.‘ As first articulated by de Broglie, 
this point of view insists that a wavelength å and a frequency (angular) œ 
must be ascribed to the particle. The wavelength is related to the momentum 
of the particle by the de Broglie relation, 


Ap =h, (1.4) 
or, equivalently, 
p=hk, (1.5) 


where k is the wave number, defined by 


i 
= (1.6) 


The energy of the particle is related to its frequency by the Einstein relation, 


E=ho. (1.7) 


1.2 THE SCHROEDINGER WAVE EQUATION 


This new concept of matter necessitates a revision of the ways physicists 
describe the location and motion of particles. No longer, for example, does it 
make sense to describe a particle in classical terms by precise specification of 
its position at each instant in time. Instead it is necessary to introduce a wave 
function, necessarily a complex function, which in some sense contains all 
that it is possible to know about a quantum mechanical state of the system. 
In general, this wave function depends on position and timet and is written 
Wir, 0). 

Not all complex functions of space and time are valid wave functions. To 
be physically admissible, the function and its first derivative must be finite, 
continuous, and single valued throughout all space. Moreover, it must be 
square-integrable—that is, it must satisfy 


f | Wor, t)? dr = j P*(r, NPr, t) dr < o, (1.8) 


*4Although a structureless particle is used as the “system” in this chapter, the 
results quoted can (and will) be generalized to more complex systems, such as atoms, mole- 
cules, and solids. 

5As we shall see in Chapter 6, the wave function can also depend on other quan- 
tities (e.g., spin). 


where ¥* denotes the complex conjugate of ¥ and f - - - dr means integration 
over all space. In this text all the functions studied will satisfy these properties. 
Although it is not possible to say with complete certainty where the 
particle is (if, indeed, “where” has any meaning in our new view of the 
universe), its probable location can be calculated. Thus we introduce the 
probability density, or probability per unit volume, p(r, t), defined as 


pi, t) = ¥*(r, DY, t). (1.9) 


In quantum mechanics, p(r, t) dr is the probability that the particle will be 
found at time ¢ in a volume element dr centered on the point r. 

Since the particle must clearly be somewhere in order to exist at all, the 
probability density must satisfy 


J a, i) dr = i P*(r, NYG, 1) dr = 1. (1.10) 


A wave function that satisfies this condition is said to be normalized.‘ 

Thus the position of the particle is described by its wave function. The 
motion of the particle is described by its wave equation, the quantum 
mechanical equivalent of a Newtonian equation of motion. In particular, the 
appropriate quantum mechanical wave equation is the time-dependent 
Schroedinger equation. For a particle of mass m with potential energy V(r, t), 
this equation is 


KY, t) = nor, i), (1.11) 
where & is the Hamiltonian operator (see Sec. 1.3). The Hamiltonian 3 is the 


operator equivalent of the total energy of the particle and is equal to the sum 
of the kinetic and potential energies, 


e=T+ Vor, p), (1.12) 
where the kinetic energy is 
2g 
T= i (1.13) 


for a particle of mass m. The operator for the linear momentum p in this 
equation is 


p= —iħ V. (1.14) 
éClearly, if this condition is violated to the extent that the integral in Eq. (1.10) 


is equal to some finite number, say M, normalization can be enforced by simply redefining 
‘V(r, £) to incorporate a multiplicative constant 1/4/M. 
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Therefore we can write 


T= -5 v, (1.15) 


V? being the Laplacian operator, which, in cartesian coordinates, is 


2 
= 5+ f+ (1.16) 


In accordance with the probabilistic interpretation of quantum mechanics 
introduced in Eq. (1.9), the motion of the particle may be further described 
by its probability flux density j(r, t). This quantity is defined as 


D= = Pre, t) VE (r, t) — P(r, t) VY * (r, Ò); (1.17) 


j(r, í); da is the probability per unit time that the particle passes through the 
element of surface area da, where 


da = fida, (1.18) 


fi being a unit vector directed normal to the surface element. 
An important relationship between probability density p(r,/) and 
probability flux density j(r, £) is the equation of continuity, 


Lote, i) = V- jfr, i). (1.19) 


This equation expresses the conservation of probability with time. It can be 
used, for example, to show that the normalization of a wave function is time 
independent. 

As the preceding remarks suggest, the wave function P(r, t) is all impor- 
tant to the theory of quantum mechanics. Indeed, most of our efforts in this 
text will be directed at obtaining wave functions by solution of the Schroedin- 
ger equation (1.11). If the potential energy does not explicitly depend on time 
—that is, if V(r, 2) = V(r)—then special solutions of this equation can be 
obtained by employing the mathematical procedure of separation of variables. 
The time dependence factors out of these wave functions: 


Pr, 1) = ety a(r), (1.20) 


where £E is the energy of the particle. The new function y,(r) is labeled by the 
energy E. It depends only on r and satisfies the time-independent Schroedinger 
equation 


Hy Ar) = Ey,(r). (1.21) 


Each function y;,(r) satisfying Eq. (1.21) corresponds to a state of the 
particle for which the energy is precisely known and does not change with 
time. The full wave function ‘V(r, #) for the state is given by Eq. (1.20). Such a 
state is called a stationary state; we say that the energy in a stationary state is 
sharp (i.e., well defined). For a given system, there are, in general, many 
stationary states having negative energy (E < 0) which are necessarily bound 
states, and an infinity of stationary states having positive energy (E > 0) 
which are not bound states and are usually referred to as continuum states. 

In general, a system whose potential energy is independent of time will be 
found in a mixture of stationary states, and its energy will not be sharp. The 
wave function P(r, t) for such a state can be constructed by forming a linear 
combination of all stationary-state wave functions, 


YO, t) = D ay E) e E, (1.22) 


where the sum is taken over all stationary-state wave functions. [If there exist 
continuum solutions as well, they must be included in the sum of Eq. (1.22) by 
integration over the continuous region of the spectrum.] In this summation, 
as is a constant independent of r and f; it is the expansion coefficient for the 
stationary state of energy E. 


1.3 EIGENVALUE EQUATIONS AND OPERATORS 


The time-independent Schroedinger equation (1.21) is one of a special class of 
equations called eigenvalue equations.’ This equation states that an operator 
X acts on a function y,(r) to give the function itself multiplied by a constant 
E. The function in such an equation is called an eigenfunction and the constant 
an eigenvalue. It is common practice to label the eigenfunction by its eigen- 
value as we have done in Eq. (1.21). 

The solution of the time-independent Schroedinger equation yields a set of 
eigenfunctions of the Hamiltonian operator together with the corresponding 
eigenvalues. These eigenvalues fall into two classes: discrete and continuous. 
The collection of all the eigenvalues of the Hamiltonian operator is called the 
energy spectrum of the system. 

If two or more distinct eigenfunctions have the same eigenvalue, the 
eigenfunctions are said to be degenerate. Eigenfunctions with different eigen- 
values are said to be nondegenerate. 

Just as the time-independent Schroedinger equation is typical of a class of 
equations (eigenvalue equations), the Hamiltonian that appears in this 
equation is one of a class of mathematical entities called linear operators. In 


7In German, “eigen” means “characteristic”; so eigenvalue equations are “char- 
acteristic equations”, 
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general, an operator transforms one function into another that may be of 
different form; a familiar operator is the differential operator d/dx. A linear 
operator is an operator that transforms the sum of two or more functions into 
the sum of transformed functions. All operators that arise in quantum 
mechanics are linear, and we will restrict our discussion to such operators 
from here on. Linear operators of importance in quantum mechanics are the 
Hamiltonian 9, the orbital angular momentum L, and the linear momentum 
p. We shall encounter these operators in our study of the central force 
problem (see Chapters 2 and 3). 
We write an eigenvalue equation for an operator A, 


AQ, = apa (1.23) 


where g, is an eigenfunction of the operator and a is the eigenvalue corre- 
sponding to the eigenfunction g,. We choose to label g with its eigenvalue— 
as g,. Alternately, we may introduce an index, say i, to distinguish different 
eigenfunctions and eigenvalues—g, and a,. The latter technique is especially 
useful if the eigenvalues of A are discrete; then the index simply takes on all 
integral values i= 1,2,..., N, where N is the number of discrete eigen- 
values. Throughout this book the convention that seems most convenient at 
the time will be adopted. 

The importance of the set of eigenvalues a, obtained by solution of Eq. 
(1.23) is that in a single observation of the dynamical observable? A on a 
system, the only result that can be obtained is one of the eigenvalues of the 
operator corresponding to A. For example, in a single observation of the 
energy of a system, the only value we could get would be one of the energy 
eigenvalues E obtained by solution of the time-independent Schroedinger 
equation. This result provides an important link between theory and experi- 
ment and is the basis of the quantum mechanical theory of measurement.?:!° 

The important operators in quantum mechanics have a special property 
with profound implications for the corresponding eigenfunctions and eigen- 


8The term observable, which may be unfamiliar, simply refers to any physically 
measurable quantity. Typical observables are energy, linear momentum, position, and 
angular momentum. We shall use the same notation to refer to a dynamical observable as to 
the corresponding quantum mechanical operator. 

°The word measurement has a special meaning in quantum physics. Specifically, 
by a “measurement of A on a system,” we refer to a large number of single observations 
carried out on the members of an ensemble of identical systems—that is, systems with iden- 
tical Hamiltonians and identical histories. Thus the wave function V(r, t) is the same for 
each system in the ensemble before the measurement is made. In general, the process of 
observing will disturb the states of the members of the ensemble in a way which cannot be 
controlled. 

10See, for example, David Bohm, Quantum Theory (Englewood Cliffs, N.J.: 
Prentice-Hall, 1951), Part VI. 


values: they are Hermitian. By definition, an operator A(r, £) is Hermitian if 
it satisfies the equation 


[A OAE, De@) dr = | LAG. DSO 20) dr, (1.24) 


where f and g are arbitrary functions and A(r, t) operates only on f(r) in the 
integral on the right-hand side. We often write integrals such as the ones in 
Eq. (1.24) as <f(r)| A(t, 1)| g(r)>, it being understood that the Hermitian 
operator A can operate to the right or A* can operate to the left. This integral 
is called a matrix element. 

A special significance is ascribed to Hermitian operators in quantum 
mechanics; one of the basic postulates of quantum theory is that for every 
dynamical observable there exists a corresponding Hermitian operator. 

The solutions of the eigenvalue equation for a Hermitian operator 
satisfy the following properties: 


l. The eigenvalues are real. 

2. The eigenfunctions corresponding to distinct eigenvalues are 
orthogonal. 

3. The eigenfunctions form a complete set. 


Thus, if A is a Hermitian operator, the first property ensures that all its 
eigenvalues a, are real. From the second property, we know that 


Jor@o,@) dr=0, 14), (1.25) 


where g(r) and g(r) are eigenfunctions corresponding to distinct eigenvalues’ ' 
a, and a, (a; a;). If we further specify that the eigenfunctions of A are 
normalized [satisfy Eq. (1.10)], we can combine this fact with their ortho- 
gonality and write 


J ot@o,@) dr = 6,;, (1.26) 


where 6,, is the Kronecker delta, defined as 


pa {) if ix j (1.27) 


H S 


11Although Eq. (1.25) does not hold as written if a: = aj, there is a procedure 
whereby linear combinations of the eigenfunctions in the original set {g;} can be formed in 
such a way that the new eigenfunctions are orthonormal. This is called the Gram-Schmidt 
orthogonalization process. See Elmer Anderson, Modern Physics and Quantum Mechanics 
(Philadelphia: W. B. Saunders Co., 1971), Sec. 6.4. 
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A set of functions that satisfies Eq. (1.26) is said to be orthonormal. To 
understand the significance of the third property, we must first define “com- 
plete set.” A complete set of functions is defined by the property that any 
other function of the same coordinates may be expanded in terms of the 
elements of the set. Thus the set of eigenfunctions of 4, {g,}, is complete. 
Because the Hamiltonian is linear, we can expand, say, an energy eigenfunc- 
tion y,(r) in terms of the set {g,}: 


velr) = È cio LT), (1.28) 


where the numbers c; are called expansion coefficients. [In writing Eq. (1.28), 
we have assumed that there are N eigenfunctions of A in the set.] Since the 
set of eigenfunctions of A is orthonormal, we can determine the coefficients 
by simple integration: 


c = | gyl) ar. (1.29) 


These coefficients, obtained by expanding an energy eigenfunction in a 
complete set of eigenfunctions of some observable, contain information about 
the probability that a particular eigenvalue of that observable is obtained in a 
single observation on a system. Suppose, for example, that we carry out a 
series of observations of A on a large ensemble (collection) of identical 
systems; in each observation we get one of the eigenvalues in the set {a,}. 
The probability of obtaining a particular eigenvalue, say the jth one, in a 
single observation of A on a member system with energy E in the ensemble is 


cfc, = |c? = Kp; lwe. (1.30) 


Once again our theory is linked to the real world of experimental physics by 
the theory of measurement. 


1.4 COMMUTING OPERATORS 


The state of a quantum mechanical system is usually characterized by the 
eigenvalues of a number of operators (such as energy and linear momentum). 
An important question involves the relationship of these operators to one 
another. Specifically, do they “commute”? Two operators 4 and B are said to 
commute if the order in which they operate is immaterial—that is, if 


AB = BA. (1.31) 


This relationship is usually written in terms of the commutator of A and 
B, defined as 


[A, B] = AB — BA. (1.32) 


Thus A and B commute if their commutator is zero: [A, B] = 0. Another 
quantity that is useful in the study of operators is the anticommutator, defined 
as 


[A, B]; = AB + BA. (1-33) 
Now, suppose that we write an eigenvalue equation for the operator A: 
AQ, = aa- (1.34) 


An important theorem of quantum mechanics states that if p, is an eigenfunc- 
tion‘? of A with eigenvalue a and if A commutes with B, then g, is also an 
eigenfunction of the operator B with eigenvalue, say, b. Thus if [4, B] = 0, 
then we can write 


Boao = bP a,»- (1.35) 


Stated succinctly, the theorem reads: Operators which commute possess 
simultaneous eigenfunctions. The two eigenvalues a and b correspond to 
allowed values for the two dynamical observables whose operators are A and 
B, respectively. These two numbers provide convenient labels for the eigen- 
function g and are sometimes called quantum numbers. 

Much of this theory will seem less abstract when we consider specific 
physical systems involving several operators and examine eigenfunctions and 
quantum numbers. For example, in our study of the hydrogen atom we shall 
introduce an operator L? for the square of the orbital angular momentum of 
the electron about the nucleus. According to our theorem, if [3C, L7] = 0, 
then the energy eigenfunctions of the Hamiltonian—the solutions y,(r) of 
Schroedinger’s equation for the hydrogen atom—can also be eigenfunctions 
of L? and thus can be characterized by the eigenvalue of Z? as well as by the 
energy E. 

In quantum mechanics, an operator which commutes with the Hamil- 
tonian of a system is said to be a constant of the motion. 


1.6 THE EXPECTATION VALUE 


Let us return now to the expansion of the energy eigenfunction y,(r) in terms 
of a set of nondegenerate eigenfunctions of the operator A that is complete in 
the coordinates r, 


y(r) = > cio). (1.36) 


"We are considering only the nondegenerate situation in this section; thus, each 
eigenvalue a is associated with one and only one eigenfunction g,. See the Suggested 
Readings at the end of the chapter for discussions of the degenerate case. 
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From the last section we know that if A commutes with the Hamiltonian— 
that is, if 


[A, 1] = 0, (1.37) 


then y,(r) will be an eigenfunction of A as well as of J€ with a distinct 
eigenvalue, say, a}. That is, 


Ay c(t) = a ;yz(r). (1.38) 


Therefore all the coefficients in the expansion of Eq. (1.36) will be zero except 
the jth one, which, if all the functions {g,} are normalized, will be equal to 
unity. Expressing this mathematically, we write 


Goi: (1.39) 


In this event, the observable A is sharp; in any measurement of A on the 
system in the state yz, we obtain precisely the value a). 

Of course, in general, not all operators commute with the Hamiltonian of 
a system. If A does not commute with 3C, then the simple relation of Eq. 
(1.39) does not hold, and the energy eigenfunction y,(r) is said to be a 
mixture of eigenfunctions of A. If such is the case, we cannot be so precise 
about the results of a measurement of A; we saw in Sec. 1.3 that we could 
only predict statistical results of making a large number of observations on an 
ensemble of identical systems. 

Thus we can say something about the statistical average of such a 
measurement. This average corresponds to the expectation value of the 
operator. For an operator A, the expectation value of A is defined as 


<A> = | wk) Ay e(0) dr, (1.40) 


where we have assumed that A is independent of time and that the system is 
in a stationary state.'? Notice that the expectation value of A is defined with 
respect to a particular stationary state. 

If A is the Hamiltonian operator, JC, the expectation value has a particu- 
larly simple form; from the time-independent Schroedinger equation it 
follows that, for a stationary state of energy E, the expectation value of the 
Hamiltonian is equal to the energy E. If, on the other hand, A is not the 


13In general, the expectation value is 
éA) = f Wer, 1)AV(r, t) dr, 
where the full wave function V(r, t), which satisfies the time-dependent Schroedinger equa- 


tion, is used. See David Saxon, Elementary Quantum Mechanics (San Francisco: Holden- 
Day, 1968), pp. 91 ff. 


Hamiltonian, we can still calculate <A> provided that we know the coeffi- 
cients {c,} in the expansion of Eq. (1.36). Substituting this expansion into the 
definition of <A>, we find 


oN Slepa (1.41) 


that is, the expectation value of the operator A is the weighted sum of the 
eigenvalues of A. The weighting factor for the ith eigenvalue a, is the square 
of the ith coefficient in the expansion of the energy eigenfunction in terms of 
eigenfunctions of A. 

Clearly, if A commutes with % as in Eq. (1.37), then the expectation value 
of A is equal to the appropriate eigenvalue of A—for example, 


<A> = 4). (1.42) 


This is merely another way of saying that the observable A is sharp. 


1.6 CONCLUDING REMARKS 


Some of the results of this chapter may appear quite alien and abstract, 
particularly the ones expressed in terms of “some operator” rather than a 
specific operator. This situation should not be alarming; we shall be applying 
and examining many of these results throughout the remaining chapters until, 
by the end, they will be old and familiar friends. 

The elementary application of most of these ideas is to one-dimensional 
systems such as potential wells and barriers, simple harmonic potentials, and 
so on. These are important problems, however unphysical they may seem, 
for they illustrate the fundamental principles of quantum physics in particu- 
larly simple contexts. Indeed, we shall make extensive use of one-dimensional 
systems in our study of atoms, molecules, and solids as we try to “model” 
these systems in such a way as to extract their fundamental physics. 

Several of the references presented at the conclusion of this chapter discuss 
applications of elementary quantum mechanics to one-dimensional systems 
like the ones mentioned above. If these applications are not familiar, a short 
review would probably be useful. In addition, Prob. 1.1 is recommended for 
review purposes. However, we are primarily interested in the applications of 
quantum theory to more realistic physical systems, a study that begins in the 
next chapter. 


SUGGESTED READINGS 


An enormous number of so-called introductory quantum mechanics texts are cur- 
rently available. Therefore, we list here only a few personal favorites with which we 
are most familiar and which seem particularly useful to the student of our book. 
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The reader who desires additional references is referred to the Bibliography at the 
end of the book or to his neighborhood bookstore. 

A number of histories of the evolution of quantum theory are available; two of 
the most enjoyable are 


GAMOW, GEORGE, Thirty Years that Shook Physics. New York: Doubleday, 1966. 


CROPPER, WILLIAM H., The Quantum Physicists and an Introduction to Their Physics. 
London: Oxford University Press, 1970. 


A very useful introductory text is 


BocknorF, FRANK J., Elements of Quantum Theory. Reading, Mass.: Addison- 
Wesley, 1969. 


Of particular interest are Chapters 4 to 6, which lead into quantum mechanics, and 
Chapters 7 and 8, which deal with simple examples of elementary quantum theory. 
At a slightly more advanced level are 


Saxon, Davin S., Elementary Quantum Mechanics. San Francisco: Holden-Day, 
1968. 

ANDERSON, ELMER E., Modern Physics and Quantum Mechanics. Philadelphia: W. B. 
Saunders Co., 1971. 


The latter text contains a very good chapter on the formal structure of quantum 
mechanics (Chapter 7). This topic is also treated with clarity in Saxon’s book, which 
contains a wealth of information on the momentum representation of quantum 
states. 
Two volumes that are old enough to be called classics and yet are so well written 
that they should be recommended are 
PAULING, Linus, and E. B. WiLson, Introduction to Quantum Mechanics. New 
York: McGraw-Hill, 1935. 


EyrinG, HENRY, JOHN WALTER, and GEORGE E. KIMBALL, Quantum Chemistry. 
New York: Wiley, 1944. 


Both books deal with quantum chemistry and contain sections on atomic and mole- 
cular physics as well as explications of elementary quantum mechanics. 
Finally, we should mention 


ROJANSKY, VLADIMIR, Introductory Quantum Mechanics. Englewood Cliffs, N.J.: 
Prentice-Hall, 1938. 


This book, although old, was clearly written with the reader in mind and has provid- 
ed help for many a perplexed student in time of stress. See especially the discussions 
of problems in one dimension, Chapters 2 to 8, 10, and 11. 


PROBLEMS 


1.1 Review of Simple One-Dimensional Systems (**) 
Consider a one-dimensional symmetric potential energy [i.e., V(x) = 
V(—x)] of the form 
V(x) = Vo |x|". 


If n = 2, this is the potential energy of a simple harmonic oscillator. If n = —1, 
it is the one-dimensional analog of the coulomb potential energy. Finally, if n is a 
large number, then V(x) approximates an infinite square well or “box.” 

(a) Let us assume that the solutions for very large n are essentially those of a 
particle in a “box” defined by 


| OG jezi 
V(x) = 


œ, |x|>1. 


What are the energies of the stationary states for this system? As energy increases, 
do the states get closer together or farther apart? Sketch the wave functions for the 
lowest four states. Discuss the contributions of the kinetic energy and the potential 
energy to the total energy. 


(b) Now consider the case n = 2. What are the stationary-state energies? As 
energy increases, do the states get closer together or farther apart? Sketch the wave- 
functions for the lowest four states. Explain, in terms of the relative importance of 
the kinetic and potential energies in determining the total energy, why the energy 
spectrum differs from that in part (a). 

The first excited state is an odd state [i.e., y(x) = —y(—x)] with a single node 
at x = 0. If the wavefunction for this state were more extended (so that the peaks 
in the probability were farther apart), would the total energy be lower? Would the 
kinetic energy be lower? The potential energy? 


(c) For n = —1, we have the one-dimensional analog of the coulomb potential 
energy. However, in one dimension this potential energy has too strong a singularity 
for our purposes, and it is actually necessary to truncate the potential in order to 
obtain discrete levels [see L. Haines and D. Roberts, American Journal of Physics 37, 
1145(1969)]. For our purposes, we will simply draw analogies from three dimen- 
sions. Thus we have a series of levels specified by the principal quantum number 7. 
All but the lowest (n = 1) level are degenerate. In three dimensions this degeneracy 
results from the various nonzero values of the electron’s orbital angular momentum. 
The equivalent in one dimension is the double degeneracy of an odd state with 
n — 1 nodes and of an even state with nodes (these are analogous to the np and ns 
states in three dimensions). Assuming, also by analogy with three dimensions, that 
the levels get closer together as the energy increases, explain why this is so in terms 
of the kinetic and potential energies. 

(d) Ignoring, for the moment, the obvious problem of n going from a positive 
to a negative value, explain what qualitative changes occur in the energy spectrum 
as n is varied. In addition, explain, in terms of the changes in shape of V(x), why 
this occurs. Would you expect similar results in two or three dimensions? What 
arguments can you advance to justify your conclusions ? 


2 


Solution of the 
Central Force Problem 


Polonius: “Though this be madness, yet there is method in't.” 
William Shakespeare, Hamlet, ii. 2 


In this chapter we shall consider the solutions of the time-independent 
nonrelativistic Schroedinger equation for a single particle 


Hy Ar) = Ey (T), (2.1) 


for a special class of problems. Many three-dimensional systems of interest 
possess spherical symmetry; that is, all directions in space are equivalent. 
The potential energy of such a system will depend only on the radial distance 
from a suitably chosen origin: 


V(r) = V(r). (2.2) 
Then the Hamiltonian in Eq. (2.1) is 
K =T + U(r). (2.3) 


Problems dealing with such systems are called central force problems. 
One example of a system that satisfies Eq. (2.2) and is of great interest is the 
one-electron atom; the potential energy for an electron in the field of a 
nucleus of charge Ze is 


yn) = —2£. (2.4) 


We shall study this system in Chapter 3. 


2.1 CENTRAL FORCES 


The central force problem in classical mechanics is probably familiar.’ The 
classical force is related to the potential energy by 


F = —VV. (2.5) 


Therefore any force derived from a potential energy that satisfies Eq. (2.2) is 
radially directed and independent of the angular variables @ and g of spherical 
coordinates. Hence it is called a central force. 

In classical mechanics, certain properties related to the conservation of 
angular momentum are characteristic of the solutions of any central force 
problem. We shall see that in quantum mechanics similar properties are 
common to the solution of any central force problem. Therefore if we can at 
least partially solve the general quantum-mechanical central force problem, 
our labor will be considerably reduced when we take up a specific problem 
with a particular V(r). 

Let us briefly review some of the properties of central force motion in 
classical mechanics. A particle of mass m, under the influence of a central 
force always moves in a plane in such a way that the total energy E and the 
orbital angular momentum L have vanishing time derivatives—they are con- 
stants of the motion. They are given by 


L = m,r°6 = constant (2.6) 
and 
E= amie + 62) + V(r) = constant, (2.7) 
where the dot (e.g., Ê) indicates the first time derivative (e.g., d0/dt). The 
expression for the total energy can be written in the suggestive form 


1 
2 


1 


Es 2m,r* 


L? + V(r) = constant, (2.8) 


m} + 


1See, for example, Keith Symon, Mechanics, 3rd ed. (Reading, Mass.: Addison- 
Wesley, 1971), Sec. 3.13. 
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where the first term is the radial kinetic energy, the second term is the angular 
kinetic energy, and V(r) is the potential energy. It is useful to define an 
effective potential energy, 


1 
2m,r 


Veer) = 3L? + V(r), (2.9) 


in terms of which the total energy can be written as 


p= ame + Fait: (2.10) 


The effective potential helps us to visualize and understand the properties of 
the orbit of the particle. An analogous effective potential will be introduced 
in our study of the quantum-mechanical central force problem. 

Before explicitly considering this problem, let us write down potential 
energies for three commonly encountered central force problems; we shall 
return to these problems in this and subsequent chapters. Of paramount 
importance in atomic physics is the coulomb potential energy of Eq. (2.4). 
The harmonic spherical weil is useful in constructing and studying models in 
atomic and molecular physics. The corresponding potential energy is 


V(r) = yr’, (2.11) 


where y is a constant. Finally, we should mention the spherical well, which is 
the first central force problem we shall solve in detail (see Example 2.1); 
the potential energy is given by 


— Vow JO mig 
v=] iih (2.12) 


Keeping these examples in mind, we now turn to the general central force 
problem in quantum mechanics. 
2.2 THE SCHROEDINGER EQUATION FOR 
THE CENTRAL FORCE PROBLEM 
Consider a particle of mass m, in a spherically symmetric force field. We 


know that the potential energy satisfies Eq. (2.2), so the Hamiltonian eigen- 
value equation (2.1) can be written 


[ b v2 4+ Vr) — E alr) = 0 (2.13) 


The fact that there is no preferred direction in space for the system may have 
led you to expect the energy eigenfunctions to be independent of @ and g. 
Not true! However, the special nature of the potential energy will enable us 
to find angular-dependent eigenfunctions of a particularly simple form. 

The spherical symmetry of V(r) suggests that we work in spherical coor- 
dinates; this coordinate system is shown in Fig. 2.1. We must first express 


O y 


z 


Figure 2.1 Spherical coordinate system. 


the Laplacian V? in spherical coordinates. In cartesian coordinates, this 
operator is 


Ve g 2.14 
S a A (2.14) 


The transformation between the two systems is given by 


x = r sin ĝ cos p, (2.15a) 
y =r sin ĝ sin g, (2.15b) 
z =r cosĝ, (2.15c) 


and it is possible to use Eqs. (2.15) to show that 


A Uf aN La 0 aaa 1 0? 
= Fe TE a9 90 (85) + 72 sin? 0 dg? 


(2.16) 


This result enables us to write the Hamiltonian eigenvalue equation 
(2.13) in spherical coordinates: 


[mar a) + rina a (Gp) + arna 


+H) — Ey) =; (2.17) 
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If we manipulate this equation a bit, we can rewrite it as 


fh? 1 @ ð 1 N F T | 
2m, r? ðr rs) vel) + mal ne] 9 ja (sia o) 


ana OvO- Ewo (2.18) 


The form of this equation bears a strong resemblance to that of the classical 
expression for the total energy, Eq. (2.8). Let us exploit this similarity and 
tentatively identify the operator corresponding to the square of the orbital 
angular momentum with the factors in braces in Eq. (2.18): 


ro Hl 0 a (sin 059) at adh rl) 


Of course, in no way have we proven that the right-hand side of Eq, (2.19) 
is the operator for the square of the orbital angular momentum. We shall do 
so in Sec. 2.3, where we examine angular momentum in more depth. 

Accepting this reasonable identification for the moment, we can write 
the Laplacian in terms of Er, 


V= 23 (r 8) -phar (2.20) 


then the time-independent Schroedinger equation becomes 


i la 1 
[ 2m, aile?) i 2m,r? be Vir) E |y) =i 


Hamiltonian eigenvalue equation 2 21) 
for a central force problem ; 


Separation of Radial and Angular Coordinates 


Equation (2.21) is a second-order partial differential equation in three 
variables, r, 0, and g, and as such is rather formidable. To make the task of 
solving this equation easier, let us seek solutions for which the angular 
motion, the dependence of y on @ and g, is separated from the radial motion, 
the dependence of y on r. Such a function will have the form 


Yele) = R(r) Y@, p), (2.22) 
where R(r) is the radial function and ¥(@, g) is the angular function. This is 
2We do not suggest that all solutions of Eq. (2.21) are of this form. However, any 


valid solution of Eq. (2.21) can be written as a linear combination of functions of the form 
of Eq. (2.22). 


the familiar method of separation of variables.? Substituting Eq. (2.22) into 
(2.21), we obtain 


BS dd 


10. p|- ae (PZ) + VO) ERO + 5 Lo, 


(2.23) 


where we have used the fact that L? has no effect on a function of r only. 
To see the separation of variables more clearly, let us multiply Eq. (2.23) by 
—[2mr?/h7]TR(r) YO, p): 


Ladlra 2m, l a a 
Role ra a5) Le VO} RO) — YO, p)” =, MBIA) 


function of r only function of @ and g only 


Since the radial coordinate r varies independently of the angular coordinates 
ĝ and g, Eq. (2.24) has nontrivial solutions if and only if 


Roa H+ PE- a =a (2.25) 
and -Epi Y(0, 9) = (2.26) 


for some separation constant %. For obvious reasons, we call (2.25) the 
radial equation and (2.26) the angular equation. Notice that this method 
works because the potential energy V(r) is independent of 6 and g. 

One term in the radial equation contains the potential energy, so the 
radial motion certainly depends on the particular central force problem being 
considered and cannot be determined until V(r) is specified. However, the 
angular equation is independent of the potential energy. Therefore once we 
have solved Eq. (2.26) for Y(0, ø), we can use this function to describe the 
angular motion for any central force problem. Then for any spherically sym- 
metric potential energy—for example, Eqs. (2.4), (2.11), or (2.12)—we merely 
solve the radial equation for R(r), and Eq. (2.22) gives us y,(r). 

Let us look more closely at the angular equation. Multiplying through by 
—ħ? Y(0, g), we obtain 


L’¥(0, 9) = h?aY(6, g), (2.27) 


which is in the form of an eigenvalue equation [see Eq. (1.23)]. Thus we 
conclude that Y(0, ø) is an eigenfunction of the operator L? with eigenvalues 


3If this method is not familiar, refer to a good differential equations text. See, for 
example, Earl Rainville and Phillip Bedient, Elementary Differential Equations (New York: 
Macmillan, 1969), pp. 361-364. 
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ħ?a. Admittedly, as yet we know very little about Z?. In particular, we must 
verify that it is the quantum mechanical operator corresponding to the square 
of the orbital angular momentum. We shall now try to discover the physical 
significance and properties of L?. Having done so, we shall be ready to tackle 
(and solve) Eq. (2.27). 


2.3 ORBITAL ANGULAR MOMENTUM AND 
THE L? EIGENVALUE PROBLEM 


Classical Angular Momentum 


Consider a classical particle of mass m,. Suppose that the linear momentum 
of the particle is p = m,y and its position is r, defined relative to a specified 
origin. The angle between p and r is £, as shown in Fig. 2.2. Then the orbital 


Origin 


Figure 2.2 Quantities used in the 
definition of the classical orbital an- 
gular momentum L, The particle moves 
ae along the trajectory shown with linear 
momentum p = m;v a distance r from 
the origin. 


angular momentum about the origin specified is 
L=rxp, (2.28) 
where L is a vector perpendicular to r and p of magnitude 


|L| = rp sin B; (2.29) 
or 
IL] = rmv sin $. (2.30) 


The Transition to Quantum Mechanics 
We now wish to obtain the quantum mechanical operator L? that corresponds 


to the square of the observable orbital angular momentum. We begin by 
deriving the operator equivalent of L from Eq. (2.28). The linear momentum 


operator is [see Eq. (1.14)] 


p= -—ihV, (2.31) 


ee RO TEEN 
p= h(t +9 ad az). (2.32) 


where £, 9, and 2 are unit vectors in the x, y, and z directions. In cartesian 
coordinates, the components of the classical angular momentum L are 


Ls = YP: — 2Py (2.33a) 
L, = ZP: — XP ; (2.33b) 
L; = XPy — YP (2.33c) 


Using Eq. (2.32) for the components of p, we obtain Hermitian operators 
for the components of L: 


fe ph b 2 = z2) ; (2.34a) 
Ra (4 = xp), (2.34b) 
pea (eZ as. vg). (2.340) 


These are the three cartesian components of the orbital angular momentum 
operator. 


Exercise 2.1 Show that the operator L, is Hermitian and thus has real 
eigenvalues. 


We chose to make the transition from classical observables to quantum 
mechanical operators in cartesian coordinates because of the simplicity of 
the required equations. However, for purposes of the central force problem, 
we prefer to use spherical coordinates. From the transformation equation, 
Eg. (2.15), it follows that the components of L can be written as 


se tet E) ð 
L, = iħ(sin 955 + ctn 0 cos 55)” (2.35a) 
L,.= —ih (cos °% — ctn ĝ sin o$) > (2.35b) 
Digs ts (2.350) 


dg 
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We shall have more to say about these important operators shortly. For the 
present, let us note that only derivatives with respect to @ and g appear and 
that the component of orbital angular momentum along the polar axis (2 
axis) of the spherical coordinate system has a particularly simple form. 
This latter fact is simply a consequence of Eq. (2.15c) and has no special 
physical significance, since the choice of the polar axis was arbitrary. 

We can now calculate the operator for L?. By squaring each of Eqs. 
(2.35), we find 


LO. md 1 øo 
sin 006 (sin a) Te EAA (2.36) 


This result is identical with the identification postulated in Eq. (2.19). We 
have therefore proven that the operator artificially introduced into the Schro- 
edinger equation in Sec. 2.2 is, in fact, the operator for the square of the 
orbital angular momentum. 

From this fact it follows that the eigenvalue equation (2.27), which 
resulted from the separation of radial and angular coordinates in the central 
force problem, is precisely the eigenvalue problem for the square of the orbital 
angular momentum. Hence the eigenvalues ħ?g are the only values that can 
be obtained in a measurement of L?. Since Y(6, g) is the angular part of the 
energy eigenfunction y,(r), we conclude that the eigenfunction y,(r) is simul- 
taneously an eigenfunction of the operators 3C and L*. This is consistent 
with the fact that these two operators commute, 


L = L + L? + L = h? 


Pe L?] = 0, (2.37) 


which tells us that Z? is a constant of the motion for any central force pro- 
blem. In general, if an observation of the square of the orbital angular mo- 
mentum is made on a spherically symmetric system in some stationary state, 
the result will be one of the eigenvalues h?a.* We say that L? is sharp. Since 
each w,(r) will be identified in this fashion with a particular eigenvalue of 
L?, we could use the Z? eigenvalue, in addition to the energy eigenvalue 
E, to label y(r) and thus to distinguish one state function from another. 


2.4 SOLUTION OF THE Z? EIGENVALUE PROBLEM 


Separation of Angular Coordinates 


Using the expression for L? in spherical coordinates, Eq. (2.36), we can 
rewrite the L? eigenvalue equation as 


L a 0 og E 
sap ap (snes) + mrap t a] Y@, g) = 0. (2.38) 


4This statement does not hold if accidental degeneracies are present. Such is the 
case, for example, in the one-electron atom (see Chapter 3). 


To solve this equation, we again employ the method of separation of vari- 
ables. Thus we seek solutions of the form 


Y(0, p) = O(6) B(g). (2.39) 
Inserting Eq. (2.39) into (2.38) and multiplying through by sin? 6/Y(@, 9), 


we find 


1 
Bap =0. (240 


function of @ only function of g only 


os Oa 0-5 (sin (sin 0%) + a sin? a [00 + 


Introducing a separation constant m? (we choose m? rather than, say, m, 
for later convenience), we obtain two new eigenvalue equations, a ĝ-equation 


LAAT ad: m? | 
E 6 að (sin 0 D) + garg (OM = 200) (2.41) 
and a g-equation 
2 
po = —m’O(9). (2.42) 


All we need do is solve these equations separately and multiply the resulting 
functions to form Y(@, g). 


Solution of the g-Equation 


Equation (2.42) is familiar from the elementary theory of ordinary differential 
equations. Two linearly independent solutions’ are e'™? and e-'"*, We can 
therefore write the g-dependence of the Hamiltonian eigenfunction as 


DP) = Tyee, ee es ee (2.43) 


where we have appended the subscript m to ®(g) and where the single-valued- 
ness of ® requires that m be an integer. 


Exercise 2.2 Show that the physical requirement that ®(g) must be single 
valued with respect to the variable g leads to the restriction that m take on 
only integral values. 


5 Equally valid linearly independent solutions are sin mg and cos mg. We choose 
to use the exponential forms here. 
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The factor of 1/,/2z in Eq. (2.43) was introduced so that O(g) would be 
normalized: 


ALZO (2.44) 


[We could have waited until we had obtained R(r) and @(@) and then nor- 
malized y,(r). However, independent normalization of the three functions 
turns out to be more convenient.] It is easy to check that the set of solutions 
{@,,} is orthonormal, 


f ji D*(9) D9) dp = Snn (2.45) 


Solution of the -Equation 


Unfortunately, the ĝ-equation (2.41) is more difficult to solve. However, it 
can be put in the form of a special type of ordinary differential equation, the 
solutions of which are well known.® This is the associated Legendre equation: 


aa é) 200) | + (a—| a) E= 0. (2.46) 
Exercise 2.3 By defining the variable 
E =cos 8, (2.47) 
derive Eq. (2.46) from (2.41). 
If we now rewrite the separation constant & as 


a=é+ 1), (2.48) 
Eq. (2.46) becomes 


Slade Z00|+[e+)-~BaleO=0. e49 


Some further manipulation leads to the equivalent equation 


[a eS, - UR + M04 )—- =, OO=0. EE 


The solutions of Eq. (2.50) are the associated Legendre polynomials of the 


SHere is where we encounter our first “special function.” From time to time you 
may wish to seek out more information on a particular special function than we have space 
to present; several useful references are mentioned at the end of this chapter. 


‘Gest and second kind,” P7(€) and O7(E), where £ is an integer that can take 
on the values 
€ = |m|,|m|+ 1,|m|+ 2,...- (2.51) 


‘OF the two linearly independent solutions, P7(€) is well behaved for all finite 
salues of č, but Q7(€) has a singularity at č = +1 (i.e., the function becomes 
finite at this point). The values of 0 corresponding to č = +1 and € = —1 
ere 6 =0 and @ = z, respectively. Since the wave function must be finite 
æt all physical points, the functions Q7(€) are physically unacceptable solu- 
Sons. We are left with the associated Legendre polynomials of the first kind, 
Pr(é), as the solutions to the 6-equation. 

For reasonably small values of £ and m, the associated Legendre poly- 
somials are rather simple functions; several of them appear in Table 2.1. 


Table 2.1 
Legendre polynomials for £ = 0, 1, 2, and 3 and corresponding associated Legendre poly- 
gomials. 


t P(cos 0) P? (cos 0) 
Po =1 P} =1 
1 Pi=cos0 P} = cos 0 
P} =sin@ 


2 Pz, =4(3cos?@ — 1) P} = 4(3 cos? @ — 1) 

P} = 3 sin 0 cos 0 

P? = 3 sin? 0 

P9 = 4(5 cos? 0 — 3 cos 0) 
P} = isin 6 (5 cos20 — 1) 
P3 = 15 sin? 0 cos 0 

P} = 15sin? 0 


3 P, =4(5 cos? 0 — 3 cos 0) 


wNRFonroroo| š 


Also included in Table 2.1 are the Legendre polynomials P{€). They may be 
wsed to generate the associated Legendre polynomials by the differential 
formula 


Pré) = — by? PAE), m>0, t>m, (2.52) 


which permits us to derive any P7(€) given P,(¢). The latter can be generated 
by use of the Rodrigues formula, 


P) = rt sa? = 1) (2.53) 


7 These polynomials may be obtained by using the method of series expansion to 
solve Eq. (2.50). See, for example, W. W. Bell, Special Functions for Scientists and Engineers 
{London: D. Van Nostrand Co. Ltd., 1968), Chaps. 1 and 3. 
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Exercise 2.4 (a) Use Eq. (2.53) to show that 
P,(cos 8) = 4 (35 cost 8 — 30 cos? 6 + 3). 
(b) Use Eq. (2.52) and the fact that 
P;(cos 0) = 4 (63 cos’ 0 — 70 cos? 8 + 15 cos 0) 


to derive expressions for P} (cos 0) and P3 (cos 0). 


Inspection of Table 2.1 reveals that for £ = 0, 1, 2, and 3, P,(é) is (ead } 


for {aa} values of ¢, a useful property that is true in general and that can 


be derived from Eq. (2.53). 

Notice that the value of m in Eq. (2.52) is restricted to nonnegative 
integers. It is convenient to define P7 (cos @) for a negative value of m by the 
relation 


P76) = Pr), m20. (2.54) 


Since we would like the solutions of the -equation (2.50) to be nor- 
malized, we shall define real functions by 


OnO) = (mimma CEE DG — mT" pcos), | (2.58) 


which is valid for all m. These are normalized solutions of Eq. (2.50): 


J ; Oin(8)@rn(9) sin 0 dO = ôw. (2.56) 


In Eq. (2.55), the phase convention has been chosen so that 


O, -n(0) =(—1)"@rn(9),  m>0. (2.57) 


Spherical Harmonics 


This completes the task of solving the eigenvalue equation (2.27). The full 
eigenfunctions of L? are simply products of the functions ©(0) and Bg); 
that is, 


Yin, p) = Orm(O)On(G)s (2.58) 


where we have labeled the function Y with the integers £ and m. These func- 
tions, which are also encountered in the study of boundary value problems 


electrostatics, are called spherical harmonics; several spherical harmonics 
presented in Table 2.2. They have the property 


2.2 
normalized spherical harmonics. 


Yim(, 9) 


+ 3 
Yoo = FAKE cos? @ — 1) 
ia = +(B) sino cos Q ex 
Yisa = (J) “sin? 0e+2e 
Y= G) c cos? 0 — 3 cos 0) 
Ysi1 = + (Zk) sino (5 cos? 0 — 1)e+!? 


1/2 
Yz: = 195) sin? ĝ cos Ae** 
1/2 
Y+ = +(e) sin? 0 e*3° 


Y. -n(0, 9) = (—1)" V2.8, p). (2.59) 


Moreover, it follows from Eqs. (2.45) and (2.56) that the spherical harmonics 
form an orthonormal set, 


| XEO, 9) Yom, 9) dè = 55m (2.60) 


where d? = sin 6 dO dg. We shall look at graphs of some spherical harmonics 
im the next chapter. 

Notice that for each value of £ there are 2f + 1 spherical harmonics 
¥... (0, 9), each with a different value of m in the range —f < m < £. These 
are degenerate eigenfunctions of L?; they are labeled by the same value of ¢. 


8For a more extensive list of spherical harmonics, see Linus Pauling and E. B. 
Wilson: Introduction to Quantum Mechanics (New York: McGraw-Hill, 1935), pp. 134-135. 
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The spherical harmonics may look rather trivial, but they contain a 
wealth of physics. For one thing, they completely describe the angular motion 
for any central force problem. We need only solve the radial equation (2.25) 
for R(r) and multiply it by one of the spherical harmonics to obtain an energy 
eigenfunction y,(r) for the problem [recall Eq. (2.22)]. 

Moreover, the spherical harmonics are the eigenfunctions of the square 
of the orbital angular momentum. Summarizing the results obtained above, 
we write 


LY n0, 9) = HEE + 1)¥.n(0,9)  foré=0,1,2,..;-€<m<é, 


(2.61) 


where the conditions on ¢ and m are equivalent to those expressed in Eqs. 
(2.51) and (2.43). 

We have pointed out that since y,(r)is simultaneously an eigenfunction 
of L? and dC, we can use the eigenvalues of L?—namely, h*(¢ + 1)—to 
label y,(r). Clearly, all that must be specified is £. Thus ¢ labels the eigenvalues 
of the Hermitian operator L? and is a quantum number, the orbital angular 
momentum quantum number. (Although £ is sometimes loosely called the 
“orbital angular momentum,” the actual magnitude of the orbital angular 


momentum is h ,/€(€ + 1).) 


The L, Eigenvalue Problem 


Still more useful information can be extracted from the spherical harmonics. 
To obtain it, let us operate on Y,,,(0, g) with the operator for the z component 
of orbital angular momentum L,. This operator, given in Eq. (2.35¢), operates 
only on functions of g; we find that 


LY in(O, 9) = MAY, 0,0) for €=0,1,2,...; —€<m<é. | (2.62) 


Therefore the spherical harmonics satisfy two eigenvalue equations and are 
eigenfunctions of both the square of the orbital angular momentum and 
the z component of the orbital angular momentum. Since m labels the eigen- 
values of L,, it is also a quantum number, the so-called magnetic quantum 
number. 


Commutation Relations 


Since the spherical harmonics, which form a complete set in the variables 
0 and p, satisfy eigenvalue equations for L? and L,, we expect that these 


tors commute. Indeed, it is easy to demonstrate that? 
[LA G] =0. (2.63) 
components of L also satisfy a number of other commutation relations : 


[L?, L] = [L?, L] = 0, (2.64) 
[L,, L] = ihL,,[L,,L,)=ihL,, [Ln L,] = DL, (2.65) 


Equation (2.63) reaftirms what we already know: that we can find simul- 
us eigenfunctions of L? and L,. Equations (2.65) tell us that these 
ions cannot also be eigenfunctions of L, or L,, since L, and L, do not 
ute with L,. However, we know from Eq. (2.64) that functions do 
that are simultaneous eigenfunctions of L, and L? or of L, and L’; they 
not these spherical harmonics, of course, +° 


Exercise 2.5 Show that [L,, L?] = 0 and [L,, L,] = iħ Lx. 


Consequently, in an experiment we can simultaneously determine the 
gy, the magnitude of orbital angular momentum, and the component 
L along one and only one spatial axis. If we define the z direction along 
axis, then we cannot also determine L, or L,; if we insist on specifying 
we must give up knowledge about L,. These are, of course, nonclassical 
es of the theory and are really consequences of the Heisenberg uncer- 
principle. 


Raising and Lowering Operators 


is useful to define two new operators: L,, the raising operator, and L_, the 
ing operator. They are defined as 


Ly =L, til, (2.66) 


the operators L, and L, correspond to the x and y components of 
ital angular momentum. Since L, and L, are Hermitian, the raising and 
ring operators satisfy 


Beh “aid f= hy (2.67) 


°To do so, you will need the easily verified commutator relationships 
Lx, px] = Ly, Py] = [2, pz] = iñ 
Lx, Py] = Ly, px] = +- = 0. 


10In fact, it is possible to form linear combinations of the Y:m(0, g) involving dif- 
t values of m that are eigenfunctions of Lx and L? but not of L; (see Prob. 2.7). 
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where L', is the Hermitian conjugate (adjoint) of Z,.1! Other properties of 
L, and L_ are considered in Prob. 2.5. 


Exercise 2.6 Using Eqs. (2.34) and (2.35) for Lx and Ly, write expressions 
for L, and L_ in cartesian and spherical coordinates. 


These new operators can be used to generate spherical harmonics having 


different values of m. The result of operation on Y,,,(0, g) with L, and L- 
is [see Prob. 2.5b] 


LiVin(8, 9) = A/F mK + m + YY emai, o). (2.68) 


Two applications of the raising and lowering operators will be found in 
Probs. 2.6 and 2.7. 


2.5 FULL EIGENFUNCTIONS OF THE CENTRAL 
FORCE PROBLEM 


Solutions of the Hamiltonian Eigenvalue Problem 


Although much has been achieved by the preceding analysis, additional 
work remains to be done. Still before us is the spectre of the radial equation 
(2.25), which must be solved. Using Eq. (2.48) for a, we can rewrite this 
equation as 


j d G 2) +D, ari [Ene vo} R,dr)=0. EH 


redr\ dr Te 


We have labeled the energy and the radial function with two quantum num- 
bers: n and £. E and R(r) depend on £, the orbital angular momentum quan- 
tum number, because contains L? [see Eq. (2.21)]. The other quantum 
number n is a new one; it is an integer that we shall use to distinguish different 
linearly independent solutions of Eq. (2.69). Thus for fixed ¢ we have a set of 
energies and radial functions: E,, and R„(r) for n = 0,1, 2,.... 

If we can somehow solve Eq. (2.69) for R,,(r) and £,,, we can obtain a 
set of valid stationary-state eigenfunctions by multiplying by the spherical 


harmonics: 
W nimt) = Rad )Yim(9, Q). (2.70) 


11The Hermitian conjugate of an operator A is written At and is defined by 
fviAtyadr = f Ay)" Wadr for arbitrary admissable y; and y2. [See David Saxon, 
Elementary Quantum Mechanics (San Francisco: Holden-Day, 1968), pp. 88 ff.] 


Each function in the set is an eigenfunction of the mutually commuting opera- 
tors #, L?, and L, and is labeled by the appropriate quantum numbers. For 
each n and £ there are 26 + 1 functions y,,(r), each of which has the same 
energy E,,. These are degenerate eigenfunctions of the Hamiltonian; the 
state with this value of E,, is said to be (2¢ + 1)-fold degenerate. 

In some cases, additional so-called accidental degeneracies can occur. 
For example, if V(r) is the coulomb potential energy, some eigenfunctions 
with different values of £ turn out to be degenerate. We shall study this situa- 
tion in Chapter 3; it is not a general property of solutions to the central force 
problem. 


The Centrifugal Potential Energy 


Although the radial equation (2.69) cannot be solved without specializing to 
a particular V(r), something can be learned about the nature of its solutions 
by rewriting it in a slightly different form. So let us define a new radial func- 
tion y(r) by 


Xndr) = rR, Ar). (2.71) 


Substituting Eq. (2.71) into the radial equation, we find that y,,(r) satisfies 
the equation 


(i-i vejes eD 


We now define an effective potential energy V‘,,(r), analogous to the classical 
effective potential energy of Eq. (2.9): 


= h? €¢+ 1) 
Vier) = Vir) + Om = ry (2.73) 


Equation (2.72) can then be written as: 


a PEE =E 2.14 
{ga Ga t Vie} tal) = Ented (2.74) 
But this is simply the one-dimensional Schroedinger eigenvalue equation for 
a particle of mass m, with position coordinate r and potential energy V¢,;(r). 
The eigenfunctions are y,,(r), and the eigenvalues are the energies Ep: 
Consequently, we can use our intuition developed in the study of various 
simple one-dimensional problems (see Prob. 1.1) to predict features of the 
solution of the radial equation. To illustrate, let us consider a particular 
central force problem. 
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Example 2.1 
The Spherical Well 


The second term in V4,,(r) is often called the centrifugal potential energy. 
Let us explore the effect of different choices of £ in the centrifugal potential 
energy by looking at the bound states (E < 0) of a spherical well. The 
potential energy for this system is 


V(r) ie O0<r<a 2.75 
r)= : 
0, Taz t: ee) 


The form of this function is shown in Fig. 2.3(a). In Fig. 2.3(b) we have 
drawn V%,-(r) for € = 0, 1, 2, and the radial functions z,,(r) for the lowest 
energy for £ = 0 and 1. Several interesting physical features can be seen 
immediately. For example, as ¢ increases, the energy increases and the peak 
of probability distribution shifts to larger r. 


Vie (r) 


Vir) 


(a) (b) 


Figure 2.3 (a) The spherical potential well; (b) the effective potential energy for £ =0, 1,2 
and the radial function yn:(7) for the lowest energy level for £ = 0 and £ = 1. Also shown are 
the peaks in probability density for each state. 


We already know the angular dependence of the stationary-state cigen- 
functions W,m(t) for this system; it is described by the spherical harmonics 
Yin(9, g). To obtain the radial function, we simply solve Eq. (2.72) with 


V(r) given in Eq. (2.75) and divide the resulting function y,,(r) by r. Let us 
consider the solution of this equation for the case £ = 0, m = 0.'? 

We begin by defining two regions separated by the discontinuity in the 
potential energy at r = a. The first region contains all r in the interval 
D< r <a; the solutions of Eq. (2.72) in this region will be denoted y;(r). 
The second region is r > a; the solutions here will be denoted y;(r). The 
equations for these functions can be written 


d THO y yn =0, 0<r<a (2.76a) 
and PAD- R=, r>a, (2.76b) 


where we have introduced real positive wave numbers k, and k,, defined by 


k= TE (E, + Vo) (2.77) 


and SE aM y (2.78) 


‘Recall that the energies of interest lie in the range — V, < E, <0.) The 
e-neral solutions of these familiar second-order differential equations are 


XE(r) = Asin kır + B cos kyr, O<r< a; (2.79a) 
yar) = Ce" + De", r>a, (2.79b) 


where the coefficients are as-yet-arbitrary constants. 

These purely mathematical solutions do not satisfy the boundary condi- 
tons on 7,(r) demanded by the physical interpretation of the wave function, 
which was discussed in Sec. 1.2. In particular, we must require that 


1. ,(r) be finite for all r, including the limit r — oo. 

2. x,(r) — 0 in the limit r — 0. 

3. y, and its first derivative be continuous at all values of r, in particular 
atr=a. 


Condition (1) can be satisfied by the general solutions of Eqs. (2.79) only if 
C= 0. Condition (2) follows from applying the requirement that y be finite 
at r=0. [We can also obtain this condition by viewing the problem as 
equivalent to a one-dimensional problem with V = œ at r= 0; see Eq. 


12We shall drop the subscripts 0 from no, Eno, Wnoo, etc. in order to avoid 
fetter. Always keep in mind that the results obtained are only valid for / = 0, m = 0. 
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(2.75).] It can be satisfied only if B = 0. Condition (3) can be written 
Xn(@) = xz(a) (2.80a) 


and | =220 (2.80b) 


r=a 


We shall use these two equations to derive a transcendental equation for the 
energies E, and to determine one of the two remaining unknown coefficients 
A and D. The second of these coefficients will be determined by requiring 
that R,(r) be normalized,—that is, 


[ROP ar = 1, (2.81) 


so that the full eigenfunction y,(r) will be normalized. The normalization 
condition for y,(r) follows from substituting ,(r) = rR,(r) into Eq. (2.81): 


MEZOJ dr = 1. (2.82) 


This is merely the normalization requirement for the corresponding one- 
dimensional problem. 
Applying the conditions of Eqs. (2.80) to the general solutions, Eqs. 
(2.79), we find 
Asin k,a = De" (2.83a) 
k,Acosk,a = —k,De-*". (2.83b) 


We now divide Eq. (2.83b) by (2.83a) and thus obtain a transcendental equa- 
tion for the energy eigenvalues, 


k, cot k,a = —k,. (2.84) 


Once Eq. (2.84) is solved for the allowed values of k, (and hence for k, and 
E,), Eq. (2.83a) or (2.83b) can be used to relate D to A. Then all that remains 
is to calculate one of the coefficients A or D by requiring that the wave 
function y,, be normalized. 


Exercise 2.7 Find A by normalizing R,(r). Write complete expressions 
for y,(r) for 0 <r <aandr>a. 


To solve Eq. (2.84), we first rewrite it as 


tank,a = —* (2.85) 


pa 
ky 


This relation can be satisfied only by values of k,a for which tan k,a < 0; that 
is, by values of k,a in quadrants II or IV of a unit circle: 2/2 < k,a<z or 
32/2 < k,a< 2n. (Of course, there are infinitely many other allowed values 
of k,a in quadrants II or IV, separated from these values by increments of 
2x—for example, 52/2 < ka < 37.) 

The easiest way to locate the values of k,a that solve Eq. (2.85) is to graph 
this equation. However, it is preferable to make a simple transformation 
first. As can easily be verified, in quadrants II or IV the following trigono- 
metric identity holds: 


a P Ta 
tan 0 ge > sin 8 ae FA (2.86) 
with + in Il and — in IV. (In this relation, œ and £ are positive real numbers.) 


Hence Eq. (2.85) can be transformed into 


: +k, +ka 
= = A 2.87 
mie Teta y Gn 


where we have introduced the parameter 
y= 2m,V oa". (2.88) 


If we restrict the argument of the sine function to quadrant II, the range 
= 2 to z, we can write Eq. (2.87) as 


y sin (k,a — na) = k,a. (2.89) 


The odd values of the integer n will produce the negative sign necessary in 
quadrant IV, and the 27 periodicity of sin k,a is embodied in the even values 
Tof n. 

Let us now plot y = y sin (k,a — nz) versus k,a— nn for values of 
a — nz in the second quadrant. The solutions of Eq. (2.89)—and hence 
the cigenvalues—are simply obtained by finding the intersections of this 
curve with the lines y = (k,a — nz) + nz; there will be one such line for 
each integer n > 0. (A safe upper limit on 7 is the largest integer that is less 
than or equal to y/z.) For the case y = 3z, we obtain the graph shown in 
Fig. 2.4. There are three bound states corresponding-to k,a = 2.83, 5.64, 
end 8.34. If we express the energies in units of h?/2m,a’, these roots corre- 
spond to energies of —80.8, —57.1, and —19.6, respectively.1? 

Why do we bother with the transformation to Eq. (2.89)? The answer is 
that the curves are easier to draw and allow accurate graphical solution. 


13Jn these units, the depth of the well is —88.8. 
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kja -nr 


0 5 m 


Figure 2.4 Graphical solution of the spherical square well problem (for y = 37) showing three 
bound states. 


The graphs so obtained also facilitate understanding the effects of adjusting 
the well parameters. For example, we see from Fig. 2.4 and Eq. (2.89) that 
the number of bound states increases as y increases—that is, as either the 
width or the depth of the well increases. In solving more complicated prob- 
lems (e.g., in molecular physics), it is important to be able to produce such 
graphs easily and to glean from them insight into the physical properties of 
the system. 


Ons 


Of course, we could have chosen innumerable other central force prob- 
lems instead of the spherical well. In all such problems, the angular depen- 
dence of the energy eigenfunctions is described by the spherical harmonics, 
and the radial dependence is obtained by solving the appropriate radial 
equation. Not all radial equations are as easy to solve as Eqs. (2.76). In 
particular, the one of greatest interest to us, the radial equation for a one- 
electron atom, is a bit more formidable. But it, too, can be solved; we shall 
do so in the next chapter. 


SUGGESTED READINGS 


Almost any book on “mathematical methods” will contain a chapter or two dealing 
with special functions. Two such books are 


MARGENAU, HENRY, and GEORGE M. Murry, The Mathematics of Physics and 
Chemistry, 2nd ed. London: D. Van Nostrand Co. Ltd., 1956. 

MATHEWS, Jon, and R. L. WALKER, Mathematical Methods of Physics, 2nd ed. New 
York: W. A. Benjamin, 1970. 

An especially useful text on this subject is 


BEL, W. W., Special Functions for Scientists and Engineers. London: D. Van 
Nostrand Co. Ltd., 1968. 


PROBLEMS 


2.1 Spherical Well Eigenfunctions for £=0 (**) 


Consider again the spherical potential well of Example 2.1. Suppose that 
the well has depth and width such that V)a? = 9/2 in units of h?/m. Consider the 
case of l = 0. 


(a) Write down radial wave functions for 0 < r < a and r > a in terms of k, 
and k, (the wave numbers inside and outside the well, respectively). Write your wave 
function for r > a in terms of sinh and cosh functions. Determine all but one of the 
unknown coefficients in these functions by requiring that y<(r =0) =0 and 
that y(r) and dy/dr be continuous at r = a. Now apply the additional restriction 
that the radial wave function have unit slope at the origin: (dx</dr)|,-) = 1. (This 
is just an alternate way to normalize the function.) 

(b) Suppose that you are given three values of k, for this system: kı = 0.79, 
0.76, and 0.73. Sketch semiquantitatively'+ the radial wave function for each of 
these values of kı. To what energies do these values correspond? Give a thorough 
explanation of the behavior of these three wave functions for r > a, using physical 
rather than mathematical arguments. 


(c) Based on your sketches in part (b), which of these values of the energy is 
closest to an actual bound-state eigenvalue for this system? 


(d) Use the transcendental equation (2.84), which can also be derived from 
your expression for ¥>(r) in part (a), to see how far from an actual eigenvalue your 
choice of k, in part (c) is. (Do not go through an iterative procedure. Simply see 
how well the equation is satisfied by your choice of k,.) 


2.2 Infinite Potential Well (f = 0 States) (**) 


A special case of the spherical potential well of Example 2.1 is the infinite 
potential well defined by the potential energy 


, < 
Vi) = [e O<r<a 

o,r>a. 
Suppose that a particle of mass m, has this potential energy. Consider only the 
£ = 0 states. 


(a) Write an expression for W nem(r) for 0 < r <a. 


(b) Defining a wave number k2, = 2m, E,,/h, write a differential equation for 
Xlr), where 7,,(r) = rR,d(r) [see Eq. (2.72)]. Find a real, general solution to your 
equation and determine the two “unknown” coefficients by applying boundary 
conditions and normalization. Qualitatively compare the form of your result with 
the eigenfunctions of the one-dimensional infinite potential well. 


14A semiquantitative sketch is made by calculating just enough points to enable 
you to draw a reasonably accurate curve. 
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(c) For a well of width a = 3a , write explicit expressions for Y,oo(r) for the 
lowest two states.!5 Sketch the corresponding radial functions, R;o(r) and R20(r), 
semiquantitatively as a function of k,or. 

(d) Obtain an explicit expression for the energy eigenvalues E,). Calculate Epo 
for a well of width a = 3a, for the lowest four states. 


2.3 Infinite Potential Well (¢ 4 0) (***) 


[This problem does not require that you have done Prob. 2.2. You will, however, need a 
book on special functions. See Suggested Readings for this chapter.] 


Consider a particle of mass m, with the infinite potential energy of Prob. 
2.2. We shall study states with £ + 0. 

(a) Defining kj, = 2m,E,,/h2, write a differential equation for y¥5(r), where 
Xndr) = rR,Ar) [see Eq. (2.72)]. This equation is not yet in a “standard form.” To 
derive an equation in such a form, define a new variable z = k,,r and a function 
Nndz) by 

Naz) = (kar) P XR). 


Derive a differential equation for 7;,(z). 

(b) Using a table of special functions, find a general solution to your equation 
for 4,z). Obtain an expression for x5(r), expressing your result in terms of the 
spherical Bessel functions j,(z) and n,(z). Use the properties of these functions and 
the boundary conditions of this problem to determine R<(r) to within a multiplica- 
tive normalization constant. 

(c) Consider a well of width a = 3a9.15 Choose the normalization constant to 
be 1. For £ = 1, write explicit expressions for Ryi(r) and Wrrm(r) for all allowed 
values of m. Plot semiquantitatively Rf,(r) as a function of k, yr. 

(d) Derive a transcendental equation for Z,,. How many bound states exist for 
each value of £? Consider again the well of width a = 3a) and obtain the three 
lowest energies for = 1. 


2.4 Working with Spherical Harmonics (*) 


Consider the spherical harmonic Y;,(8, g) (see Table 2.2). 
(a) Show by explicit differentiation that this function is an eigenfunction of L? 
with eigenvalue 6h2. 
(b) Show by explicit differentiation that this function is an eigenfunction of L, 
with eigenvalue h. 
(c) Verify that this function is normalized. 
(d) Show that this function is orthogonal to Y, (0, 9). 


2.5 Raising and Lowering Operators for Orbital Angular Momentum (*) 
In this problem we shall prove some useful properties of the raising and 
lowering operators L, and L_ introduced in Eqs. (2.66) to (2.68). 


15The constant ao is the first Bohr radius of the hydrogen atom, ao ~ 0.529 A 
[see Eq. (3.40) and Appendix 1]. 


fa) Prove the following commutation relations 
(i) [L?, Li] = 0 
(ii) [Z,, L+] = thls 
(iii) [L,, L-] = 2hZ, 
the identities 
div) Lah. = L? — L,(2, — hi) 
(v) LL, = L? — LAL, + h) 
(vi) BD? =the Le DL) 4+ L2 
= JIL, Lle + L}, 
re the anticommutator [A, B], is defined in Eq. (1.33). 
íb) Use the properties of L, and L_ to show that the result of operation on an 
eebital angular momentum eigenfunction (i.e., a spherical harmonic) by Ly or L- is 
ven by i 
(vii) La Yim(O, 9) = VUE F mE + m + 1) Yim+1(0, Q) 
= VEE +1) — mEn E 1) Yim+10, p). 
Show that this can be written as a matrix element, 
(viii) (Yin (8, P) [L| Yeu, 0) = VE F mE +m +1) 
= h/fE+ 1) — mm = I), 
where the matrix element notation is defined by 


<f@)|Ale@> = | FOA dr 


Sor arbitrary functions f(r) and g(r) and an operator A. (This is called the Dirac 
bracket notation.) 


THent: The following suggested procedure may prove helpful. 

MAssume: La Yin(O,9) = Ch, Yeme1 

Consider: <La Yim| Ls Yim) = | Cim|? 

Show: LLa Yim| Ls Yim) = (Yem|LeL+Yin> 

‘end evaluate the latter and so obtain |C#,|? and C$, (aside from arbitrary phase).] 


2.6 Applications of the Angular Momentum Raising and 

Lowering Operators: 1 (**) 
{This problem makes use of some of the results of Prob. 2.5.] 

It is often convenient to be able to generate the eigenfunctions of L? and 
L. (i.e., the spherical harmonics) when extensive tables are not at hand. One pro- 
cedure is to remember the fairly simple result for m = 0 

2€ + :1\12 
¥.00, 9) = (F) P(cos 8) 

and then apply the operators L, or L- to obtain the functions for larger or smaller 
values of m. Carry out this procedure to obtain Yz, and Y22, starting with 


P (cos 0) = $(3 cos? @ — 1). 
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Choose your phase to agree with our convention and check your results against 
those in Table 2.2. 


2.7 Application of the Angular Momentum Raising and 
Lowering Operators: 2 (***) 


Recall that since L, and L, commute with L?, it is possible to find simul- 
taneous eigenfunctions of L, and L? or of L, and L?, but not of L, and L, or of L, 
and L,. For the special case £ = 1, obtain the normalized simultaneous eigenfunc- 
tions-of L, and L? and of L, and L2. Find the corresponding eigenvalues of L, and 
L,. [Hint: Consider an expansion in spherical harmonics and make use of the 
properties of the raising and lowering operators.] 


2.8 Constants of the Motion and Symmetry Operations (****) 


In quantum mechanics, a constant of the motion is a dynamical variable 
(or observable) whose operator commutes with the system Hamiltonian. A sym- 
metry element is defined as a transformation of variables (e.g., rotation, reflection) 
represented by an operator that commutes with the Hamiltonian. In this problem 
we will consider the eight dynamical variables: T, Px, Py, Pz, Lx, Ly, La, and L? fora 
particle in three dimensions. We will also consider the five symmetry operations: å 
(inversion r — —r), 0, (reflection in yz plane), ø, (reflection in xz plane), g, (reflec- 
tion in xy plane), and R, (9o) (rotation about 2 axis by angle Po—ie., P — P + Yo). 
(a) Commuting operators, whether dynamical variables or symmetry opera- 
tions, are often useful in characterizing states of a quantum mechanical system. 
Consider the eight observables and five symmetry operations given above and find 
which of the 40 commutators do not vanish. [HINT: A 5 x 8 table with zeros and 
x’s (in place of nonzero commutators) will provide a convenient representation.] 
(b) Consider a system consisting of a particle in a three-dimensional potential 
field V(x, y, z), which may, in general, depend on all spatial variables. For a par- 
ticular case—for example, “central field” —we write V(r), the implication being that 
V is independent of @ and g. Give all constants of motion and symmetry elements 
for each of the following cases [in the case of R,(g), be sure to specify which angles 
ọ are allowed]. 
(i) “Free particle”: V = constant. 
(ii) “Central potential”: V = V(r). 
(iii) “Cylindrically symmetric potential”: V = V(r, 0). 
(iv) An electron in the field of two protons located on the 2 axis at z = +a. 
(v) “Square potential tube”: 


[x] > > 
v= Vx») = {> dl sae 
0, |x| <aand|y| < a. 
(vi) An electron in the field of four protons located in the xy plane at 
(x =a, y =a), (x =a, y a), (x a, y =a), and (x = —a, 
PS Sa): 


(vii) “Rectangular potential tube”: 


œ, |x|>a or |y|> b, 
V= Vx, y) = axb. 
Ol Sly te eani ieee 


(viii) “Cylindrical potential tube”: 


co, yx? +y? >a 


V = V(x, y) =l 
0, /x? Fy? <a. 


(ix) “Potential box”: 


co, |x|>a,|y|>5,0r EE 


V= Vix,» =ù 
SnD N a e ay] Sh dE. 


2.9 Rigid Rotator (***) 


When we eventually study the structure and spectra of molecules, it will be 
2 welcome surprise to find that the rotation of most diatomic molecules may be 
described quantum mechanically by the rigid rotator, a particularly simple system. 
We may define the rigid rotator to be a rigid massless rod of length Ry which has 
point masses at its ends. Only rotation about a perpendicular bisector of the rod is 
of interest in this problem. (See Fig. 2.5.) 


Figure 2.5 


(a) Classical treatment: Show that by transforming to center-of-mass and rela- 
tive coordinates, the total classical energy of a rigid rotator may be written 


si 1 
= LOM Wa + HL, 


where L is the relative angular momentum of the two masses and J is the moment of 
rtia J = wR}, u being the reduced mass (see Sec. 3.2). We shall disregard 
genter-of-mass motion. 

(b) Rotation in the plane—quantum mechanical treatment: Consider the rather 
ertificial problem of a rigid rotator confined to rotate so that both masses remain in 
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the xy plane (planar rotation). Construct the Hamiltonian JC and solve the time- 
independent Schroedinger equation for the energy eigenvalues and the correspond- 
ing orthonormal set of wave functions. Discuss the degeneracy of the energy levels. 
Show that L, is a constant of the motion (L, and L, have no meaning here, since the 
system is artificially constrained) and find simultaneous eigenfunctions of 3C and 
L,, Show how to construct eigenfunctions of H that are not eigenfunctions of L,. 
Calculate the value of ¢Z,> for these eigenfunctions. Indicate appropriate choices of 
quantum numbers in each case. 

(c) General rotation in space—quantum mechanical treatment: Now we deal with 
the more realistic problem of unconstrained rotation. Again, construct the Hamil- 
tonian (ignoring center-of-mass motion) and solve the time-independent Schroe- 
dinger equation for the eigenvalues and the corresponding orthonormal set of wave 
functions. Show that it is appropriate to introduce two quantum numbers, say j and 
k, where j alone labels the energy levels. Draw an energy level diagram!‘ and 
indicate the degeneracy of the levels. Show that L? and L are constants of the motion 
and indicate which choices of wave functions are simultaneous eigenfunctions of L2 
and L, and which choices are eigenfunctions of L? alone. Is this actually a central 
field problem? 

(d) Diatomic CO molecule: Let us consider the rigid rotator as a model for the 
rotation of the CO molecule, where Ry = 1.13 A. Calculate the numerical values 
for the first three energy levels (j = 0, 1, 2) in ergs, electron volts, and Rydbergs 
(see Appendix 2 for definition of units). Calculate the wavelength and frequency of 
light that would result from a j = 2 — j = 1 transition and a j = 1 — j = 0 
transition. Is this visible, infrared, microwave, etc. ? 


16That is, draw a sketch showing the relative location of the energy levels. See 
Fig. 3.3 for the hydrogen-atom energy level diagram. 
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The 
One-Electron Atom 


Apparently there is colour, apparently sweetness, apparently bitterness; actually there 
are only atoms and the void. 
Democritus, 420 B.C. 


Our study of atoms commences in this chapter and will ultimately lead to the 
analysis of atomic systems containing numerous electrons. Such multielectron 
systems are sufficiently complicated that we cannot solve them exactly; 
instead we must develop approximation methods. Rather than go immediately 
into the derivation of these methods, we shall begin with a system that can be 
solved exactly : the simple one-electron atom. In fact, the quantum mechanical 
problem of the one-electron (or “hydrogenic”) atom can be solved by using 
the techniques of the last chapter. 

Hydrogen (nuclear charge Z = 1) and its isotopes deuterium and tritium 
are the only neutral one-electron atomic systems. However, the results 
obtained in this chapter will also apply to all hydrogenic atomic ions— 
Het (Z = 2), Lit* (Z = 3), and so on. Each of these systems consists of a 
nucleus (of charge Ze) and an electron (of charge —e); we are dealing with 
two-body problems. As we shall see, the Schroedinger equation for the system 
can be reduced to that of a central force problem and then solved. 
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3.1 THE SCHROEDINGER EQUATION FOR 
THE ONE-ELECTRON ATOM 


The coordinates for a one-electron atom are sketched in Fig. 3.1. The nonrela- 
tivistic Hamiltonian describing this system is 


R=T+Y, (3.1) 


z Electron 


Nucleus 


Figure 3.1 Electronic and nuclear 
coordinates for the one-electron atom; 
r is the coordinate of the electron 
x relative to the nucleus. 


where T is the total kinetic energy of the system and V is the potential energy 
of interaction between the two particles. The kinetic energy is the sum of two 
terms, one for each particle; that is, 

hz 


= = BB pay 2 

T= a TN (3.2) 
where m, is the mass of the electron and m, is the mass of the nucleus. In 
Eq. (3.2), V2 acts only on the coordinates of the electron, r,, and V2 acts only 
on the coordinates of the nucleus, r,. The potential energy is due to the 
coulomb force;! for a hydrogenic atom of nuclear charge Ze, it is simply 


Vear) = — 2 r 6.3) 


The time-dependent Schroedinger equation is 
IHF ty ) = h F Yo ry 2) (3.4) 


1Jn this chapter we consider the electron and the nucleus to be nonrelativistic, 
structureless point charges and ignore a whole host of more subtle effects that could be 
included in our theory (magnetic interactions, electron spin, nuclear spin). We shall return 
to some of them later (see Chapters 5 to 9). 


The solution of this equation, subject to prescribed initial conditions, gives us 
the time-dependent wave function ¥(r,, r, £), which contains locked within 
“all that man can know about the system. Because V(r,, r,) is independent of 
time, the Schroedinger equation is separable in space and time (see Sec. 1.2); 
whe stationary-state wave functions are 


Wty t) = welt. ree, (3.5) 


where E is the eigenvalue of the Hamiltonian and y(r., r,) satisfies 


Time-independent 
Hy -(r,, r,) = Ey z(t. t,)- Schroedinger equation (3.6) 
for a one-electron atom 


We must solve this equation for the stationary-state eigenfunctions y,(r,, r,,) 
such that |y,(r., r,)| < ce for all r, and r,. Moreover, these functions must be 
single valued and continuous everywhere and must possess continuous first 
derivatives. Let us see if we can reduce Eq. (3.6) to a more tractable form. 


3.2 SEPARATION OF CENTER-OF-MASS AND 
RELATIVE MOTION 


Written out in full, the time-independent Schroedinger equation for a one- 
electron atom is 


ht y y Ze - 
(=a VE — ae VE — to) = Eyton) GD) 


We can simplify this equation by noting that the nucleus is more massive than 
the electron.? Calling on our classical intuition, we expect the nucleus to 
“move much more slowly” than the electron. Therefore an (reasonable) 
approximate way to handle Eq. (3.7) is to treat the nucleus as an “infinitely 
massive point” and take the origin of coordinates at this point. 


Approximation of Infinite Nuclear Mass 


Let us define the coordinate of the electron’s motion relative to the nucleus: 
r=r,—Yf,. (3.8) 


n 


Setting m, = œo, we can rewrite Eq. (3.7) as 


(— fv? — 2 wale) = Eyt). (3.9) 


2The ratio of nuclear mass to electron mass for hydrogen is m,/me œ 1836. 
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This equation, which describes the motion of a particle of mass m, in a 
coulomb field, is identical to the central force equation (2.13) with V(r) 
equal to the coulomb potential energy (2.4). Thus the angular dependence of 
the wave function is known, and there is reason to believe that it is possible 
to solve the corresponding radial equation. 

Of course, the nucleus is not really infinitely massive, and we must accept 
the fact that the preceding approximation will not yield exact results. How- 
ever, this simple exercise does provide an idea of how to handle the two-body 
equation (3.7): reduce it to a central force problem. (We shall return to the 
approximation of infinite nuclear mass shortly and see how good an approxi- 
mation it is.) 

The approach suggested is familiar from classical mechanics. The classical 
total energy for two interacting particles can be “separated” by a change of 
variables to center-of-mass and relative coordinates.? But the Hamiltonian 
is simply the operator equivalent of the classical energy, so it is reasonable to 
hope that such a separation will work in the quantum-mechanical two-body 
problem. 


Separation of Variables 


The mathematical method of separation of variables was discussed in 
Chapter 2, where we separated the radial and angular dependence of the 
Hamiltonian eigenfunction for a central force problem (see Sec. 2.2). We 
shall apply the same method here. Let us introduce center-of-mass coordinates 
Tem, defined by 


m,x, + m,x, pam 
Xem = — E, Va = 


MaYe + Mn 


M, + M. M, + Me (3.10) 
z = MeZe + MZ, 
ee E a 
and relative coordinates r, defined by 
XE X — Xø YEY — Jw Z= Z, — Ži (3.11) 


We now write the Hamiltonian, Eq. (3.1), in rectangular coordinates x., Ve, 
Ze and Xp Yn Zn and use the chain rule of differentiation to convert it to center- 
of-mass and relative coordinates. We seek solutions to the Schroedinger 
equation of the form 


We(Tom 1) = Yemem) Y(T). (3.12) 


3See Keith R. Symon, Mechanics, 3rd ed. (Reading, Mass.: Addison-Wesley, 
1971), Chap. 4. 


Therefore we substitute this form for y, into the time-independent Schroedin- 
eer equation, using the Hamiltonian just derived, and carry out the separation 
of variables. We obtain a center-of-mass equation 


Center-of-mass 


2 
| (- ia va Esn)Wea(ten) = | equation for a (3.13) 


one-electron atom 


end a relative equation 


Equation of relative 
motion for a (3.14) 
one-electron atom 


(-% y? — a ~ wa) WC) =0. 


In Eq. (3.13), M is the total mass of the system 
M = m, F My (3.15) 


end V2, operates only on the center-of-mass coordinates. Similarly, in Eq. 
13.14), yw is the reduced mass of the system 


= mm, 
p= mt (3.16) 
and V? operates only on the relative coordinates. The energies in these equa- 
tions satisfy 
Eom + Exo = E. (3.17) 


Exercise 3.1 Carry out the steps outlined above and so derive Eqs. (3.13) 
and (3.14). 


Equation (3.13) is simply the Schroedinger equation for a free particle of 
mass M with coordinates r,,, and energy E.m. Equation (3.14) is a Schroedin- 
ger equation for a “particle” of mass y with coordinates r, moving in a 
coulomb field with energy E,,;. Notice that this equation is the same as (3.9) 
except that m, has been replaced by x. We can write the reduced mass as* 


m 
=m,(1——). 
w= m(1—%) 
4To obtain this result, use the binomial expansion 


Gta ad Fer, 
which is valid for |x| < 1. 
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Since m,/m, is of the order of 10~? or less, it is clear that, to a good approxima- 
tion, w= m,. 

Equation (3.14), which describes the relative motion of the electron with 
respect to the nucleus, is of the same form as the general central force 
equation (2.13). Although Æ in Eq. (3.17) is the total energy of the hydro- 
genic atom, the solution of (3.14) entirely determines the energy spectrum of 
the atom. 

Let us look at each of the new equations (3.13) and (3.14) and see what, if 
anything, is known about their solutions. 


3.3 THE CENTER-OF-MASS MOTION 


The functions that satisfy the center-of-mass equation (3.13) are the 
stationary-state wave functions of a free particle of mass M. They may be 
chosen as plane-wave eigenfunctions’ 


_ 


em\Fem) = 
Wem(Fem) Cay 
corresponding to a continuous range of energies 


h2 


Fm = 7M 


kè = P+ + K3), 


where k is the wave vector introduced in Chapter 1. Since this function is an 
eigenfunction of the linear momentum operator Pem With eigenvalue hk and 
of the free particle Hamiltonian, both the energy and the linear momentum of 
the state it describes are sharp. Therefore since we know exactly the linear 
momentum of the center of mass (i.e., Ap = 0), the Heisenberg uncertainty 
principle [Eq. (1.1)] forbids us from knowing anything about its location 
(except, of course, that it is somewhere). In the laboratory we usually know 
something about where the atom is, even if only that our hydrogen atoms are 
in a gas that is confined to a bottle or are restricted to a beam of some sort. 
Hence it is more appropriate to describe the center-of-mass of the atom by a 
wave packet 


1 ik -Ten 
Veale) = F f o(k)e*" dk, (6.18) 


5See Elmer E. Anderson, Modern Physics and Quantum Mechanics (Philadelphia: 
W. B. Saunders Co., 1971), Chap. 4, for a discussion of free-particle eigenfunctions and 
wave packets. 


where g(k) is the momentum amplitude.* Then the product function 
w..(T.)y(r) can be made to characterize the stationary states of a hydrogen 
atom (the center of mass of which is partially localized in space) by allowing 
the values of k to be spread in some manner specified by the precise form of 
ak). 

And so we see that the center-of-mass motion of the atom is quite simple 
and can be described by free-particle wave packets. Let us now turn to the 
more interesting motion of the electron relative to the nucleus. This motion 
is given by the solutions of the relative equation (3.14). Moreover, the 
eigenvalues obtained by solution of this equation adequately describe the 
energy spectrum of the hydrogenic atom as observed spectroscopically. 


3.4 SOLUTION OF THE RELATIVE EQUATION 


Since the relative equation is a central force equation, we can write it in 
spherical coordinates [see Eq. (2.21)] as 


h? i df. o Live. Zer E 
-Er i) + pel? — FS Eupe 6819) 
where we have labeled the wave functions and energies with the appropriate 
subscripts from Chapter 2. We can immediately write down the separation 


Vnem(t) = Radr)¥m(O, Q). (3.20) 


The spherical harmonics Y;,,,(0, g) specify the angular dependence of the 
energy eigenfunctions—how y,,,(r) depends on 0 and g. The radial func- 
sions R,,(r) must satisfy a radial equation; with m, replaced by yw and V(r) 
given by —Ze?/r, this equation, (2.69), can be written 


4 a G 2) Kit 1) | H( Eu +) [Rudd =0. (3.21) 


The functions y,,,(r) are simultaneous eigenfunctions of the Hamiltonian 3¢, 
the square of the orbital angular momentum L?, and the z component of the 
orbital angular momentum L,. Although not the only stationary-state 
eigenfunctions of 3¢, they are particularly useful functions. 


Solution of the Radial Equation 
The radial equation for the hydrogenic atom, Eq. (3.21), can be most easily 
solved by transforming it into a standard differential equation. 


6The plane-wave eigenfunctions can be obtained from the wave packet (3.18) by 
setting g(k) equal to a delta function 53(k — k’) and integrating over k’. 
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To illustrate, let us define a new variable 
P=, (3.22) 
where 
a= $V ME (3.23) 


(Notice that œ is real, since E,, < 0 for bound states of the system.) We 
introduce « into Eq. (3.21) by dividing the equation by «? and appropriately 
grouping terms: 


dn A d 2u 2uZe? 4+1 h 
Es Hanae Ea + Eua QP Bade) = 0. C20) 


If we now define 


2uZe* (3.25) 


Eq. (3.24) can be written 


s p] 1 1 
+e H-5+2 2 Rw@=0. 620 


Notice that p is the independent variable of the radial function in this 
equation. 


Asymptotic Limits 


We can learn something about the form of the solutions of Eq. (3.26) by 
considering two important limits. First, consider the limit of very large r 
(p — œ). In this limit, Eq. (3.26) becomes 


d? 1 x 
Gr = {) Rad) = ae (3.27) 
The solution to this equation that is physically admissible (finite everywhere) 
is? 

RAP) w/e? (3.28) 


Second, consider p — 0. In this limit, Eq. (3.26) becomes 


d ef + 1) 2 y 29 
ap PRP) 7 [PR {P =0 P 0, (3.29) 


7 Actually, the radial function is of the form p‘e~/2 for large values of p, but it is 
the exponential factor that dominates and that causes the radial function to die off as 
poo, 


where we have kept only terms of second order in 1/p. The solution of Eq. 
(3.29) that is regular at p = 0 has the limiting behavior 


RAP) Sry P- (3.30) 


These results tell us how all radial functions R,,(p) must behave for very 
large and very small values of p; they must be of the form 


Ralp) = e° P fu P)> (3.31) 


where f,,(p) is some as-yet-unknown function of p that in the limits p — 0 
and p — œ behaves in such a way that R,,(p) remains finite. 


An Equation for f,.(p) 


By substituting Eq. (3.31) into (3.26) and performing some simple algebra, we 
can derive the following equation for f,.(p): 


p++- AZ +y—-C+ I} fde)=0. 63 


Exercise 3.2 Derive Eq. (3.32). 


Fortunately, this result is in a standard form; specifically, it is of the form 


[2 = Terie ae +a- |a= 0 (3.33) 
pith j=2%+1 and q=7+!t. (3.34) 


The solutions of Eq. (3.33) are the associated Laguerre polynomials? Li(p); 
they are defined only for integral values of q and j satisfying the inequality 


jaza: (3.35) 
Thus we have 
Sap) = Litt Cp). (3.36) 


Since q is an integer, so is y. It is conventional to choose y as the quantum 
number n that labels the different radial functions resulting from the solution 
of the radial equation for a particular value of £. Of course, n also labels the 
energy eigenvalues E,,. This label is called the principal quantum number. 

Summarizing our results thus far, we have separated the center-of-mass 
and relative motion and solved each of the resulting equations. We can now 


8See the references on special functions in the Selected Readings list for Chapter 
2. These functions can also be obtained from Eq. (3.32) by the method of series expansion 
(see Prob. 3.1). 
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describe the quantum mechanical behavior of our first atom! (Its properties 
will be the main topic of the rest of this chapter.) The center-of-mass motion 
is simply that of a free particle of mass M. The relative motion is that of a 
particle of mass y in a particular central potential. The angular motion of the 
electron is described by the spherical harmonics Y,,,(0, g); the radial motion 
is described by the radial functions that we just obtained. These functions can 
be written 


Ralp) = Nue”? p'Liti'(p)s (3.37) 


where N, is an as-yet-undetermined normalization constant. The variable p 
is simply 


p=ar, (3.38) 
or 
2Z 
pa (3.39) 


where we have used Eq. (3.25) for œ (with y = n) and have introduced the 
useful constant 


h2 
t= ne =~ 0.529 A. (3.40) 


This constant is equal to the radius of the first Bohr orbit of hydrogen and is 
called the Bohr radius. There are some restrictions on the quantum numbers 
n and £. In particular, since the associated Laguerre polynomials are defined 
only for j < q, n and £ must satisfy 


2+1<n+é (3.41) 
or n>é+1 for4 = 0) e SE E (3.42) 


This is equivalent to the restriction 
tanl fore = hA Da (3.43) 


which, as we shall see, is more convenient. We shall normalize’ R,,(r) and 
study the associated Laguerre polynomials in the next section. 

Before doing so, notice that we can now write a convenient expression for 
the energy eigenvalues appearing in the relative equation (3.19). Using Eqs. 
(3.23) and (3.25) and y = n, we obtain 


LE e uses 
Eeh (3.44) 


9Since the spherical harmonics Ym(0, g) that multiply these radial functions are 
themselves normalized [see Eq. (2.60)], we want to independently normalize R,d(r). Then 
the full Hamiltonian eigenfunction ynzm(r) will also be normalized. 


Notice that the orbital-angular-momentum quantum number ¢ does not 
eppear in this result; in this nonrelativistic theory, the energy eigenvalues for 
the hydrogen atom do not explicitly depend on £. We shall have more to say 
about this important fact shortly. 


3.5 PROPERTIES OF THE RADIAL FUNCTIONS 


The associated Laguerre functions L/(p) that form a part of the radial func- 
tions R,,(p) are rather simple polynomials for small n and ¢. Several are 
presented in Table 3.1. 


Table 3.1 
Associated Laguerre polynomials Zj(p) for q = 0, 1, 2, 3. 
q i Li(p) 
0 0 Ly(p) = 1 
1 0 Lp) =1—p 
1 Li(p) = —1 
2 0 Lp) = 2-4 +p? 
1 Li(p) =2p —4 
2 Lp) = 2 
3 0 L3(p) = 6 — 18p + 9p? — p? 
1 Li(p) = —18 + 18p — 3p? 
2 LX(p) = 18 — 6p 
3 L3(p) = —6 


In general, the associated Laguerre functions are defined as the functions 
Lip) that satisfy the Laguerre differential equation 


[ese tUtI-ae+@-D/=0 GAs) 


where j and q are any real numbers such that j < q. If j and q are integers, we 
call the functions L/(p) the associated Laguerre polynomials; these poly- 
momials appear in Table 3.1. 

The associated Laguerre polynomials Li(p) are related to the simpler 
Laguerre polynomials L,(p) by the equation 


ji 
u=% 


dp Lp). (3.46) 
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The Laguerre polynomials can be generated via 
Lp) =e # (pte) (3.47) 
aP. dpi s : 


Notice that both the Laguerre polynomials L,(p) and the associated 
Laguerre polynomials Li(p) are real functions of p; hence the radial function 
R,(p) is real. It follows from Eq. (3.46) that 


L&p) = Lip). (3.48) 

The Laguerre polynomials satisfy the useful recursion relation 
Lysi(p) = a + 1 — ALLP) — 4°L,-1)- (3.49) 
Exercise 3.3 Use Eq. (3.47) to generate L,(p) and L.(p). Use your 
expression for L,(p) and Eq. (3.46) to generate L}(p). Make a rough 


sketch of these three functions. 


We can normalize the radial functions R,,(p) by making use of the 
convenient identity? 


in 173 
[i ereiz oep do = EOF. G50) 
Then R,,(r) is given by 


Rr) = Nyce? p' List (P); (3.51) 


by requiring that R,,(r) be normalized, 


fdr? dr = 1, 8.52) 
we obtain 
fata — € — I)? 
N= (oa oT}? Cy 
where pace (3.54) 


and we have taken the negative square root as a matter of convention. +! 
Exercise 3.3 Derive Eq. (3.53), using Eq. (3.50). 


10For a proof of this relation, see Linus Pauling and E. B. Wilson, Introduction 
to Quantum Mechanics (New York: McGraw-Hill, 1935), pp. 132 ff. 

11]t makes no difference if Rnc(p) is multiplied by a minus sign because 
(—1) = e'z, a phase factor, and all wave functions are indeterminate to within a phase 


fantar 


The Radial Functions 


Thus we can finally write an expression for the normalized radial functions for 
a one-electron atom: 


2Z\3(n—¢ — he ae Radial wave 
Rr) = -| = 2/2 pt L33 (p), functi f th 
= AGa) Bete FOP) * eal cee 


(3.55) 
where R= ean (3.56) 


nag 


Explicit expressions for the radial eigenfunctions for n = 1, 2, and 3 appear in 
Table 3.2.1? 


Table 3.2 
Normalized radial functions for the one-electron atom for n = 1, 2, and 3. 


n t Rid) 

1 0 2(Z) "2-200 

2 0 (27 (2 = Zt) ¢-2r'tm 

2 1 ee A a 
ga: n a 
i Sea 
3 2 me) (E)n 


Like the ĝ- and g-functions obtained in Chapter 2, the radial functions 
satisfy an orthonormality relation 


J, RAOR)? dr = Smi» (3.57) 


This point can be verified by using the integral properties of the associated 
Laguerre polynomials. 

Graphs of the radial functions for n = 1, 2, and 3 are presented in Fig. 
3.2. These functions are quite important and should be examined carefully. 
Notice, for example, that the number of nodes in the radial function R,,(p) 


124 more complete table for n = 1 through n =6 may be found in Linus 
Pauling and E. B. Wilson, Introduction to Quantum Mechanics (New York: McGraw-Hill, 
1935), pp. 135-136. 
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Figure 3.2 Hydrogenic radial functions A,2(r) for n = 1, 2, and 3, (See Table 3.2 for functional 
forms.) (From R. B. Leighton, Principles of Modern Physics. New York: McGraw-Hill, 1959.) 


is n — £ — 1. Also notice that each radial function for £ = 0 approaches a 
nonzero constant as r — 0, whereas each function for £ > 0 approaches zero 
asr— 0. 


3.6 FULL EIGENFUNCTIONS OF 
THE ONE-ELECTRON ATOM HAMILTONIAN 


We set out at the beginning of this chapter to solve the time-independent 
Schroedinger equation for the one-electron atom, and we have achieved that 
goal. The normalized stationary-state wave functions are 


W nimt) = Rar) ¥en, Q), (3.58) 


where R,,(r) is given by Eq. (3.55) and the Y,,,(9, ø) are the spherical har- 
monics of Ea. (2.58). These functions for n = 1. 2. and 3 are listed in Table 


Table 3.3 
Energy eigenfunctions for the hydrogenic atoms for n = 1, 2, and 3. 


yro = EZ) ezn 
Wio = walZ) = Zr) ¢-2itm 
Waro = walk) & 721/200 cos 0 
yaa = EHZ Zen sin ges 
vn poh) o -n2 enn 
W310 = AA e- zyz e-21/3a0 cos Q 
Waist = awa (2)"( = al sin 0 e+’? 
W320 = A E cos? 9 — 1) 
= (Z ZE ezea sin ĝ cos 6 e+‘? 


3/2Z2r2 


Vonia = Tra) ak 


e727/340 sin? 6 erie 


3.3. From the orthonormality relations of the individual product functions 
[Eqs. (3.57) and (2.60)], we conclude that the one-electron (“hydrogenic”) 
eigenfunctions satisfy the orthonormality relation 


J Vim Ywen) dt = Sav Ser nn (3.59) 
where, as usual, dr = r? dr sin 0 dô dọ. 


Quantum Numbers 


Let us summarize what we have learned about the quantum numbers for the 
one-electron atom. It is important to remember that quantum numbers serve 
two purposes. First, they provide a convenient way to distinguish different 
quantum states. Second, they contain information about physical properties 
of the states, since they label eigenvalues of various constants of the motion 
for the system. So far we have found three quantum numbers for the one- 
electron atom: the principal quantum number n, which labels the energies 
and radial wave functions, the orbital-angular-momentum quantum number 
£, which specifies the magnitude of L via the L? eigenvalue equation, and the 
magnetic quantum number m, which specifies the z component of L via the 
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L, eigenvalue equation. The allowed values of these quantum numbers are 
restricted—that is, 


n= 1,2,3,..., 
€=0,1,...,7—1, (3.60) 
m=-—f,—(+1,...,¢—1,¢. 


For example, we can speak of the “n = 2, £ = 1, m = 0” state of a 
hydrogenic atom. There is a more conventional way to label the atomic 
states of a one-electron atom: spectroscopic notation. Spectroscopists refer to 
the aforementioned state as a “2p,” state, using a letter to represent the value 
of £ and a subscript to indicate the value of m. Similarly, the “n = 3, £ = 2, 
m = +1” state is called the “3d,” state. The letter designations for £ = 0, 1, 
2, 3,... are given in Table 3.4; we shall use this terminology throughout the 
remainder of the book. 


Table 3.4 
Spectroscopic notation. 


£ 0 1 2 3 4 5 6 TE 


Spectroscopic 
designation s Pp d a g h i 


One-Electron Energies 


Recall that as a consequence of our solution of the radial equation, we 
obtained a simple expression for the energies E,, 


24 Energy 
E, = — Hare n=1,2,.... | eigenvalues for (3.61) 
2ħ?n? 
a one-electron atom 


This gives the energy (in gaussian CGS units) of the (nlm) state of a hydro- 
genic atom with nuclear charge Z. Introducing the first Bohr radius a, [see 
Eq. (3.40)] into (3.61), we can rewrite this result in the form: 


pe- Z(E) 2=12.... (3.62) 


BAZA 


Evaluating the constants in this equation according to Appendix 1, we obtain 


B= (13.596) eV. (3.63) 


Although these units (electron volts) are standard CGS units, we shall also 
have occasion to use atomic units (see Appendix 2); in atomic units the 
hydrogenic energy becomes 


E, Z? Hart 3.64 

i Net Tees, (3.64) 
Z2 

E; = E Rydbergs, (3.65) 


where | Hartree = e?/a) = 27.2 eV and 1 Rydberg = e?/2aọ = 13.6 eV. 

Notice that for a given value of n there exist functions y,,,,,(r) for all £ = 0, 
1,2,...,2—1 and corresponding m = —¢,-€+1,—-€+2,...,¢—2, 
¿ — 1, £. From Eq. (3.61) it follows that all these functions correspond to the 
same energy; they are degenerate. For a fixed value of n there are n allowed 
values of ¢, and for each £ there are 2¢ + 1 values of m. Hence the state (ném) 
is n?-fold degenerate, and there are n? linearly independent wave functions 
with energy E,. 

This “high degeneracy” is a special property of the solutions of Schroedin- 
ger’s equation for a coulomb potential energy, —Ze?/r. The fact that for fixed 
mand ¢ there are 2¢ + 1 degenerate functions, each with a different magnetic 
quantum number, should come as no surprise; this is true of all central force 
problems. However, it is not always true that states with the same n but 
different ¢ are degenerate. !3 

The energies of a system can be presented diagrammatically via an energy 
level diagram. We have drawn such a diagram for the hydrogen atom (Z = 1) 
in Fig. 3.3, where special care has been taken to indicate the high degree of 
degeneracy. 


—10 


Energy (eV) 


Figure 3.3 Energy level diagram for the 

—15 hydrogen atom (Z= 1) in the approxima- 
tion that the potential energy is “pure cou- 
lomb”. 


13Jn fact, this degeneracy disappears when we take into account the neglected 
interactions alluded to in footnote 1. Only in the approximation that the hydrogen atom 
potential energy in Eq. (3.1) is “pure coulomb” does it appear. 
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In the remainder of this chapter we shall focus on the properties of the 
hydrogenic eigenfunctions y,,,,,(r) and relate them to physical observables. 


3.7 PROPERTIES OF 
THE HYDROGENIC WAVE FUNCTIONS 


Recall from Chapter 1 that we relate wave functions to physical observables 
by examining expectation values and probabilities. For example, if a hydro- 
genic atom is in the stationary state (ném), then the average radial distance of 
the electron from the nucleus is given by the expectation value [see Eq. (1.40)] 


Paim = | WinCE) Ynt) dr, (3.66) 


where the subscript on <r> reminds us that it is defined with respect to state 
(ntm). This expression can be evaluated analytically; using Eqs. (3.55) and 
(3.58), plus the properties of the associated Laguerre polynomials and the 
spherical harmonics, we obtain 


rnin = 58130? — 6 + 1). (3.67) 


Exercise 3.4 Derive Eq. (3.67) for some specific case. 


Expectation values of some other operators are given in Appendix 3. 

This expectation value provides information about the statistical average 
of results of several position observations on the atom. The probability that 
the electron will be found at position r in volume element dr is given by the 
probability density [Eq. (1.9)], 


Prem T) dE = Wim (EW nem(E) dT; (3.68) 


Pnem(t) is independent of time, since the atom is assumed to be in a stationary 
state. Using Eq. (3:58), we can write this expression as 


Print) dt = [Rr Y $0, 9)¥ im, p)r? dr sin O d8 dp. (3.69) 
Another useful quantity, which is easier to visualize than p,,,(r) dr, is 
obtained by integrating Eq. (3.69) over the angles 0 and g: 
f A Í ” Pnim(T)r? dr sin 0 dO dp = P[R„(r)]? dr = P,Ar) dr, (3.70) 
0 0 


where we have defined the radial probability density P,,(r). Then the probabil- 
ity of finding the electron anywhere within a shell of thickness dr located a 
distance r from the nucleus is P,,(r) dr. 


The radial probability densities P,,(r) for n = 1, 2, and 3 are plotted in 
Fig. 3.4. These functions provide a “picture” of the radial distribution of the 
electron and, as we shall see in Chapter 9, aid us in deducing physical prop- 
exties of atoms with many electrons. The little arrows in the figure point to 


ao/Z 


Figure 3.4 Radial probability density functions P,,(r) for the hydrogenic atom for n = 1, 2, 
end 3. The arrows indicate <r>nrm. (From R. M. Eisberg, Fundamentals of Modern Physics. 


New York: Wiley, 1961.) 
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the expectation value of r for each state. In a crude sense, we could think of 
<r> as defining a “radius” at which the electron is most likely to be found. 

In fact, we often speak of electron shells and subshells. There is one shell 
for each principal quantum number n. The shell radius for a given value of n 
[e.g., for the “third shell” (n = 3)] is taken to be the expectation value of r 
defined with respect to w,oo(F), <7>n00- 

Similarly, there is one subshell defined for each value of ¢ allowed by 
l= 0,1,2,...,n — 1. The subshell radius is taken to be the expectation 
value of r defined with respect to W,ro(F), <7 >,co. Thus each shell consists of a 
number of subshells. 

Several trends in the radial probability densities are apparent from Fig. 
3.4. For example, for fixed n the expectation value <r» decreases as £ increases, 
but for fixed ¢ the expectation value increases as n increases. 


Example 3.1 
The Ground (1s) State of the Hydrogen Atom 
The lowest state of the hydrogen atom (Z = 1) has principal quantum number 


n = 1. This is called the ground state. The energy of this state is [see Eqs. 
(3.63) and (3.65)] 


E; = —13.6 eV 1 Rydberg. (3.71) 
0 


Since n = 1, the only allowed values of ¢ and m for the ground state are 
£ = 0 and m = 0. The wave function corresponding to the energy E, is 


Wioolr) = Rio(r)Yo0(0, 9); (3.72) 

where Rey 2(z) 90 grian (3.73) 
0 

and i Yoo(8, 9) = Te (3.74) 


Since n? = 1, the ground state is nondegenerate. 

The radial function R, 4(r) can be found in Fig. 3.2, and the corresponding 
radial probability density P,,(r) in Fig. 3.4. This density function has a peak 
very near the value of <r> 


Pie Say (3.75) 


although, in general, the peak in P,,(r) does not occur at <r 


ntm” 


Normally the radial probability density does not tell the whole story of the 
‘electron’s spatial distribution; y,;,,(r) also depends on @ and g. However, the 
‘eogular dependence of the ground state is particularly simple because of the 
striction that £ = 0 and m = 0. The ground state is spherically symmetric. 

Finally, we recall that £ and m label the eigenvalues of the angular momen- 
‘tem operators L? and L,, &(€ + 1)h? and mh, respectively. For the ground state, 
we simply say that the electron possesses “zero orbital angular momentum.” 


Polar Plots 


We have seen that plots of the radial probability density, like those in Fig. 3.4, 
‘enable us to visualize the radial dependence of the electron’s probability dis- 
‘ibution. For s states (l = 0, m = 0), the angular dependence is spherical and 
æəsy to see. In order to obtain pictures of the angular distribution of the 
ectron for non-s states (€ + 0), we draw polar plots. 

The probability density Pnem(r) is independent of the angle g [see Eq. 
43.69)]. Therefore the probability density, which describes the spatial dis- 
ebution of the electron, is equal to the radial probability density P,,¢(r)r-* 
modulated by the factor [@,,,(@)]?, which depends only on 0. We can display 
18.,,()P by plotting a curve as in Fig. 3.5. Ina polar plot the distance from 


ro = [O (89)]? 


Figure 3.5 Polar plot for a p state (£ = 1). The 
distance from the origin to the curve at angle 
8 = ĝo is ro = [O(00)]?. 


the origin of the graph to the curve at a particular value of 0 = 0, is defined 
to be [O;m(0o)]}. The figure shows the polar plot for £ = 1, m = 0—that is, 
ofa p, state. Polar plots of other states are shown in Fig. 3.6. 

A three-dimensional image of the angular dependence of |y,.,,(r)|? is 
obtained by rotating the polar plot for state (nfm) through 180° about the 
polar axis (the 2 axis). The region of space swept out by the rotating curve 
defines a surface representing | Y;,,(0, 9) |? =| @zm(@)®,,(g) ?. This surface 
possesses axial symmetry. 
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s electrons 
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p electrons Soe} 
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d electrons 
Q=2 
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Figure 3.6 The angular probability density function [Ozm(8)]? plotted as a function of @ 
for £ = 0,1, 2,3, and 4. The figures are not drawn to the same scale. (Adapted from F. K. 
Richtmyer, E. H. Kennard, and John N. Cooper, /ntroduction to Modern Physics, 6th ed. New 


York: McGraw-Hill, 1969.) 


=i 
Op Po = etl cos 0 
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| 10,,,0,, 1=(3)!? sino 
Piety cal C) sin 


Pa (m=+1) 
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Figure 3.7 Polar plots of the spherical harmonics for £ = 1. (a) Graph of Y;9; (b) graphs of 
1Y;,ı| and |¥;,-1]. (Adapted from Frank J. Bockoff, Elements of Quantum Theory. Reading, 
Mass: Addison-Wesley, 1969.) 


Of course, the resulting surface for the state (nfm) is merely a graphical 
representation of the square of the spherical harmonic Y,,,(9, g). The angular 
dependence of Y,,,(0, g) itself can be pictured by plotting| Y,,,(0, g) |. Spherical 
harmonics for £ = 1 (p states) are graphed in this manner in Fig. 3.7. The 
length of the radial coordinate at a particular 0 = 0, and g = p, is 
| ¥n(Bo, Po) l- 

Armed with graphs of the radial probability density (Fig. 3.4) and the 
angular function [@,,,(0)]? (Fig. 3.6), we can construct pictures of the full 
spatial probability distribution of the electron. In Fig. 3.8 we present boundary 
surface plots of the probability density p,,,,(r) for the 1s, 2s, 2p,, and 2p., 
states of the hydrogen atom. (The surfaces shown in this figure enclose the 
regions of space in which the probability density is greater than one-tenth of 
its maximum value.) Such “pictures” of the probability distribution of the 
electron for particular states are very useful in the study of atoms and 
molecules. 
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2po 2P+1 


Figure 3.8 Boundary suface plots of the probability density for the 1s, 2s, 2po, and 2p+, 
states of the hydrogen atom. (The boundary surface excludes all space in which |y |? is less 
than one-tenth of its maximum value.) (Adapted from Frank J. Bockoff, Elements of Quantum 
Theory. Reading, Mass: Addison-Wesley, 1969.) 


Example 3.2 
First Excited State of the Hydrogen (Z = 1) Atom 


The energy for the n = 2 states of the hydrogen atom is 


£ 


n Rydberg. (3.76) 


2 
i= -<(4) 234007 = 2 
These states are called the first excited states of the atom. 
Since n? = 4, there are four degenerate eigenfunctions with this energy; 


these functions are listed in Table 3.5. (The explicit forms of these functions 
appear in Table 3.3.) Notice that the radial wave function for the 2p), 2p,, 


Table 3.5 
Degenerate n = 2 eigenfunctions of the hydrogen atom. 


Spectroscopic 
A m notation 
0 0 2s Waoolt) = Rro(r) Yoo(0, p) 
i 0 2Po W210) = Railr) Yio, 9) 
1 Bail 2P +1 Vai) = Rat) ¥i1@, 9) 
1 =i 2p-1 Y21-1) = Rail) ¥1-10, 9) 


and 2p_, states are the same. The radial functions for n = 2 are plotted in 
Fig. 3.2; the corresponding radial probability densities appear in Fig. 3.4. 
From these figures we see that the radial dependence of the electron’s prob- 
ability distribution for the n = 2, = 0 state is quite different from that of 
the n = 2, l = 1 states; the 2s state has two peaks, but the 2p states have only 
one peak. The node between the two peaks of the 2s radial function appears in 
the full probability density |y200(r) |? for all values of @ and g. Of course, this 
function is spherically symmetric, since é = m = 0. 

The radius of the n = 2 shell is the expectation value of r; from Eq. 
(3.67) we find that this radius is 


<M 2s = bao; (3.77) 
the radius of the £ = 1 subshell is 
<1 ap = Sao. (3.78) 


Therefore, on the average, the electron is found farther from the nucleus in a 
2s state than in a 2p state. (Notice that the difference between <r>,, and 
<r) is not as great as the difference between <r>,, and <r)2,.) 

Another important distinction can be made between the 2s and 2p radial 
probability densities P,(r) and P,,(r). Figure 3.4 shows that at small values of 
r, say F Sa, a small peak in the probability density occurs in the 2s state but 
not in the 2p state. This effect is called penetration; we shall encounter it again 
in our study of multielectron atoms (Chapter 9). 

Finally, boundary surface plots of the total probability densities | Wyem(t) |? 
for these n = 2 states are shown in Fig. 3.8. 


So much time has been spent here discussing the hydrogenic functions 
Wwn(t) as energy eigenfunctions that we may have forgotten that they are also 
eigenfunctions of the orbital angular momentum operators L? and L, (see 
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Sec. 2.4). We shall now return to this important fact and examine some of 
its physical consequences. 


3.8 ORBITAL ANGULAR MOMENTUM OF 
THE HYDROGENIC ATOM 


Because the coulomb potential energy is independent of 0 and g, the functions 
Wrm(t) satisfy the eigenvalue equations 


LEY nimt) = CCE + 1h? Waem(¥), (3.79) 
LW nim (T) = MOY nem(T). (3.80) 


Therefore the observables L? and L, are sharp for a hydrogenic atom in 
state (nfm), and the expectation values of the corresponding operators are 
simply 
€L*>ntm = CCE + 1)h?, (3.81) 
Lim = mh. (3.82) 


These results tell us, for example, that in a measurement of L, on an ensemble 
of identical systems, the average value obtained is mh. The expectation values 
of the other two components of L for the atom in state (nfm) are 


<L>ntm = 9, (3.83) 
<Ly>ntm = 0. (3.84) 


Vector Model 


Equations (3.82), (3.83), and (3.84) suggest that we might construct a useful 
model of the electron’s orbital angular momentum. Imagine a vector L that 
precesses about the 2 axis (polar axis) in such a manner that, on the average, 
L, and L, vanish but L, is well defined. This picture is used in the so-called 
vector model of the atom. The precession of L in this model can be repre- 
sented pictorially; the vector diagram for d states (£ = 2) is drawn in Fig. 
3.9. It is useful to relate this model to the polar plots of the angular depen- 
dence of the probability density that we drew in the last section. Consequently, 
let us look once more at Fig. 3.6 and see what trends in the polar plots can be 
identified. 

For a given £ value (e.g., £ = 2), the maximum in probability density 
shifts toward 0 = z/2 as |m| increases from 0 to ¢. By rotating the polar 
plots for ¢ = 2 through all g, we see that |@;n(0)®,,(g) |? is largest in the 
vicinity of the xy plane for |m| = 2, whereas it is largest near the 2 axis for 


E 


Figure 3.9 Vector model of the precession of the electron’s oribital angular momentum for 
£ = 2. We imagine that L is precessing as shown on the various cones. The length of each 
vector is / 3h. 


m = 0. This observation is entirely consistent with the vector model, since 
|m| = 2 corresponds to the largest value of L, (see Fig. 3.9). Classically, the 
maximum value of L, arises from the largest possible electron orbits in the xy 
plane; clearly, it is only the |m| = 2 probability densities that can accom- 
modate such orbits. 

There is danger in taking the vector model too seriously. It is a mistake to 
conclude that we can literally follow the electron around in space and 
thereby pin down a well-defined orbit; we cannot. Nor can we follow L 
around in space. Actually, we do not know what the electron is doing in the 
classical sense; all quantum mechanics gives us is a description of the prob- 
ability of an electron being found at a position r at time t. Nevertheless, we 
can obtain some feeling for the motion of the electron by studying the 
probability flux density. 


3.9 STANDING VERSUS ROTATING WAVES 


The probability flux density for a particle of mass y is [see Eq. (1.17)] 


it, = — A*i, t) VE(r, t) — P(r, t) VAG, Ò). (3.85) 
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We can write j(r, f) as 


it) = $ Im [¥*(r, 1) VEC, ¢)), (3.86) 


where only the imaginary part of the quantity in brackets appears and where 
the gradient operator in spherical coordinates is 


=r2 4619849 1,8 
= He 06 | rand oy oe 


The time-dependent wave function for an electron in a hydrogenic atom in 
state (nfm) is 


Print, t) = Ra) OnO) P(g en Ene, (3.88) 


and since R,,(r) and ©,,,(@) are real functions, only the g-component of 
Y* VY in Eq. (3.86) contributes to the flux density. Using Eqs. (3.87) and 
(3.88), we obtain 


henl, ) = È Im {Piatt Oye ama Df, G) 


or ka= 0 Pop Punlt) (3.90) 


Now, jnem(t,t) is the probability per unit time “flowing” through an 
element of surface area of unit magnitude.'* Therefore this result explicitly 
shows that the electron probability “flows” (or “rotates”) around the ĉ axis. 
The “flow” is in the sense of increasing g for m > 0 and decreasing g for 
m < 0. The magnitude of j(r, ¢) is proportional to m and is largest where the 
probability density is largest. The wave function y,,,,(r) is called a rotating 
wave. 

We have suggested that these rotating wave functions are especially 
useful, for they are eigenfunctions of L? and L,. However, other perfectly 
valid stationary-state eigenfunctions of the one-electron atom Hamiltonian 
have angular momentum properties that differ from y,,,(r). In particular, we 
can construct energy eigenfunctions that do not “rotate” about the 7 axis by 
forming linear combinations of degenerate rotating waves. The new eigen- 
functions are called standing waves and are particularly useful in molecular 
physics (see Chapter 14). Of course, the standing wave functions are not 
eigenfunctions of L,, but sometimes this does not matter. Let us consider a 
specific example. 


14We must be careful about using the word “flow” in reference to probability 
flux, since it is a classical term. However, it does provide a conceptual feeling for the physi- 
cal significance of Ea. (3.90). 


Example 3.3 
Standing Waves for 2p Hydrogenic States 


DF the three eigenfunctions y,,,,(r) for n = 2, € = 1 shown in Fig. 3.8, only 
the 2p, function is a standing wave [since m = 0 in Eq. (3.90) implies that 
Jr, ż) = 0]. However, we can form standing wave functions from the 2p, and 
2p_, functions by defining appropriate linear combinations. Contemplation 
ef the spherical harmonics Y,, and Y, _, leads us to the functions 


Wan = Fy Wapl®) + Wap (0 

= HOA) sin 0 sin p, (3.91) 
Was) = FFW) — War O] 

= AROA) sin 8 cos g. (3.92) 


‘These functions are standing waves [i.e., j(r, t) = 0]; they are eigenfunctions of 
& and L? but not of L,. 


Exercise 3.5 (a) Show that j(r,*) =0 for the functions y2,,(r) and 
Wap"). 

(b) Show that y2,,(r) and y2,,(r) are eigenfunctions of SC and L? but 
not of Lx, Ly, or L,. 

(c) Show that y2,, and y2,, are normalized and orthogonal to each 
other. 


The reason for the subscripts labeling these new functions becomes 
=pparent when we look at the sketches of their angular dependence; see 
Fig. 3.10. (Notice that any linear combinations of the three functions y;2,,, 
w:,, and W27, = W2,, are also standing waves.) 


a 


3.10 THE ORBITAL MAGNETIC MOMENT 


Let us return to the functions ¥„:m(r, t). These functions describe the motion 
of the electron. Since they are rotating waves, and the electron possesses a 
charge —e, our classical intuition leads us to expect that this rotational flux 
will have associated with it an electric current and a local magnetic field. We 
shall see in Chapter 7 that such is indeed the case and that the effects of this 
Geld can be observed experimentally. 
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Figure 3.10 Graphs of the angular dependence of y 
for the px, Py, and p; standing-wave hydrogen eigen- 
functions. (Adapted from Frank J. Bockoff, E/ements of 
Quantum Theory, Reading, Mass: Addison-Wesley, 
1969.) 


In this section we shall use our expression for ,,,,(r, f) and the prob- 
ability flux density to evaluate the orbital magnetic moment due to the 
motion of the electron. 

The contribution to the orbital magnetic moment due to the rotation of an 
element of volume dv is!5 


dM = a x [—ei(r, 1 dv, (3.93) 


where —e is the electronic change—that is, e > 0. The probability flux 


15See Edward M. Purcell, Electricity and Magnetism (New York: McGraw- 
Hill, 1965), Chap. 10. 


density j(r, £) can be written in the useful form 


ia) = a*t, PPC, t) — ‘P(r, )p¥*(r, O] (3.94) 

or i.) = + Re (¥*(r, )p¥(r, )}, (3.95) 
where p = —ih V. Therefore the element of orbital magnetic moment dM is 
dM = Son Re [¥*(r, NLY (r, t)] dv. (3.96) 


When integrated over all space, this equation gives a total magnetic moment 
e 
M= =a DIL| YC, D>, (3.97) 
where we have introduced the notation 

<Yir, )|L| Yir, > = j W*(r, OLY (r, t) dr (3.98) 
for the matrix element of the orbital angular momentum L. This matrix 

element is the sum of three terms—&<‘Y(r, t) | L,| Y(r, ^>, and so on. 

If we now define the operator for the orbital magnetic moment 

M31, (3.99) 
then Eq. (3.97) states that the observable M is simply the expectation value of 
this operator. The orbital magnetic moment operator is more conventionally 


written!® 


Orbital magnetic 
moment operator (3.100) 


where $ is the Bohr magneton defined as 


B= £ = 0.927 x 10-*° erg/gauss (3.101) 


Dae 


and g, is the orbital g factor, which we introduce here so that Eq. (3.100) 
appears in the form of a more general result to be obtained later. For the 


16Elsewhere you may encounter the symbol p for the orbital magnetic moment 
operator. We have chosen M; instead to avoid confusion with the reduced mass. Similarly, 
the Bohr magneton is often represented by the symbol jzz. 
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orbital magnetic moment, we have 
a=. (3.102) 


For the stationary state (nfm) of a one-electron atom, it follows from 
Eqs. (3.100), (3.79), and (3.80) that the square and z component of the 
orbital magnetic moment are sharp: 


Mi Yain, D) = (BEV + DAP ent, D), (3.103) 
Ma Ynn, t) = — BMDP sent 1: (3.104) 


Consequently, for the state (nfm), the magnitude of the square of the 
orbital magnetic moment is!” 


<M?) = (pY EE + 1), (3.105) 
and the value of its z component is 
<M.) = —8ıßm. (3.106) 


Each of these results is a consequence of the fact that the functions 
YW u(t, t) are eigenfunctions of L? and L,. 

This is about as far as we can develop the solution of the one-electron 
atom at this level of approximation of quantum theory. We have solved the 
Schroedinger equation for the hydrogenic atom, making only the assumption 
that the potential energy V(r) was of the form —Ze?/r. There is one major 
addition to be made to our theory of the one-electron atom: the introduction 
of electron spin. We shall discuss spin in Chapter 6 and then take another 
look at the hydrogenic atom in Chapter 7. But first we shall digress briefly and 
see what happens when our hydrogenic atom is exposed to an external field. 


PROBLEMS 


3.1 Solution of the Hydrogenic Radial Equation 
by Series Expansion (***) 


In this problem we shall use the method of series expansion to solve Eq. 
(3.32). 
(a) Expand the function f,,(p) in a power series in p, 


Subp) = È ap. 


17These results can also be derived by discussing orbital magnetic moments in 
terms of the Bohr model of the hydrogenic atom. See Robert M. Eisberg, Fundamentals of 
Modern Physics (New York: Wiley, 1961), Chap. 10. 


Substitute your expansion into Eq. (3.32) to obtain a recursion relation for the coeffi- 
cients a;. We shall choose ay = 1. 

(b) Consider the function R,,(p) of Eq. (3.31) in the limit p — oo, using the 
expansion of part (a). Show that in order to have R,:(p) — 0 as p — œ, the series 
must be truncated; that is, we must demand that all coefficients after the Ath one 
(for any k > 0) be zero. [Hint: Consider the ratio of consecutive coefficients in the 
series at very large values of p.] 

(c) Show that this truncation can be effected by setting 


y=l+k+1 
and that this condition leads to Eq. (3.37) for R„(p). 


3.2 The Deuteron (**) 


The deuteron is a composite “particle” resulting from the binding together 
of a proton and neutron due to their mutual attraction. It has been empirically 
established that the interaction potential energy for this system may be represented 
by 

V(r) = —Ae-"'s, 


where r is the proton-neutron interparticle separation, A is a “strength” parameter 
of the order 32 MeV, and a is a “range” parameter of the order of 2.2 fermi (1 
fermi = 10-13 cm). Consider bound states of this system—thus E < 0. 

(a) Write down the radial equation for y(r) = rR(r) for the case £ = 0. Perform 
a transformation to a new variable č = exp (—r/2a) and obtain a differential equa- 
tion in €. Verify that this is a form of Bessel’s equation.!* Determine the general 
solution before applying boundary conditions. 

(b) Impose the boundary condition that | R(r)| < co as r — co and write the 
form of the solution that satisfies this condition. (You will need to employ the 
limiting properties of Bessel’s functions.) 

(c) Next, impose the additional boundary condition that | R(r)| < co as r — 0 
and show that it restricts the energy to certain discrete values. Describe how you 
would go about finding the energies. 

(d) Use the values for A and a given above to calculate the ground-state binding 
energy —E,, of the deuteron. 


3.3 Average Electrostatic Potential Field in the 
Vicinity of a One-Electron Atom (***) 


Consider a one-electron atom (or ion) with nuclear charge Ze in its ground 
(1s) state. If classical physics were valid for this system, we should expect to be able 
to measure its electrostatic potential field g. This quantity is valuable in the quantum 


18See the Suggested Readings for Chapter 2. A graph of the solutions to Bessel’s 
equation may be found in Eugene Jahnke and Fritz Emde, Tables of Functions (New 
York: Dover, 1945), 
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mechanical treatment as well. In this problem we consider the average field and 
point out the connection with real systems. 

(a) Take the origin of coordinates at the nucleus and label the atomic electron 
with coordinates r. Suppose that this electron is “frozen” at position r;. Derive an 
expression for the electrostatic potential field g(r;, r2) at an arbitrary point r, due to 
this system. 

(b) Calculate the average value of g for the 1s ground state of the atom (or ion) 
and show that the result may be written 


Plr2) = Es. r2))1s = ne =) + E(1 + Ba)e-rznm, 


which is clearly spherically symmetric. [HınT: The evaluation of the integral is 
greatly simplified by using the following expansion for |r; — r2|~!: 


a Bt A 
i Zr (cos 012) if r2 > 11, 


ri ral 


= ri Š 
PE (cos 0,2) if r2 < ri, 
=0řî 


where @,, is the angle between r, and rp. It is easiest to take the 2 axis along f, for 
the integration.] 

(c) Examine the behavior of (rz) in the limits r, — co and r, — 0. Discuss 
your results in terms of “screening of the nucleus,” taking into account the electron 
density distribution and the corresponding “electron charge density.” 

(d) Consider the He*(Z = 2) ion. Let us use the result of part (b) to obtain an 
approximate answer to a rather hard question: What is the binding energy (or 
energies) of a second electron added to the system? Suppose that we say that the 
total effect of the first electron is to “screen” the nucleus in the manner of parts (b) 
and (c). Then electron 2 interacts with He* via a potential energy 


V(r2) = —eG(r2). 


If the second term in (r,) could be ignored, what would be the binding energies 
(ie., —E,,) for this He system? Should the second term raise or lower the binding 
energies ? Why? Will the £ degeneracy be removed, and, if so, how will the energies 
vary with £ (qualitatively)? 

(e) Think about the nature of the approximations considered in part (d). What is 
the main thing wrong with treating the He atom in this manner (aside from electron 
spin and the Pauli exclusion principle, which are discussed in Chapter 5 ff.)? 


3.4 Penetration of the Centrifugal Barrier and Its Effects 
in Multielectron Atoms (**) 


Wave functions corresponding to states of high angular momentum are 
distinctive in both their angular and radial dependence. In particular, the effect of 
the “centrifugal barrier” is to push out the radial density away from the region of 


‘small r. The purpose of this problem is to make this feature explicit and to point out 
some related physical effects. 


(a) Consider the n = 3 states of hydrogen (Z = 1). Calculate radial probability 
densities of the 3s, 3p, and 3d states at r = 0.5a, and 1.0aq. Briefly discuss your 
sæsults to make sure that they agree with your expectations. The 3s state is described 
æs more “penetrating” than 3p and 3p as more penetrating than 3d. 

In multielectron atoms, the concept of penetration is important. You may recall 
om your chemistry background that the electrons in such an atom tend to forma 
shell structure. The physical explanation for the structure and the quantitative 
details will be dealt with later (Chapter 9). For the present, let us take the somewhat 
sive approach that, from the vantage point of the “outer” electron, all the other 
electrons serve mainly to screen the nuclear coulomb field. These other electrons, on 
the average, constitute a negative charge density that tends to weaken the effect of 
‘the attractive nuclear potential. Thus in a neutral atom—such as Na (Z = 11)—the 
æound state consists of a spherically symmetric core (nucleus + 10 electrons) 
surrounded by a single electron in a state similar to the 3s state of the hydrogen 
tom. We might then take as a model of Na an electron with potential energy 


e? 
V(r) = +20) 


11, r —> 0 
where zn—|{ 


1, r— œ. 


(b) Explain why V(r) suggested above is reasonable and sketch a qualitative plot 
consisting of curves for —1le2/r, —e2/r, and V(r). [We shall see later that Z(r) ~ 1 
for r = 3 or 4ao, so that the screening occurs quite close in. You may use this fact 
im drawing your plots.] 

(c) Using the results of part (a) and your ideas on penetration, determine which 
of the states of the outer electron (i.e., 3s, 3p, or 3d) should be most affected and 
which least affected by the fact that the potential is not “pure coulomb” for all r. 
Explain your answer carefully. What is it that is being “penetrated,” and in what 
way should this affect the wave functions and energies of the states? 

(d) It has been determined spectroscopically that the binding energy (see Prob. 
3.3) of the outer electron is 5.12 eV for the 3s state, 2.10 eV for the 3p state, and 
1.50 eV for the 3d state. Are these results consistent with what we have determined 
about the relative penetration of these states? Explain. Use the pure one-electron 
atom result for the three n = 3 energies and determine an effective charge Z’ for each 
(which is independent of r). What, in particular, is striking about the 3d state? 


3.5 Probability Density Distributions for States of the 
One-Electron Atom (**) 


(a) Consider the angular distributions associated with the electron prob- 
ability density of a one-electron atom in an f (€ = 3) state; we will consider all 
states m = 0, +1, +2, +3. For each value of m, draw three-dimensional, spherical- 
polar graphs analogous to Fig. 3.7. Consider the probability current for each state 
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and calculate <M?) and ¢M,,>, the latter for each m value. (Leave in terms of B) 
Draw a vector model diagram (see Fig. 3.9) for the f states. 

(b) Consider radial distributions for the n = 4 states. Use Fig. 3.4 to guess the 
radial probability density functions for the n = 4 states, plotting curves for 4s, 4p, 
4d, and 4f radial distributions. Calculate <r» for these states and indicate this value 
on your plot. 

(c) We can now combine information on the angular and radial distributions. 
Draw “boundary surface plots” (see Fig. 3.8) for the 4d and 4f states with m = 0. 
Indicate the spherical surface r = <r> and any nodal surfaces on your graphs. 


3.6 Dipole Moments of States of the One-Electron Atom (**) 


The dipole moment operator for a one-electron atom is simply 
d = —er, 


where r is the position vector for the electron relative to the nucleus. 

(a) Show that the expectation value of d vanishes for all stationary states of a 
one-electron atom. 

(b) If a one-electron atom is “irritated” by a time-dependent field, such as an 
electromagnetic field (i.e., light), then the atom is necessarily in a nonstationary 
state. (Actually, it is in this nonstationary state that absorption and emission of 
light occurs.) Suppose that the atom is found at time ż in the state 


Pe, D = 1+ AY Ee + pyr (te UDE], 


where y is a fixed real constant. Verify that ¥ is normalized. Find the values of 
<E», (L*>, and <L,» for this state. Calculate <d> for this state and show that, on 
the average, the atom behaves like an oscillating electric dipole. Calculate the fre- 
quency of oscillation. Classically, such a system would emit electromagnetic radia- 
tion of what frequency ? 

(c) In this example, is of the correct form for an atom interacting with an 
electromagnetic field to absorb or emit radiation. Calculate <d> for a state in which 
W2p, is replaced by W2, in Y above. Do the same for y,, replaced by y3,,. What 
would you get for <d> if the two functions in ¥ had different m values? What can 
you conclude about the £ and m values of the functions in ¥ necessary to give 
<d> #0? 


3.7 Inner-Shell lonization of Heavy Atoms (*) 


We shall see later on in our study of multielectron atoms that the two 
innermost electrons (occupying the so-called K shell) are fairly independent of one 
another and may be approximately described by 1s one-electron atom wave func- 
tions with appropriate values of Z. 

(a) Using the preceding approximation, calculate the binding energy in thou- 
sands of electron volts (KeV) (see Prob. 3.3) and the value of <r> (in atomic units) 
for a 1s electron in the following atoms: Ca (Z = 20), Zr (Z = 40), Nd (Z = 60), 
Hg (Z = 80). 


(b) Binding energies of inner-shell electrons may be measured experimentally by 

s of X-ray absorption spectroscopy. If light of a small enough wavelength A 

enough energy) is incident on an atom, there is a finite probability that a K 

l (1s) electron will be ejected. The maximum value of A that will still result in 

Jl ionization is called the absorption edge. Derive an expression for the K-shell 

Sinding energy (in KeV) in terms of the K-shell absorption edge (in A). The observed 

‘edees for the atoms in part (a) in angstroms are Ca: 3.070, Zr: 0.6888, Nd: 0.2845, 
Hg: 0.1493. Calculate the “observed” binding energies for each of these atoms. 

(c) Calculate the differences between each of the four approximate K-shell bind- 
‘ee energies obtained in part (a) and the corresponding “observed” values from 
pert (b). Most of the error in the results of part (a) is due to the fact that one of the 
‘relectrons partially screens the nucleus. A useful way to take this effect into account 
5 simply to replace the nuclear charge Z by an effective charge Z’, defined as 


Z’=Z-s, 


here s represents the screening due to the second 1s electron. Calculate values of s 
for each of the four atoms in part (b). 


3.8 Beta Decay of the Triton (**) 


The nucleus ,H;3 is called the triton. It is composed of one proton and two 
seutrons and is known to be unstable with respect to beta decay, as shown below. 
This is a strictly nuclear process, which is outside the realm of atomic physics. The 
suclear reaction for beta decay may be written 


7H? 2He? + e. 


(rudely speaking, this expression tells us that a neutron has been converted into a 
proton, which remains in the nucleus, forming He, and an electron, which is 
ejected. 

Suppose that we have a hydrogen atom with a ;H? nucleus instead of ;H! 
(clearly, Z = 1 in both cases); this is called a tritium atom, (We shall ignore the mass 
difference between these two nuclei.) At time ¢ = 0, beta decay occurs, and a fast 
electron is shot out of the nucleus, converting it to a ¿He? nucleus with Z = 2. We 
may assume that the process is instantaneous and that the two electrons do not 
interact. Thus, from the point of view of the atomic electron, all that has happened is 
a sudden change of the nuclear charge from Z = 1 to Z = 2. 

(a) Assume that the tritium atom is in the 1s state prior to beta decay. Calculate 
the probability that the He* ion will be found in the 1s state after beta decay. 

(b) Repeat the calculation of part (a) for a 2s final state and then for any “non-s” 
Anal state (i.e., any final state for which £ 4 0, such as 2p, 3p, 3d, . . .). What con- 
clusions can you draw from your calculations? [HinT: The set of one-electron 
atom wave functions is complete for any choice of Z.] 


4 


The Wonderful World 
of Approximation Methods 
(Time Independent) 


“The unforeseen does not exist,” replied Phileas Fogg... “A well-used minimum 
suffices for everything.” 

Jules Verne, Around the World in Eighty Days (N.Y.: Dell Publishing Co. Inc, Dell 
Laurel Library edition). 


The hydrogenic atom considered in Chapter 3 was assumed to be “isolated” 
—that is, free of all external influences. This assumption is clearly somewhat 
unrealistic; systems of interest in physics are almost invariably exposed to 
some small external influence or perturbation, the effects of which cannot be 
ignored. Perhaps the most familiar such perturbation is an external elec- 
tromagnetic field, such as that due to an incident electron about to scatter off 
an atom. Hence finding a way to introduce perturbations into our theory is 
important; they give rise to additional potential energy terms in the Hamil- 
tonian, and we would like to obtain eigenfunctions of this new Hamiltonian. 
Because of these additional terms, the exact solution of Schroedinger’s 
equation is impossible and we must resort to approximation methods. 

There is another reason for studying approximation methods. The 
hydrogen atom is one of the very few systems that can be solved exactly 
(another is the H} molecular ion), Since our knowledge of the universe 


should not be restricted to these few systems, we need ways to obtain approxi- 
mate solutions to more complicated problems. 

Many perturbations of interest give rise to potential energy terms in the 
Hamiltonian that are independent of time (e.g., a static external electric field). 
In this chapter several useful ways to handle such perturbations will be 
developed. Time-dependent perturbations will be considered in the next 
chapter. 

Stationary-state eigenfunctions for a system perturbed by some external 
influence that gives rise to a potential energy term depending only on position 
coordinates are obtained by solution of the familiar time-independent 
Schroedinger equation, 


Ry, = EW m (4.1) 


where J£ now contains all potential energy terms plus, of course, the kinetic 
energy term. In Eq. (4.1) the subscript n represents a set of quantum numbers 
that uniquely identifies a state of the system.' The methods we shall study will 
be applicable to a wide variety of systems, so we shall not always specify the 
coordinate dependence of the wave functions. (These coordinates will 
collectively be denoted by the symbol t.) 


4.1 NONDEGENERATE TIME-INDEPENDENT 
PERTURBATION THEORY 


In some problems the potential energy of the perturbed system may differ 
enly slightly from that of a system that has already been solved. For example, 
the potential energy of a hydrogenic atom in an external static electric field 
E directed along the 2 axis is simply V(r) = —Ze?/r + ezE,, and we know 
the solutions for a potential energy V(r) = —Ze?/r. If the additional term (or 
terms) in V(r) is small, then we might expect the wave functions of the 
perturbed system to resemble the wave functions of the unperturbed system 
im many respects. Let us try to formulate a theory based on this idea. 
Suppose that the Hamiltonian of the perturbed system can be written as 


R= Ro + Bee, (4.2) 


where 3C is a Hamiltonian, the eigenfunctions of which are known. 3C" is 
called the perturbation Hamiltonian, X the zeroth-order Hamiltonian. 
Further suppose that the dominant term in 3¢ is 5C; JC is expected to 


1Thus z is not the principal quantum number introduced in Chapter 3. For a 
bydrogenic atom, n would be the set of quantum numbers consisting of the principal 
santum number, the orbital-angular-momentum quantum number, and the magnetic 
santum number (and any others that may arise; see Chapter 6). We shall usually let n = 1 
denote the ground state. 
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induce only small changes in the stationary-state wave functions and energies 
of the unperturbed system. A superscript (0) is used to denote the unperturbed 
problem, 


Oy = EO y(; (4.3) 


it is assumed that we know (or can easily obtain) the unperturbed eigenfunc- 
tions {y{°} and unperturbed energies {E{°’}. In this section we shall deal only 
with nondegenerate systems; thus to each discrete eigenvalue E\° there 
corresponds one and only one eigenfunction y(”. 

For a simple illustration of these ideas, consider a system consisting of a 
particle in the one-dimensional potential shown in Fig. 4.1(a), a “modified” 
square well. Clearly, 4 may be separated as in Fig. 4.1(b). The strong 
interaction Hamiltonian 3C is that of the one-dimensional square well, a 
system for which the wave functions and energies are well known.? The 
perturbation Hamiltonian is the small “square hump.” (The solution of this 
problem by perturbation theory is the subject of Prob. 4.6.) 


V(x) 
b 
eT 
a a a a 
age Sg a ees 
(a) 
Kx Š HO + KV 
(b) 


Figure 4.1 (a) A modified square-well potential; (b) the potential of (a) broken up inte 
“strong” and “weak” interactions [3C and 3C‘), respectively] to illustrate the separation oF 
the Hamiltonian. 


2A discussion of the solution of the square well problem may be found in Robert 
M. Eisberg, Fundamentals of Modern Physics (New York: Wiley, 1961), Chap. 8. See alsa. 
the references listed at the end of Chanter 1. 


In order to simplify the mathematics of the derivations that are to be 


performed, let us write the perturbation Hamiltonian 3C‘” in a more con- 
venient form, 


HY = AK’, (4.4) 


where 4 is a real constant. This constant is a measure of how small? the 
perturbation Hamiltonian is; we shall call it the smallness parameter. HX’ is a 
term of “normal magnitude.” These definitions are illustrated for the modified 
square well in Fig. 4.2. The point to be emphasized is that A is introduced 
solely for convenience; it will not appear in any of the final results. Since 3C‘ 
is independent of time, so are A and XH’. 


Ve a 2 
ti Vy Figure 4.2 Application of the 
| | to = definition of the smallness para- 
meter À to the perturbation 3C‘1) of 
HY = x’ x A Fig. 4.1(b). 


Setting Up the Solution 


We shall now derive expressions for the perturbed wave functions y, and 
energies E, in terms of the unperturbed wave functions y{® and E\°. Regard- 
tess of the magnitude of A, we know that the set of functions {y{} is complete 
‘since 5C is Hermitian). Therefore we could expand, say, the ground-state 
perturbed function y, in terms of this set: 


y= È ewe. (4.5) 

We reasoned earlier that if 2 is small—say 1 < 1—we expect y, to be not 

too different from y{”, so the first term in this expansion will be the largest. 

In particular, in the limit of vanishingly small A, the full Hamiltonian 3¢ 
becomes the unperturbed Hamiltonian 3C; that is, 

Hae HO. (4.6) 

Therefore, as A — 0, the perturbed wave functions and energies approach 

their unperturbed counterparts; that is, 


Va qd VP. (4.7a) 
Ee EO, (4.7b) 


3For a time our use of the word “small” will be a little vague. Eventually the 
various criteria for the applicability of perturbation theory will emerge naturally from our 
derivation, 


86 The Wonderful World of Approximation Methods Chap. 4 


Equation (4.7a) tells us that there is a one-to-one correspondence between 
the set of unperturbed wave functions {y} and the set of perturbed wave 
functions {y,}. Therefore we can expand y, in powers of 4 about the point 
A = 0; we write the series 


ya = 92) + Ags? + RPP + RO +o, (4.8) 


where the coefficients of the expansion are o, pP, g\”,... They are all 
functions of the same coordinates t as appear in y,. As yet we do not know 
the form of these functions;* our goal is to determine them. 

Similarly, we can write 


E, = A® + 2AM HPAP + PAPH (4.9) 


where the coefficients 4{°, A‘,... are real numbers that we shall also 
determine. 

Equations (4.8) and (4.9) are the starting point of our derivation of 
perturbation theory. We shall use what we know about y, and E,—namely, 
that they satisfy Eq. (4.1)—to obtain expressions for {g{?} and {A} and 
hence for the perturbed wave functions and energies. 

Since 4 is small, the first term in each of these expansions will be the 
dominant one.‘ In fact, we see immediately from Eqs. (4.7) that 


g® =y and AY = EW, (4.10) 


a result that should hardly be surprising. 

If the perturbation Hamiltonian (and hence A) is small enough, it is valid 
to drop all but the first two terms in Eqs. (4.8) and (4.9). This procedure is 
called first-order perturbation theory; if the first three terms are kept, we have 
second-order perturbation theory, and so on. The smallness parameter / helps 
in keeping track of the order of approximation being considered. 

To determine the other coefficients in the expansions of y, and E,, let us 
substitute these expansions into the time-independent Schroedinger equation 
for the perturbed system, Eq. (4.1). Grouping terms of the same order in 2 


4Notice that the superscript labeling each coefficient is equal to the order (i.¢., 
the power of A) of the term it multiplies. Thus the coefficient that multiplies 4° is denoted 
g0, the coefficient that multiplies 2! is denoted g“!), and so on. 

5Of course, this does not ensure that the series converge. In most problems of 
interest to us, the problem of convergence can (and will) be avoided; if 2 is not small enough 
so that the series converge, we will not use perturbation theory! See David Saxon, Elemen- 
tary Quantum Mechanics (San Francisco: Holden-Day, 1968), pp. 194 ff, for a discussion 
of the problem of convergence. 


. with like powers of å), we obtain 


GE + Aego + K'o] + A[ICO? + K'o] +e’ 
= Alora + AAW + Agw] 
+ ALA 9? + AM? + AMG) + Romer (4.11) 


By equating coefficients of 4°, 2', 4?,... on the left- and right-hand sides of 
_ (4.11), we obtain an infinite set of equations 


AROPO = AVO (4.12a) 


M 2 ICM” + HQ” = Aa) ae Ale (4.12b) 
A a K + Rig = Ag? Bii AMQ + Ago (4.12c) 


These equations can be solved for as many of the coefficients {,”} and 
14} as needed. The first one, Eq. (4.12a), is simply the time-independent 
Schroedinger equation for the unperturbed system; it merely confirms Eq. 
14.10), which we already deduced. [We say that y{” and E,” are zeroth-order 
epproximations to y, and E,.] We can substitute Eq. (4.10) into (4.12b) and 
solve the resulting equation for gi” and A{”. Using these coefficients in the 
expansion of Eqs. (4.8) and (4.9) will provide expressions for the perturbed 
wave functions and energies good to first order. This process can be continued, 
asing Eqs. (4.12c), (4.12d), and so on, to obtain results of any desired order. 


First-Order Approximations 


To illustrate, let us determine g{ and A, the first-order corrections to the 
enperturbed wave functions and energies, respectively; the first-order 
approximations to y, and E, are 


Wn = Wh + Agi”, (4.13) 
E, = EW + AAW, (4.14) 


Equation (4.12b) can be solved by using the fact that any function of the 


coordinates t can be expanded in terms of the complete set of unperturbed 
eigenfunctions {y‘%}. In particular, the function g\ can be expanded: 


pP = È awe, (4.15) 
m=1 
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where the aji} are constants and are complex in general. As long as all the 
eigenfunctions {y{”} are included in Eq. (4.15), it is exact. Of course, since 
the set of unperturbed wave functions is usually an infinite set, we shall 
eventually have to truncate this summation if we expect to use the method.‘ 

To determine these coefficients, we merely substitute Eq. (4.15) into 
(4.12b): 


K ALH b3 af!) yo + Ry = Eo > aly ate A), w (4.16) 


Multiplying this equation on the left by y{®*, integrating over all coordinates, 
and using the orthonormality of the unperturbed wave functions, we isolate 
the coefficient a\!). The result is 


Y ARER Sem + WP [E [yP = EP D ath bin + AL? dem QIT) 


where we have used the Dirac bracket notation 


KUP E yP = | yey dr (4.18) 


for the matrix element cooresponding to the kth row and the nth column of 
the “matrix of the perturbing Hamiltonian.”? Carrying out the indicated 
summations in Eq. (4.17), we find 


AED + WP (IC |y) = Eralp + AM Sin (4.19) 


We shall consider two cases. If k = n, Eq. (4.19) gives us an expression for 
Al. If n Æ k, it gives us a‘). In the former case, we have 


AL? = yP | 50" |y). (4.20) 
From Eqs. (4.14) and (4.4), it follows that 


BSE! + Sy? (Uy >, | et ae 


If we consider Eq. (4.19) for the case n + k, we obtain 


(0) , (0) 
ay = Ele, nek. (4.22) 
n k 


6To be perfectly general, we should also include all continuum wave functions of 
the unperturbed system in the expansion of Eq. (4.15). The fact that we do not acknowledges 
that the problem is difficult enough keeping only discrete eigenfunctions. For most standard 
applications of perturbation theory the continuum is not important. 

7This is a convenient notation, since it enables us to view the collection of inte- 
grals | w{°"ae’y\dt as a matrix, the (kn) element of which is <y{°) |3¢’| (>, Note that 
each integral is taken over all coordinates t. 


invoking the requirement that the set of perturbed wave functions be 
alized, we can show that a!) = 0 (Prob. 4.1). Thus the nth perturbed 
function, correct to first order, is 


First-order 


(0) ge | yy (0 
yo + $ eS ee > yi. perturbed (4.23) 


wave function 


What have we learned so far? We have seen that the perturbed wave 
ion y, can be viewed as a linear combination of unperturbed eigenfunc- 
{yP}; the coefficient al} tells us “how much” of the kth unperturbed 
tion contributes to the nth perturbed function. We say that “the unper- 
d functions y{® for a particular k 4 n mix with y{” to form the 
rbed function y,,.” Moreover, Eq. (4.21) indicates that the energy of the 
perturbed state of the system is given by the energy of the corresponding 
perturbed state plus the expectation value of the perturbation Hamil- 
onian, JC”, with respect to y{”. This term can be of either sign and thus can 
ise or lower the energy from the unperturbed value. As promised, 2 has 
ppeared from all our results. 

Since aļ} is inversely proportional to the energy separation between the 
and kth unperturbed states, we expect states that are closest together in 
rgy to mix most strongly with y{°. This fact provides a clue on how to 
id calculating the infinity of terms in Eq. (4.23): depending on the degree 
accuracy desired, we need only evaluate terms for the states closest in 
rgy to the nth state. It is important to note that if any of these coefficients 
ss large, then perturbation theory might break down and the problem probably 
ust be handled in another way. 

Finally, it is apparent from Eq. (4.23) that this result is restricted to non- 
degenerate states only, for if some unperturbed function, say y{?), is degenerate 
with y, then EW = E and the mth term in the summation of Eq. (4.23) 
5 infinite. [This situation’ would not occur if <y {® |3¢ | yw) happened to be 
zero, but such will not generally be the case.] Thus all degenerate states must 
be treated differently (see Sec. 4.6). 


Example 4.1 
The Anharmonic Oscillator 


One way to handle recalcitrant one-dimensional potentials is to expand them 
in powers of x—that is, 


Vx) =o Ox fF e + €5x* +b egx* + +, (4.24) 


Some potentials (e.g., molecular potentials like the Morse potential) are 
especially important at small values of x (measured from a well-chosen origin) 
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and have c, and c, equal to zero. The Hamiltonian for a system consisting of 
a particle of mass m in such a potential is 


ħ? d? 


Ka 2m dx? af 


mex? + ax3, (4.25) 
where we have set c, = 4m? and c, = « and dropped all higher terms. If œ is 
small, then the problem can be handled by using perturbation theory. The 
unperturbed system is simply the one-dimensional harmonic oscillator; 
therefore 

ħ? d? 


Ce P, 
SI 


s+> L mo?x?, (4.26) 


The unperturbed energies and eigenfunctions are? 


EP = ho(n + ry) RNA, (4.27) 
l JAN fs 
and w(x) = (za TE 4) HST pe De, (4.28) 
where we have defined 
— M@ 
4s". (4.29) 


The functions H,(,/2x) are the Hermite polynomials. The perturbation 
Hamiltonian is obviously 


HY = xè. (4.30) 


Suppose that we wish to determine the perturbed.energies to first order. 
By Eq. (4.21), E, is given by 


E, = ħo(n + +) + QP lax |y). (4.31) 


The unperturbed wave are wi of Eq. (4.28) are even functions of x 
for n = 0, 2, 4, . . . [y P(x) = +yi(—x)] and odd functions of x for n = 1, 

. P = —w{(—x)]. Hence the product y{*(x) y(x) is an even 
function of x for all values of n. Since ax? is odd, the integrand in the 
matrix element <y{° |x? | {> is zero regardless of the value of n. Therefore 


8See almost any introductory quantum mechanics book for a discussion of the 
simple harmonic oscillator problem in one dimension—for example, Linus Pauling and 
E. B. Wilson, Introduction to Quantum Mechanics (New York: McGraw-Hill, 1935), Chap. 
11. Notice that, according to convention, we have denoted the ground state of the harmonic 
to oscillator by n = 0, not by n = 1. 


perturbed energy to first order is simply equal to the unperturbed en- 
sey: that is, 


E, = EW ho(n 4 z} rahi ae (4.32) 


What went wrong? Nothing, actually. Perturbation theory will work for 
s problem, but because of the symmetry of this anharmonic oscillator, we 
ast calculate higher-order correction terms in order to determine the effect 
the perturbation on the energies.’ 

This situation occurs because the functions used in calculating first-order 
ections to E{® for any problem are unperturbed; they do not take into 
‘eonsideration the effect of the perturbation on the states of the system. In 
sher-order calculations of the energy, the functions used will take into 
scount distortion due to the perturbation and give rise to nonzero correc- 
ons to E”, Of course, in general, the first-order correction to the energy is 
ero (see Prob. 4.2). 


Exercise 4.1 (a) Calculate a first-order expression for Wo(x), mixing in 
only the two largest nonzero terms. 

(b) Make a rough sketch of wo(x) and comment on the deformations 
induced by the perturbing Hamiltonian. 


Higher-Order Corrections to the Energy 


Ssample 4.1 revealed that it is sometimes necessary to calculate A) so that 
erturbed energies correct to second order can be obtained. The derivation is a 
eraightforward mathematical exercise that closely parallels work already 
one. One merely expands both g{"’ and g} in terms of {y‘°} and substitutes 
ə Eq. (4.12c). The result is 


(0) | RD wid? 


~ Eo (0) | 701) | yy (0 S WE 
ESEP + PIKI + Bor E 


Second-order perturbed energy (4.33) 


Here again is an expression that involves an infinite number of terms, and 
but the largest terms must be discarded. These terms involve the same 
ix elements of 5C‘” that appeared in the first-order correction to the wave 
ion [see Eq. (4.23)]. They take into account, at least to first order, 


9Note carefully that this result does not imply that En = E{°) or that we can stop 
Srst order. Indeed, we are compelled to go on! It does, however, suggest that the effect of 
perturbation on the energies will be small. 
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deformations due to the perturbation. The summation term in Eq. (4.33) 
represents a sort of “average” over these distorted states. If the distortion is 
significant, the matrix elements will be of substantial magnitude. 

Although Eq. (4.33) may look rather formidable, it entails few new 
calculations. The hard work lies in the evaluation of the matrix elements 
appearing in this expression, a problem that we already faced when cal- 
culating the wave functions to first order in Eq. (4.23).1° 


Exercise 4.2 Although the first-order correction to the energy can either 
raise or lower the energy from its unperturbed value, Eq. (4.33) reveals 
that second-order corrections can only lower the energy of the ground 
state. Provide a justification for this fact. 


We could continue calculating corrections of as high an order as our 
patience allows; but it should be clear by now that, as the order increases, the 
calculations rapidly become extremely cumbersome. Normally, perturbation 
theory is not employed unless the perturbation series converge rapidly 
enough that terms of higher than second order can be neglected. 


Exercise 4.3 Calculate the second-order correction to the unperturbed 
energy for the anharmonic oscillator of Example 4.1, keeping only the 
terms k = 1 and k = 3 in Eq. (4.33). 


4.2 THE VARIATIONAL PRINCIPLE 


Considering all the special conditions that must be satisfied in order for 
perturbation theory to be applicable, this technique may seem of dubious 
value. Indeed, although the method is relatively easy to apply, it is often 
difficult to separate out a small part of the Hamiltonian in such a way that the 
corresponding unperturbed problem is soluble. Therefore an alternate method 
that will enable us to handle systems that cannot be treated by perturbation 
theory is needed. 

It might be possible to use our physical intuition to guess a reasonable 
wave function for the system and use it to calculate energies, but such a guess 
would be of little value unless we have some way to assess the error and 
systematically improve the results. The variational principle provides a 
systematic method of approximation and becomes the basis for a whole class 
of simple but powerful methods. In fact, in Sec. 4.5 we shall show that the 
perturbation method of the previous section is a special case of this varia- 
tional theory. 


10This, by the way, exemplifies a general result: knowledge of the perturbed 
wave function correct to order j is sufficient to permit calculation of the perturbed energy 
to order j + 1. 


Background 


wish to solve the time-independent Schroedinger equation iy, = Eyn 
a perfectly general system, which, for example, might consist of several 
icles in three dimensions and an arbitrary potential energy function. If 
s equation is multiplied on the left by y* and integrated over all coor- 
tes, the result is 


EXWalWn> = <Wul |W? (4.34) 


ice that we have not assumed that the y, are normalized.) From Eq. 
4) we immediately recover the familiar statement (see Sec. 1.5) that the 
of the nth state is given by the expectation value of the Hamiltonian 
+h respect to normalized exact eigenfunctions; that is, 


— wale ly.>. 
CaaS = 


Next, suppose that instead of knowing the exact eigenfunction y,, we have 
; a rough idea, based in part on intuition derived from experience, of its 
sperties and behavior. We propose to use this rather vague knowledge to 
an analytic form for a trial wave function, g; we shall then use g to 
culate the quantity E’[g], defined by'! 


rg = <G IKI >. 
Fel =~ oles ap 


Tarly, E’[g] will not, in general, be equal to one of the exact energies E, 
ess we are uncommonly good guessers. 

In Sec. 4.3 we shall examine E’ and show that, regardless of the choice of 
it is an upper bound on the exact ground-state energy of the system—that 
that E’> E,. Moreover, the more closely y, is approximated by g, the 
sser E’ will be to E,. 


Derivation of the Variational Principle 


Before verifying these assertions, we must lay some groundwork. In particular, 
shall now prove a variational principle. Suppose, for the moment, that we 
ow the exact wave function y,. Let us construct a trial function g that is 
ated to y, by 


P =Y, + 0X (4.37) 


11We use the notation E’[g] when we wish to recall explicitly that the number E’ 

spends on the function p. Such a “function of a function” is called a functional by mathe- 

ticians. (Do not confuse g, the trial function, with the expansion coefficients o of 
4.1, They are unrelated.) 
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where œ is a constant and y is some function that depends on the same set of 
coordinates as y, and satisfies the same boundary conditions. Clearly, an 
unlimited number of such trial functions is available to us. By introducing 
ax, we are allowing an arbitrary variation of y, about its “true value.” 

We can use g in Eq. (4.37) to evaluate E’[g], defined above. To see how 
close E'[g] is to E,, the “true energy,” we use the fact that 3¢ — E, annihilates 
y, lie., (3€ — Epp = (KH — E,)ay, since (iC — E,)y, = 0] to evaluate the 
difference : 


7 — | — E, lax». 
Eg] —E, ers (4.38) 


Recalling the definition of the expectation value and the fact that JC is 
Hermitian, we write Eq. (4.38) as 


ng — p — S = Eno lax> 
E'lg] — E, <glg> 
(KH — E ax lax) 
<9|9> 
3 apit Elo. (4.39) 


Equation (4.39) reveals that E’[g] differs from E, by a quantity that is of 
second order in the variation wy ; even if the wave function is allowed to vary 
by a first-order variation, the resulting approximate energy will vary only by 
a second-order term. This means that if æ is small, so ø is “close” to Wn 
then E’ will be “even closer” to E,. It also follows from Eq. (4.39) that 
E' = E, if and only if g = y,. (The important point is that y is arbitrary.) 

A formal statement of this result is as follows: The energy is stationary with 
respect to small arbitrary variations in the eigenfunction about its true value. 
This statement defines for us the term stationary and provides a verbal 
statement of the variational principle.'> This important principle is entirely 
equivalent to the Schroedinger equation (see Prob. 4.3). 


4.3 THE VARIATIONAL METHOD 


The variational principle assures us that if we can find a trial wave function g 
that is reasonably close to the true eigenfunction y,, then the energy E’[g] 
will be a rather good approximation to the true energy E,. It is not apparent, 
however, that this principle can help us solve a problem, for unless we know 
the function y,, we cannot construct g = y, + ay. After a few comments on 


12See David Saxon, Elementary Quantum Mechanics (San Francisco: Holden- 
Day, 1968), Chap. 7, for an alternate derivation of the variational principle. 


ways to choose trial wave functions, we shall develop a method based on 
yariational principle that can be used in problem solving. 


Variational Wave Functions 


se that we guess a “reasonable” trial function g that depends on all the 
inates of the system and satisfies the correct boundary conditions. In 
to introduce some flexibility in g, included in it will be several parame- 
that we are free to choose at will. Called variational parameters, they will 
denoted by Greek letters («, 8, y,...). The trial function can contain as 
y variational parameters as we wish. 


Ell lO Orr" 


Example 4.2 
The One-Dimensional Simple Harmonic Oscillator: 
Variational Wave Functions 


pose that we do not know how to obtain an exact solution to the standard 
lem of a particle of mass m in a one-dimensional simple harmonic 
ator potential. The Hamiltonian of the system is 

h? di 1 


Torres + gro’, (4.40) 


K= 
where we have used the notation of Example 4.1. As a trial wave function for 
‘this system, we might consider 


(a? — x), |x| <a 


0, |x| >a. Gla 


Q(x) = | 


This is clearly not an eigenfunction of 3, but it is “reasonable”. It satisfies the 
boundary conditions by vanishing as |x| — 29, itis symmetrical about x = 0, 
esis V(x), and it contains a variational parameter, «. 

Alternatively, we could try a trial function @ of the form 


G(x) = Ce”, (4.41b) 


where C is a normalization constant and y is the variational parameter. This 
5s an even better choice than g; it is smooth, symmetrical about x = 0, and 
behaves properly in the limit. This so-called gaussian function is especially 
convenient because numerous integrals of Gaussians have been tabulated, and 
these tables can save us considerable unpleasant labor. 

We shall continue with this problem after noting how these variational 
wave functions are used. 


RRA AAA RAR RRR EEE» 
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The Variational Method for Ground States 


It is particularly easy to use variational theory to obtain approximate ground- 
state energies, since (as we shall show) E’[g], calculated via Eq. (4.36), 
satisfies a minimum principle to the effect that E’ is an upper bound on £,; 
that is, 


Elg|=> E,, (4.42) 


where E, is the exact ground-state energy of the system. As the free variational 
parameters in g are changed, E’[g] takes on different values. Since E’[g] is an 
upper bound on the true energy, the best choice of parameters is the one 
which yields the smallest value of E’. Thus the problem reduces to one of 
minimizing E’ with respect to all the variational parameters; that is, 


| WINE ie pops cd) Se nee (4.43) 


Of course, if we include enough variational parameters to allow a completely 
arbitrary and independent variation of the real and imaginary parts of g, the 
equality in (4.43) will hold according to the variational principle of Sec. 4.2.1? 


Proof of the Minimum Principle 


The minimum principle as expressed in Eq. (4.42) is not hard to prove. We 
know that the set of eigenfunctions {y,} that solve the time-independent 
Schroedinger equation is complete. Therefore we can expand the trial function 
gas 


= E ay, 
k=l 


(To be completely general, integration over any continuum functions would 
have to be included in this expansion.) Substituting this function into the 
definition of E’[g], Eq. (4.36), we obtain 


LoS. 
Bigs eee (4.44) 
b2 lal? 


13There also exists a method of obtaining lower bounds on the energy [see 
Hendrik F. Hameka, Introduction to Quantum Theory (New York: Harper and Row, 1967), 
Chap. 11]. Using a combination of the two, one can obtain a very good approximation to 
E,. However, the calculations are often very involved, for they require taking matrix ele- 
ments of the square of the Hamiltonian. 


E, is the exact ground-state energy, E, > E, for all values of k, and we 
ye 


pee =n (4.45) 


which is just Eq. (4.42); this completes the proof. 

One further point should be emphasized. It is possible to show from Eq. 
444) that even if E’ is very close to E,, it does not necessarily follow that the 
zial function ø is very close to the exact ground-state wave function y,. In 
ther words, the energy is not necessarily a good criterion by which to choose 
the best of several possible trial wave functions. 

To see this point, notice that, in order for g to be close to y,, we would 
weed a, ~ land a, ~ 0 for k = 2, 3, . . . . Now, a fairly large coefficient for 
‘ome of the wave functions other than y,, say a, = 0.1, contributes less than 
1%% to the energy expectation value. Yet such a large value of a, could badly 
Sstort the wave function from its true value. In other words, we must always 
‘exercise caution when using a variational wave function to calculate quan- 
tities other than the energy—for example, expectation values of operators 
‘that depend critically on a range of values of the coordinates not heavily 
weighted in our energy calculations. 


Example 4.3 
The Variational Method Applied to the One-Dimensional Oscillator 


Consider again the problem of Example 4.2. We know [see Eq. (4.27) and 
footnote 8] that the exact ground-state energy is 


Lho, (4.46) 


E=3 


where we again use n = 0 rather than n = | for the ground state. First trying 
the trial function g of Eq. (4.41a), we find, after some simple integration, that 


Sh 


Eo) = ae + hmo, (4.47) 


According to the minimum principle, the best approximation to E, is 
obtained by minimizing F’ with respect to a—that is, by setting 


dE' _ 
oe = 0. (4.48) 
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We find that the minimum value of E’ is obtained for 


35 A 
2 = phases | 
a A (4.49) 
Substituting this result into Eq. (4.47), we obtain the approximate energy for 
this trial wave function: 


E' = (0.6)ħo. (4.50) 


Not too bad. E’ is about 20% too large. 
Next, let us try our other variational wave function, ø of (4.41b). We 
find, again after some integration, that 


Hw TIO! oat 7 le 
E(y) = 3-1! + a7. (4.51) 
This expression for E’ attains its minimum value for 


1 mo, (4.52) 


which corresponds to an approximate energy of 


ne tho. (4,53) 
But this is the exact ground-state energy! Therefore Eq. (4.41b), with y as 


given in (4.52), is the exact ground-state wave function [see Eq. (4.27)]. 


i ImImImaII—Ii—aIIllLOLLhLRLaXI—LI—E=—=—aI6waI6wuUwUI~TIaéaFeaaeaeaSe'Y’ 


The point of this example is that we should always take a few minutes to 
think about the choice of the trial function g before beginning to calculate 
integrals. We want g to resemble as closely as possible the wave function we 
expect on physical grounds. In Example 4.3 the discontinuity in the slope of g 
at x = & has no physical justification; consequently, we did not obtain the 
best possible approximation to E, when we used this function. (Incidentally, 
only in a very few cases is it possible to obtain the exact wave function by 
means of the variational method.) 


Generalization to Excited States 


The minimum principle E'[g] > E, can be generalized to excited states. If a 
trial function g is chosen that is orthogonal to all the exact eigenfunctions y+ 


k= 15.2. 3,5 rhs thatusy if 


Gly = Ply = °° = lM > = 0, (4.54) 


E'[ọ] is an upper bound on the energy of the nth excited state: 


ESE (4.55) 


+A proof of this assertion is developed in Prob. 4.5.) 

Pondering this result for a moment, we find it hard to imagine a realistic 
problem to which it could be applied, for we must know y,,w2,W3,..-5 
w, in order to be able to enforce the orthogonality condition, Eq. (4.54). 
However, sometimes it is possible to use symmetry arguments to choose a g 
that satisfies a few of these orthogonality conditions. For example, the 
ound-state eigenfunction of the one-dimensional simple harmonic oscillator 
Hamiltonian is an even function of x. If we choose g to be an odd function 
of x, it will automatically be orthogonal to the true ground-state function, and 
ecan use it to obtain an upper bound to the energy of the first excited state. 


4.4 THE LINEAR VARIATIONAL METHOD 


The key result of Sec. 4.3 is Eq. (4.43); it gives us a procedure for obtaining 
an approximation to the energy of a system that we cannot solve exactly. This 
spproach can be used, for example, to handle problems to which perturba- 
tion theory does not apply. 

The variational parameters in the trial function could appear anywhere— 
im exponents, multiplying functions, as additive constants, and so on. The 
choice is up to us. A useful and systematic method can be developed if we 
restrict the class of functions from which øg is selected. In particular, we shall 
consider in this section only trial functions that depend linearly on the 
variational parameters. The resulting linear variational method (or Rayleigh- 
Ritz variational method) is often used in research applications, for it is 
especially suited to computer adaptation. 

We construct a linear variational wave function by forming a linear 
combination of N functions {u;} (i = 1, 2,..., N), each of which depends on 
all the coordinates in 4 and satisfies the appropriate boundary conditions. 
Thus we write 

N 
= p2 Cü (4.56) 
The only variational parameters in the function g are the coefficients c, 
i= 1,2,..., N. We call these coefficients Jinear variational parameters and 
the functions u, basis functions. (The number and type of basis functions to be 
included in this trial function depend on the properties of the particular system 
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under consideration and on the degree of accuracy required. We shall see how 
to go about making these decisions in the examples and problems below.) 


Calculation of Energies and Wave Functions 
Suppose that we have somehow selected the set of basis functions {w,}. Then 
the function g formed from this basis set, according to Eq. (4.56), can be used 
to calculate an approximate energy, E’[g]. Substituting g into the definition 
E' = <g| | 9>/<g| p> we obtain 


N N N Pid 
E' >»; 2, c#e<u,|u> = p3 P2 cžeKu;|3C |u), (4.57) 


where we have multiplied by <g | g> for convenience. It will also be convenient 
to define two new quantities 


Su = ulu = | uui) de (4.58) 
and Hy, = Cu (IC |u) = f užu T) dr. (4.59) 


Since i and j both take on all integral values from 1 to N, there are N? values 
of S,, and N? values of H,,. We can arrange these quantities in two N x N 
square matrices, S and H. We call S the overlap matrix, since the element S;; 
is a measure of the overlap of the basis functions g; and g,. Similarly, H is 
called the Hamiltonian matrix. Introducing these definitions into (4.57), we 
obtain 
NOW 

>» pz, ctc{H, — E'S;) = 0. (4.60) 

In order to calculate an upper bound on the ground-state energy, we must 
minimize E’ with respect to the parameters c; (j = 1, 2,3,..., N). If we 
differentiate (4.60) with respect to each c, and demand that 


OE’ _ enn (4.61) 


we thereby acquire a set of N linear homogeneous equations in the unknown 
parameters c,:'* 


Secular 
equations (4.62) 


14Tn going from Eq. (4.60) to (4.62), we have interchanged the indices / and j and 
used the fact that 3¢ is Hermitian, so Hi; = H %. 


These are called the secular equations. This set of equations possesses non- 
trivial solutions for the variational parameters if and only if the determinant 
formed from the square matrix H — E’S is zero, that is, if 


7 Determinant 
| [Hy — 2'S,|=0. | couation (4.63) 


By explicitly writing out Eq. (4.63) and expanding the determinant,'> we 
obtain an algebraic equation of order N in the unknown £Z’. The solution of 
this equation yields N roots, which we denote E}, n = 1,2,..., N. Let us 
arrange these roots in ascending order so that Ei < E, <--+ < E}. Then, 
by the minimum principle, we know that the lowest root E', is an upper bound 
on the ground-state energy; that is, E! > E,. 

In fact, all the roots are bounds on exact energies of the system: 


Bi SY eB Sob, AEG E (4.64) 


The proof of this result, which is not obvious, is beyond the scope of this 
text.'® Clearly, the linear variational method does not give us an upper bound 
ion Ey+ı- 

An expression for the optimum linear variational wave function 9, 
corresponding to the nth root is obtained by substituting £’, into the secular 
equations, 


N 
È cH, — ES,)=0, i=1,...,N, (4.65) 
j=1 


and solving for the coefficients c\”. (The superscript on c, reminds us that it is 
the jth coefficient for the nth root.) This yields all but one of the coefficients 
eP, j=1,2,..., N. The remaining coefficient may be determined by 
requiring that g be normalized, <g|g> = 1. 


Matrix Notation 


The principal results of this section are Eqs. (4.62) and (4.63); together they 
constitute the linear variational method. Before turning to an example of the 
use of this method, let us look briefly at the matrices S and H. The secular 
equations (4.65) for the nth root can be written in matrix form as 


(H — E'S)c = 0, (4.66) 


15For a review of matrix algebra and the properties of determinants, see Henry 
Margenau and George M. Murphy, The Mathematics of Physics and Chemistry, 2nd ed. 
(London: D. Van Nostrand Co. Ltd., 1956), Chap. 10. 

16See E. A. Hylleraas and B. Undheim, Z. Physik 65, 759 (1930). 
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where c™ is a column vector (i.e., an N x 1 matrix) whose elements are the N 
linear variational parameters c®, j = 1, 2, . . . , N, which appear in the trial 
wave function g corresponding to the nth energy. There will be one set of 
equations like (4.66) for each root: N sets altogether. 

The matrix H represents the Hamiltonian of the system. Of course, this 
representation of JC is directly related to the particular set of basis functions 
used in constructing g, since H, = <u;|dC|u,>. This matrix is only an 
approximate representation of 3€, which is why we get approximate energies 
when using this technique. However, suppose that we let N — oo in the 
definition of g, Eq. (4.56), and choose the basis functions so that the set {u,} is 
complete. If we could solve the resulting secular and determinant equations for 
E', (n= 1, ... , cc) and then arrange the roots in order of ascending magni- 
tude, these roots would be equal to the exact energy eigenvalues.'7 In this case, 
the Hamiltonian eigenvalue equation would be completely represented by a 
matrix equation like Eq. (4.66). Moreover, the infinite expansions of the trial 
wave functions corresponding to various values of n would exactly equal the 
true wave functions of the system. 

The obvious problem is that if we let N — oo, we must deal with co x co 
matrices. This being impractical, we must truncate the basis set and accept 
approximate results. 


Example 4.4 

Return of the Anharmonic One-Dimensional Oscillator 
Consider once more a particle of mass m in the anharmonic oscillator 
potential. Suppose that this time the Hamiltonian is 


= FC + px, (4.67) 


where JC is given by Eq. (4.26), and let us assume that £ is so large that 
perturbation theory is not valid. (For example, suppose that fx‘ is ofthe same 
order of magnitude as 4mæ?x? for values of x where the unperturbed ground 
state is large.) 

In applying the linear variational method to this problem, we must first 
select a set of basis functions that are physically reasonable. Such a set is 
conveniently available—namely, the set of eigenfunctions of the unperturbed 
simple harmonic oscillator. These functions {y{°} are given in Eq. (4.28). 

Let us construct a trial wave function from two of these functions, say 


u,=ywP(x) and u,=yw(x). (4.68) 


i7This assertion is proved in B. L. Moiseiwitsch, Variational Principles (New 
York: Wiley-Interscience, 1966), p. 166. 


We know that we should not include y{”(x), since it is an odd function of x 
the ground-state eigenfunction of the Hamiltonian (4.67) is expected 
= be even.] The linear variational wave function is then 


p = ciy PE) + ey Pax). (4.69) 


To obtain the approximate energies, we must solve the determinant 
ation for N = 2: 


=, (4.70) 


‘The overlap matrix is equal to the unit matrix here.) The matrix elements are 
ound to be’! 


Hy = EP + Bey? x*lyP> 


= ho + 4 pi; (4.71a) 
Hy, = Bey | x*|y> 

= Sr Ba; (4.71b) 
Hay = EP + Ky? |x*|y> 

=F ho + Ppa (4.710) 


Exercise 4.4 Derive Eq. (4.71a). [Equations (4.71b) and (4.71c) follow 
from similar integrations.] 


We now merely substitute Eqs. (4.71) into the determinant in (4.70), 
pand this determinant, and solve the resulting quadratic equation for E’. 
We find that . 


‘as 4 ho + 2l pa + wa + 9Bhod-? + 2 Bat. (472) 


18Evaluation of these integrals is facilitated by use of two useful properties of 
se Hermite polynomials H,(/ 4 x): 


Hus TX) + 2nHy-s/ Ta) — WT xHy(/ Tx) = 0, 
where À is given by Eq. (4.29), and 
Jo CHOH dE = PIF Ôn. 


See the references on special functions listed at the end of Chapter 2 for proofs of these 
properties. 
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We get two roots, E’, and E}, corresponding, respectively, to the — and + 
signs in (4.72). There are also two linear variational wave functions, one for 
each root. 

To obtain these wave functions, we substitute the two roots £; and EY 
into the secular equations 


cP(H,, — En) + eH, = 0, Fema KG) (4.73) 
cH, + ¢cf'(Hz, — E,) = 0, 
and solve the resultant pair of simultaneous linear equations for the ratios 
c/cP, n=1, 2. We have only to normalize the two variational wave 
functions and we are through. 

The prospect of actually carrying out the steps outlined in the previous 
paragraph is unattractive. Instead let us consider the energy (4.72) in the 
limit of small 8; remember that it is in this limit that we expect to be able to 
use the perturbation theory of Sec. 4.1. In particular, suppose that 8 < A?ha. 
Expanding the square root in (4.72) and keeping terms to first order in B, we 
obtain the approximate energies 


| 3 = 
E, = pho +3 pa, (4.744) 
E,~ Zro T 2 pa. (4.74b) 


Now, for comparison, the perturbation theory result for the approximate 
ground-state energy in first order is [see Eq. (4.21)] 


E, = B® + Gy |px ly 
1 3 m= 
=1 ho +3 pi, (4.75) 
where we have used Eq. (4.71a) in the last step. This is precisely Eq. (4.74a)! 
[We can similarly verify Eq. (4.74b).] Thus, in the limit of small £, the results 
of the linear variational method and perturbation theory agree. 


4.5 NONDEGENERATE PERTURBATION THEORY—REVISITED 


Example 4.4 suggests a link between the linear variational method and time- 
independent perturbation theory. Indeed, a connection does exist, and it is 
worth noting because it unites these seemingly disparate approximation 
methods. In fact, the familiar perturbation theory equations of Sec. 4.1 


lt when the full Hamiltonian 3€ separates into a “large” and a “small” 
; that is, 
L= HO + 3M, (4.76) 


Let us suppose that this is the case and construct the linear variational 
tion g, using eigenfunctions of the unperturbed Hamiltonian 3C'. The 
is functions are then 


u=w, i=1,2,...,N, (4.77) 


the trial function is 


p= È cy”. (4.78) 


The linear variational calculation yields approximate energies E; from the 
erminant equation (4.63) and coefficients c} from the secular equations 
62). Since the basis functions are orthogonal and normalized, the overlap 


trix is 
Sy = ôi (4.79) 


the elements of the Hamiltonian matrix are 
Hy, = EP by + Hip, (4.80) 
re H{ is the (ij) element of the matrix of the perturbation Hamiltonian, 
Hp = Lyi |KO |. (4.81) 


we write 3) — AXC’, À being the smallness parameter of Sec. 4.1, the 
trix element H{}) becomes 


Hip = Ay}? |K' ly, (4.82) 
Hip = AH. (4.83) 


‘Giearly, if A is small, as it must be if perturbation theory is to be valid, then 
“off-diagonal matrix elements” H,, (i # j) are small. 

Suppose that the unperturbed level of interest is nondegenerate. If we 
substitute S,; and H,, into the determinant equation, expand the determinant, 
neglect all terms of higher order than the first in A, the result is an 
algebraic equation that yields roots E}, 


EL = EO + Gy RLD | yO, n=1,2,...,N. (4.84) 
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This is precisely the nth first-order perturbed energy of Eq. (4.21). Discarding 
terms of higher order than the second in A, we obtain 


N (0; a (0 2 
E, = EP + PRD yey + 3 ee eee. 
If N— co, so that g contains all unperturbed wave functions, then E% 
becomes identical to the nth second-order perturbed energy of Eq. (4.33). 
The first-order perturbed wave function is obtained by solving the secular 
equations and discarding terms of higher order than the first in A. Specifically. 
we expand the coefficients c, in the smallness parameter A, 


c; a - day» l Atay) I P 


substitute the result into the secular equations, and then solve for the a{” and 
aS, which result when only zeroth- and first-order terms are kept. After a 
little algebra, we find that the approximate eigenfunction of 3C is 


N (0) a) (0) 
ee PILL [we es 
v= + de “ee = a ym Ts Deval 


If N — co and all the zeroth-order functions are included in the basis set, this 
equation becomes identical to the perturbation theory result of Eq. (4.23). 

The point is that by selecting a basis set consisting of unperturbed wave 
functions and dropping terms of order n + 1 and higher in the secular and 
determinant equations, we can obtain nth-order perturbation theory results. 
Thus perturbation theory can be viewed as a special case of linear variational 
theory. 


4.6 THE DISAPPEARANCE OF DIABOLICAL DEGENERACIES 
In Sec. 4.1 it was noted that the perturbation theory results derived there 


would not work for degenerate states. In particular, the expression for the 
first-order perturbed wave function, 


= (0) RM (0) 
papt + y LEETE yp, (4.85) 


contains terms that diverge if any of the y{, for k  n, are degenerate with 
y{®. (Similar problems arise in the calculation of the perturbed energies to 
second order, although the first-order expression, 


E, = ED + yP RH y), 


still finite.) Consequently, although Eq. (4.85) can be used to calculate the 
ections to y{” due to nondegenerate states, we must look elsewhere in 
er to handle degenerate ones. Clearly, we will wish to do so, since nearly 
systems of interest to us (e.g., the hydrogenic atom) have some degree of 
neracy. 

Therefore let us consider a hypothetical system consisting of N bound 
tes, the energy levels of which are shown in Fig. 4.3(a). Levels 1 and 2 are 


E=0 E=0 
—< N 
b 
4 
= 3 
—— 1,2 EZ 
(a) (b) 


re 4.3 (a) Energy level diagram for a hypothetical N-level system with states 1 and 2 
erate; (b) hypothetical two-level system obtained by ignoring states 3, 4, 5,..., N in 
system of Fig. 4.3(a). 


nerate; that is, y{ and y{® have the same energy E = EP, but no 
r function y®, n # 1, 2, has this energy. [Thus the energy separation in 
th order, AE = E% — EP, is zero.] We would like to see what 
pens to the energies when the system is exposed to some external perturba- 
. In particular, what will the ground-state energy be in this event? Will 
level still be degenerate? 
To answer these questions, let us focus on those two degenerate states. 
the moment, we shall assume that all other levels are so far from the 
und level in energy that the corrections due to them are negligible. So we 
now dealing with the system whose zeroth-order energy levels are shown 
Fig. 4.3(b); the degenerate functions y{ and y{ corresponding to these 
gies are eigenfunctions of the unperturbed Hamiltonian 3C\. We seek 
we functions and energies of the perturbed system. 
The divergence trouble arises if we attempt to use perturbation theory; 
quently, we shall ignore it for the present. At no point in the derivation 
the linear variational method in Sec. 4.4 did we require that the system be 
egenerate; let us try to use this method to solve for the desired wave 
tions and energies. 
As usual in variational calculations, we begin by constructing functions 9 
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that we think will approximate the true eigenfunctions of JC. A logical set of 
basis functions is the collection of eigenfunctions of the unperturbed system, 
{w\”, y}. So we shall try the function 


p = cw? + cw), (4,86) 


where c, and c, are the linear variational parameters. 
Proceeding as in Sec. 4.4, we calculate variational energies E‘ and E} 
from the determinant equation (4.63) 


H,, — E Ay, 


|=0, (4.87a) 
Ay, An, =R 
where Hy = EP ôy + WPR. |y). (4.87b} 


Expanding the determinant, we obtain a quadratic equation with solutions 
1 1 
E',2 =a Wn + Aaa) + lH — Ha” + 4H,:H3:]'?, (4.88) 


where the subscripts 1 and 2 on E’ refer to the lower (— sign) and upper (+ 
sign) roots, respectively. 


Exercise 4.5 Carry out the algebra leading to Eq. (4.88). 
There are two sets of secular equations, one for each root Ej}, 


has ED 4 a ana aa 
cH, + cf'(H2, — E,) = 0, 

The solution of these equations yields two sets of coefficients; each set is 

associated with one of the roots £ and E}. Substituting these coefficients 

into the trial function, we obtain two variational wave functions, which we 

shall call y and w;,: 


A a N| y® + A) (lower root), (4.90a} 
E, a Aa, 

v= M| y9 a Ftv | (upper root). (4.90b} 
E, E Ay, 


Here N, and N, are constants that may be determined by normalizing wy 
and yw’. The significance of these new wave functions will be discus 
shortly. 

Thus we have derived approximate energies and wave functions for t 
perturbed system. The energies are E and E, of Eq. (4.88). Notice t 


E, + E',; the energy levels of the perturbed system are not degenerate. We 
say that the unperturbed degenerate levels 1 and 2 are “split” by the perturba- 
ton and illustrate this fact schematically in Fig. 4.4. 


E=0 


Degenerate Energies to 
zeroth-order first order Figure 4.4 Splitting of degenerate energy levels 
levels 1 and 2 due to the effects of a perturbation 3C‘!). 


Exercise 4.6 Consider the special case of the “almost degenerate sys- 
tem” for which the zeroth-order energy separation, AE‘ = E( — E9, 
is small but not zero, If the perturbation Hamiltonian JC” is small, then 
we can make the approximation that | H;2/(H;; — H22)|< 1. 

(a) Use this approximation and the binomial expansion (1 + x} œ 
1 + nx in Eq. (4.88) to obtain expressions for E’, and E. 

(b) Use Eq. (4.87b) for the matrix elements H;; with IC = AI’ to 
show that, for small A, your results of part (a) reduce to the time-indepen- 
dent perturbation theory expression of Sec. 4.1. 


The Variational Wave Functions 


addition to the energies E and Ei just discussed, we have obtained 
ssions for y, and y. Equations (4.90) show that each of these functions 
2 linear combination of the degenerate zeroth-order functions y{” and y{”. 
refore y', and y, may be considered new degenerate zeroth-order wave 
tions.'® They are “better” zeroth-order wave functions than the old ones, 
and y$, in the sense that they have the desirable property 


wi |H™ |yr> = 0. (4.91) 


Exercise 4.7 (a) Verify Eq. (4.91). 
(b) Determine N, and N, and show that y’, and y; are orthogonal. 


19This point is not hard to see: Hz; and E{ — H22 are each of order 1 in A, so 
factor H21/(E’, — H22) is of order 0. 


110 The Wonderful World of Approximation Methods (= 


Nondegenerate Levels 


Having successfully conquered the simple two-level system of Fig. 4.3(b), 
us return to the N-level system of Fig. 4.3(a) and calculate the corrections 
the degenerate zeroth-order energies E( and E{ due to the states wi 
energies E{”, j 1, 2. Since none of these levels is degenerate with the gro 
state in zeroth order, we can use nondegenerate perturbation theory. Fi 
example, the energies of levels 1 and 2 of the perturbed system, correct 
second order, are [see Eq. (4.33)] 


pjan yi>, 


N 
E,= E+ eee (49 
mory È LYE ele, 49 


in BLY — EO 


where E’, and E; are the variational energies of Eq. (4.88). [Notice that we use 
y' and y in the matrix elements of (4.92) because these are the functions t 
correspond to E'; and E’,.] No “infinities” appear in these summations, si 
EY) — EW and EPY — E% are nonzero for j + 1, 2—that is, for all the 
terms in the sum. 

Summarizing, we now have a procedure for calculating approximate 
energies and wave functions for a system that consists of two degenerate 
levels. We should emphasize that no new tools have been introduced; our 
procedure is a blend of variational theory for the corrections due to the 
degenerate states and nondegenerate perturbation theory for the corrections 
due to the other states. We expect that the latter correction terms will be 
smaller than the former. 

Of course, many systems have more than two degenerate unperturbed 
levels, and the techniques of this section can easily be extended to such sys- 
tems. If, for example, the first three unperturbed eigenfunctions are degen- 
erate, we shall have to solve a cubic equation for E4, E}, and E}. The secular 
equation will yield three new degenerate zeroth-order wave functions; they 
can then be used to obtain second-order energies E;, E,, and E;. 


4.7 THE STARK EFFECT: AN EXAMPLE 


In order to illustrate some of the approximation methods of this chapter, we 


shall now solve the problem of a hydrogen atom (Z = 1) in an external, 
static, homogeneous electric field E. This field is constant in space and time. 


If the 2 axis is chosen to be directed along E, we can write?° 
E=E2. (4.93) 


20Do not confuse the magnitude of the electric field E; with the energies En. 


The interaction of the hydrogen atom with this field gives rise to a term 
ezE, in the potential energy. This term can conveniently be described by 
‘oducing the electric dipole moment operator, 


d= —er, (4.94) 


re r is the position vector of the electron relative to the nucleus. Then the 
ential energy term -++-ezE, can be written 


gz = —d-E; (4.95) 


have chosen this term as the perturbation Hamiltonian. 
The full Hamiltonian for a hydrogen atom (Z = 1) in the field E = E,2 is 
pe 
peti 


unperturbed Hamiltonian is therefore 


v?— Ë 4 ezE,; 4 
ise ezE,; (4.96) 


h? e? 
t eg a E 
x ai vs (4.97) 
e know the solutions of the time-independent Schroedinger equation for 
Hamiltonian 5; they are the hydrogenic wave functions Wyr_(r) of 
pter 3 (see Table 3.3). The energies are simply the hydrogenic energies 
Eq. (3.61)] 
4 
E= -3m n=1,2.... (4.98) 
Recall that n in Eq. (4.98) is the principal quantum number and that there 
n? degenerate functions y,,,(r) with energy E,. We shall append a 
seperscript (0) to these unperturbed functions and energies—y(9),(r) and E{°). 
Let us consider only small external fields (say E, < 103 V/cm) and use 
perturbation theory to calculate energies and wave functions of a hydrogen 
stom in this field. The effect of E on the atomic states is called the Stark 
efect. 


Ground State 


The ground state, n = 1, € = 0, m = 0, of the unperturbed hydrogen atom is 
nondegenerate, so we can use simple nondegenerate perturbation theory to 
calculate the approximate ground-state energy. To first order, the perturbed 
energy is [see Eq. (4.21)] 


E, = EP + WiP@)ezE.|WiPG), (4.99) 


where y(n) = mee (4.100) 
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Since e and E, are constant, the matrix element in Eq. (4.99) is 


cE KY ME)|z| WO) = eE, | ww dr. (4.101) 


We could use z = r cos @ and Eq. (4.100) for y,,(r) to evaluate this integral. 
However, much effort can be saved by pausing a moment to consider sym 
metry. Notice that y,,(r) has even parity.”! Since z has odd parity, the integral 
in this matrix element is zero. Therefore, to first order, the perturbed energy 
is equal to the unperturbed energy; that is, 


E,= EP =- (4.102) 


We know from Example 4.1 that this means that we must go to a higher 
order to obtain the correction to E. 


Second-Order Corrections 


To calculate the second-order correction to the energy of the ground state, 
we insert 30) = ezE, into the perturbation theory result (4.33) to obtain 


(0) w5 j2 

PS By tek: TAN Hee ly = KE, (4.108 
where we have summed over the set of quantum numbers (nfm) + (1, 0, 0). 
Clearly, the second-order correction will not be zero, since the matrix 
element <y{?),|z|w{% > is nonzero for states of odd symmetry with respect to 
z. Moreover, this correction is proportional to the square of E,; hence this 
effect is called the quadratic Stark effect. 

We show in Prob. 4.8 how to evaluate the right-hand side of Eq. (4.103): 
all that is required is the solution of a differential equation by power series 
methods and the evaluation of an integral. The ground-state energy, correct 
to second order, is found to be 


rer 
| E,> Eo — ign. | Se (4.104) 


Atomic Polarizability 


Physically, the correction term —$ajE? is due to the deformation of the 1s 
unperturbed wave function by the electric field E. Thus the charge distribu- 
tion of the electron is distorted by the external electric field; we say that the 
atom has been polarized by the field. 


21An even parity function satisfies f(—r) = f(r); an odd parity function satisfies 


fD = —f. 


A measure of the extent of this polarization is the polarizability a, defined 
the ratio of the induced dipole moment to the external electric field. For 
electric field E = E,2, we have 


d = a£,Z, (4.105) 


re æ is the polarizability of the hydrogen atom. But the shift in the 
rgy levels is (see Prob. 4.8) 


E, — E® = —}aE?. (4.106) 


m this result and (4.104), we find that the polarizability? for a hydrogen 
m in the ground state is 


a = $a}. (4.107) 


First Excited State 


order to determine the effect of the electric field E on the first excited state 
= 2), we must use the method of Sec. 4.6, since this level is fourfold 
nerate (see Table 3.5). Thus we form a linear variational wave function 
using as basis functions the unperturbed eigenfunctions of £% for n = 2. 
t is, 


= few, 6109 
> 

re yP =o = Wir» (4.1092) 

yP = y = VB» (4.109b) 

yP = yM = y Uae) 

yP = yP = wi. (4.109d) 


We obtain first-order approximate energies by solving the formidable- 
king equation 


Ha =E H, A; Ay, 
A, H,, — E' H, : Ax, =0, (4.110) 
H; Hy H,, — E Hy, 
Hy, Ha Ay; Hy, — E 
re Hy = EP ôy + with | e2E; | Weld. (4.111) 


22Other quantities used to describe the effect of an external electric field on an 
are the electrical susceptibility x and the dielectric constant e. For a gas of atoms that 
on the average, far apart, the electrical susceptibility is defined to be y = Na, where N 
the number of atoms per cubic centimeter. The dielectric constant is then defined to be 
=| + 42x. 
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We hope that many of these matrix elements are zero. To see if they are, let 
us use two helpful facts from our study of central potentials in Chapter 2. 


1. The matrix element in Eq. (4.111) is zero unless m’ = m, since the 
functions ®,,(g) are orthogonal [see Eq. (2.45)]. 

2. The wave functions y{?), have even or odd parity, depending on 
whether £ is even or odd. Since z has odd parity, it follows that if £ 
and ¢’ are of the same parity, the matrix element will vanish. Thus of 
all the “off-diagonal” matrix elements in the determinant in (4.110), 
only H,, and H,, are nonzero. From (4.111) we see that H,, = H$} 
and H,, — H‘}. The remaining unknown matrix element is easily 
evaluated as 


AY? = +eE<y? |z|vi, 


Es eE, i — T \p-rini on 2 
= Fina ||, r(2 Le dr ie sin 8 cos? @ dO, (4.112) 
or Ht) = 3a,eE,. (4.113) 


Equation (4.110) therefore reduces to a far more appealing form: 


E~“ Bo 3ajeE; 0 0 
3a,eE, E—E' 0 0 
us =0. (4.114) 
0 0 EO 0 
0 0 0 E® — E! 


Much has been learned, although we have yet to solve a single equation. 
We have determined, for example, that the first-order Stark effect mixes 
only states with different orbital angular momentum quantum numbers but 
the same magnetic quantum number. Moreover, Eq. (4.114) reveals that two 
of the roots, E and E,, are simply E% , so, to first order, the 2p, and 2p_, 
levels are unaffected by the perturbation. 

The other two roots are obtained from the factored equation 


EO — EF" 3aek, 


3aeE, EO — 5 ona 
which immediately yields 
E' = E® + 3aeE,. (4.116) 
Therefore the energies perturbed to first order are 
B= BI amek a" Sapeh (4.117a) 


8a 


EF, = E +. 3a,eE, = -E Le Sage Ey (4.117b) 
0 


Slope = 3a9€ 


Degeneracy 
(x) 
2 _ SOx) 


E; 
TAN (m=ż1) 


` (ix) Ei 


(a) (b) 


re 4.5 Linear Stark effect. (a) Splitting of the fourfold degenerate n = 2 unperturbed level 
‘the hydrogen atom due to a constant external electric field £+; (b) the variation of the per- 
energies with the magnitude of the electric field E. 


energies are shown in Fig. 4.5(a), where we have also indicated the 
eracies of the perturbed levels. Notice that the degeneracy is not 
ly lifted by the first-order corrections. Two of the levels (with m = 0) 
split symmetrically about the unperturbed energy E{). We see from 
117) that E’ depends linearly on the magnitude of the electric field; hence 
effect is called the Jinear Stark effect. The variation of E’ with E, is shown 
Fig. 4.5(b). The new degenerate zeroth-order wave functions are now 
ily obtained by using the energies E’, and E’ in Eqs. (4.90): 


vi = salve —y®] (lower root), (4.118a) 
vi = syle + yw] (upper root). (4.118b) 


Of course, the quadratic Stark effect of (4.104) is not restricted to the 
d state. For the n = 2 level, we could calculate second-order corrections 
the energies just obtained by employing the new zeroth-order functions of 
118). The results will clearly be proportional to E? and thus constitute a 
atic Stark effect. However, at low field strengths the linear terms will 
inate. 
We have restricted this calculation to the case of a constant uniform 
ic field, since that is obviously the easiest example. In the next chapter 
shall turn to a different type of perturbation, a time-dependent electric 


PROBLEMS 


4.1 Coefficients in the First-Order Wave Function (**) 


In deriving expressions for the coefficients in the first-order correction to 
unperturbed wave function [see Eq. (4.23)], we claimed that aj, = 0. 


oe 


— 


Sees 


aes 
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(a) Requiring that the first-order perturbed eigenfunctions y,, be normalized to 
first order, show that Re [a‘}’] = 0. 

(b) Given the result of part (a), show that, with no loss of generality, we may 
choose Im [a$] =0, so that a? = 0. 
[Hint: It is often useful to recall that for x <1, 


(tx '~r1sx 
and exp (+x) ~1+x] 


4.2 Anharmonic Oscillator in Perturbation Theory (***) 


Consider a particle of mass m in a one-dimensional anharmonic oscillator 
potential with potential energy 


V(x) = 4m@?x? + ax3 + Bx. 


It was noted in Example 4.1 that the x3 term does not contribute a first-order cor- 
rection to the energy. We shall now show that this term does give a nonzero first- 
order correction to the wave function and that the x* term contributes first-order 
corrections to both. 

(a) Calculate the first-order correction to the energy of the mth unperturbed 
state and write down an expression for the energy perturbed to first order. 

(b) Evaluate all the required matrix elements of x3 and x* and write the wave 
function of the nth state perturbed to first order. 


4.3 Equivalence of the Variational Principle and the 
Schroedinger Equation (**) 


An alternate way of expressing the variational principle of Sec 4.2 is 
dy |K — Ely> = 0, 


where y is the exact wave function, E the corresponding exact energy, and Ô sym- 
bolizes a small but completely arbitrary variation of the wave function, and hence of 
E, from their true values. Of course, we have that 


REAA 
E= `y 


(a) Show that if we assume that y satisfies the time-independent Schroedinger 
equation, then the variational principle holds. [HinT: Treat ô operationally just 
like an ordinary differential.] 

(b) Show that if the variational principle holds, then the time-independent 
Schroedinger equation results. [HINT: Use the fact that 3€ is Hermitian.] Taking the 
results of parts (a) and (b) together, we conclude that the variational principle is 
necessary and sufficient for the time-independent Schroedinger equation; that is, 
they are completely equivalent! 


4.4 A Variational Calculation of 
the Deuteron Ground-State Energy (***) 


The deuteron was discussed in Prob. 3.2. We wish to use the “empirical” 
tial energy V(r) given there, with A = 32.7 MeV anda = 2.18 x 10-13 cm, to 
in a variational approximation to the energy of the ground state (£ = 0.) 


(a) Try a simple variational function of the form 
G(r) = eneri2e, 


@ is the variational parameter to be determined. Calculate Æ’ in terms of & 
minimize it. Give your result for & and for E’ [in millions of electron volts 
V)]. The experimental value is —2.23 MeV. Is your answer above this? [HINT: 
not forget about “reduced: mass” in this problem.] 

(b) Draw a graph of your normalized wave function (corresponding to the 
um energy) versus r from 0 to 3a. On the same graph, plot the normalized 
wave function 


wir) = Žale), 


q = 1, c = 3.832, a = 2.18 fermi, and N is the normalization constant, 
ich is equal to 0.216. (J, is a Bessel function.) In the range 0 < r < 3a, where is 
trial function best and where is it worst? Explain why it works out this way. 
l our previous warning that the variational method does not guarantee a 
wave function everywhere.) 


4.5 The Variational Method Applied to Excited States (**) 


(a) In Sec. 4.3 we claimed that it is possible to apply the variational method 
excited states of physical systems provided that certain properties are satisfied 
the trial wave function g. Suppose that we are interested in the nth state, whose 
energy is E,. Show that if g is orthogonal to all exact lower-lying states (i.e., 
with energy lower than £,), then the minimum principle applies: 


E> Eq 


(b) To illustrate this result, consider again the one-dimensional harmonic oscil- 
of Example 4.3. Consider the trial function 
saa =e |x|S’e 
ay 0, isea 
the energy of the first excited state of this system, using g with c? as the varia- 
] parameter. Does the minimum principle apply? Why or why not? 
4.6 Perturbed Square Well (**) 


Consider a one-dimensional system consisting of a particle of mass m and 
e in the potential well V(x) shown (Fig. 4.6). 
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a a 
4 2 Figure 4.6 


Suppose that b is sufficiently small that we can treat this problem by means of 
perturbation theory. 

(a) Write expressions for the unperturbed eigenfunctions and energy eigen- 
values. 

(b) Obtain an expression for the first-order perturbed energy of the ground state 
of the system, expressing your result in terms of b and fundamental constants. 

(c) Write an expression for the first-order perturbed wave function of the grouné 
state in terms of the complete set of unperturbed functions of part (a). (You need 
not evaluate matrix elements in your expression.) 

(d) What is the time-dependent stationary-state wave function for the ground 
state of the unperturbed system? For the ground state of the perturbed system? 

(e) Would you expect any of the unperturbed eigenfunctions not to contribute 
to y(x)? If so, which ones? Explain your answer, using physical arguments. Which 
unperturbed wave ‘function will mix most strongly with y‘? Which next most 
strongly ? 

(f) Evaluate the appropriate matrix elements for the perturbed wave function of 
part (e) for states that mix strongly. 

(g) Suppose that we apply a weak uniform electric field in the & direction. 
Describe quantitatively how you would expect i to be affected. Would your answer 
to part (e) be affected by the addition of this new term to the Hamiltonian of the 
system? If so, tell how. 


4.7 Finite Spatial Extent of the Nucleus (***) 


In all we have done so far, the nucleus has been treated as a positi 
charged point particle. In fact, the nucleus does possess a finite size with a radius 


approximately by the empirical formula 
R=rA¥3, 


ro = 1.2 x 107+? cm (i.e., 1.2 fermi) and A is the atomic weight (essentially, 
total number of protons and neutrons in the nucleus). A reasonable assumption 
to take the total nuclear charge +Ze as being uniformly distributed over the 
volume. 

(a) Derive the following expression for the electrostatic potential energy of an 
‘on in the field of the “finite” nucleus of charge +Ze: 


2 
2, r>R 
Ko Ze?{ r? 3 
Fhe- 3) Tea 


w a graph comparing this potential energy and the point nucleus potential 


(b) Since you know the solution of the point nucleus problem, choose this as 
’ and construct a perturbation 3C“ such that the total Hamiltonian contains 
V(r) derived above; write an expression for 3C". 

íc) Calculate the first-order perturbed energy for a 1s state, obtaining an expres- 
in terms of Z and fundamental constants. Do not assume a particular value for 
electron mass. 

(d) Use your result from part (c) to compare the effect of this finite nuclear- 
correction on the ground-state energies of a hydrogen atom and a one-electron 
n ion (Z = 6). Compare the percentage correction to the energies due to the 
‘bation. Explain your results. 

(e) Repeat part (d) for a muonic hydrogen atom and a muonic carbon ion, where 
muonic atom results when the electron is replaced by a muon (a particle of charge = 
and mass = 207m,). Compare your results here with those of part (d) and 
s your findings. [HinT: It might help to consider the values of <r> for all the 
; just use the zeroth-order result.] 

(f) For the general muonic atom, determine for what values of Z you would 
t perturbation theory to fail. What approach would you use in such circum- 
s? 


4.8 Quadratic Stark Effect and Polarizability of the 
Ground State of Atomic Hydrogen (***) 


Consider a ground-state hydrogen atom in a constant uniform electric 
E = Ẹ,ĉ. It is easily shown that the energy is unperturbed to first order (see 
. 4.7). The purpose of this problem is to demonstrate that the ground-state 
perturbed to second order is 


E, = EP — jae}, 
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where E{ is the unperturbed ground state energy of H and &@ is a constant, the 
electric dipole polarizability of the H atom in its ground state. We will also show that 
@ is given exactly by 

& = aj. 


(a) Our first thought is simply to write down the summation that makes up the 
second-order correction to the energy. In this particular example, we can avoid this 
step by going directly to the differential equation for g{')(r) in terms of the perturba- 
tion Hamiltonian 3C“ and zeroth-order function y{(r). Write out this equation. 
putting in I, IC, and yP explicitly [see Eq. (4.8)]. 

(b) Show that the angular dependence of g‘'’ is particularly simple, so that we 
can write 


Q(r) = f(r) cos 8. 


Obtain the radial equation satisfied by f(r). [Hivt: Expand g{'(r) in a series of 
spherical harmonics, substitute into the differential equation, and voila!] 

(c) The form of the differential equation for f(r) should suggest a solution of 
the form 


f@) =arer™. 


Obtain a differential equation for g(r) and solve it by expansion in a power series 
of r. In this way, show that the wave function, correct through first order, is 


yı > (ead) "/e-r'l 1 = E (aor alls 4r?) cos 6). 


(d) Use your result for g‘!(r) to derive the second-order correction to the 
energy and the exact electric dipole polarizability & for hydrogen. 


4.9 Ground-State Hydrogen Atom Perturbed by a Proton: 
Short-Range Effects (****) 


Consider a hydrogen atom in the 1s ground state located at a distance Æ 
from a proton. It is convenient to take the origin of coordinates at the nucleus of the 
H atom (proton a) and to locate the second proton (proton b) a distance R along the 
positive 2 axis. (See Fig. 4.7.) For now, we will consider the distance R to be fixed. 


=p 
r 
Ne 
ae 
c+ b 
R Figure 4.7 


(a) Using perturbation theory, calculate the first-order correction to the energy 
for an arbitrary proton separation R, obtaining 
E\?(R) a Fearn + 2), 


ao 


where R may be thought of as a “parametric” argument of E'"(R), since, for differ- 
ent choices of R, we will clearly obtain different values of E{'(R). Discuss the 
behavior of E4(R) in the limits R — 0 and R — co and draw a rough plot of 
EP (R) versus R. [Hint: Expand |r — R|-! in a series of Legendre polynomials as 
in Prob. 3.3] 

It would seem that aside from higher-order corrections of perturbation theory, 
we have done the problem correctly. The result seems to indicate that the nearer 
the proton is to the H atom, the higher is the energy. Thus we would never expect to 
find a stable molecule H}, since this system is simply a proton “bound” to an H 
atom. But stable Hj (hydrogen molecule ion) does exist in nature; in fact, it takes 
~ 2.0 eV to dissociate it. Let us see if we can resolve this apparent conflict. 

Should we look at the second-order correction? Doing so is quite reasonable, 
for we know that the second-order correction always lowers the ground-state energy. 
We shall see in Prob. 4.10 that this effect is actually most pronounced at large separa- 
tions R, and, in fact, is not the “molecular binding” mechanism. 

What did we do wrong? We forgot that this is a degenerate perturbation prob- 
iem! Once we establish that the new system consists of one electron in the field of 
two protons, it becomes clear that two zeroth-order states are possible: w49, refers 
to the electron bound to proton a in a 1s state; and y ‘9, refers to the electron bound 
to proton b ina 1s state. In particular, we have 


yer) = 2ag e7 Yoo, 
WIRE) = 2059/6"! Yoo, 


where r, and r, are defined in Fig. 4.8. Both functions have the same zeroth-order 


a R b Figure 4.8 


energy, EY = —e2/2ao, and hence are degenerate. They are also normalized but 
ære not orthogonal. 

(b) Apply degenerate perturbation theory to this two-fold degenerate zeroth- 
order level by first showing that the two “new” zeroth-order functions 


yi = (2 + 2S ye, + YR) 
W, = (2 — 2S) yN, — wir, 


ære normalized and orthogonal, where the “overlap integral” is 


S = isal 1s) = | ROWO) dr. 
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Using y’, and y’, as basis functions, set up the 2 x 2 secular equation and solve for 
the two roots, obtaining (do not evaluate the integrals) 


Haa + Har — Hoa — Has 
E, IFS and E, ios 
where Haz = (154) 5C| 18.) = f WRC) dr, 


Has = <1se| 30 156) = | YOYA) dr. 


You should show that H,» = Haa and Hy. = Ha. Also show that Ha, — 0 and 
S — 0 as R — oo. (Do not evaluate these integrals!) 


(c) Next, consider the matrix element H,,. Show that 
Haa = EY? + EWR), 


where E{)(R) is simply the first-order correction to the energy we obtained in 
part (a) by ignoring the presence of degeneracy—that is, by not allowing the elec- 
tron to be “shared” by proton b in the zeroth-order wave function. We already 
know that this term increases monotonically with decreasing R. We could go 
through the calculation of Ha, and S, but these so-called two-center integrals are 
much harder to evaluate and we will not attempt it here. It turns out that Ha» is 
negative and decreases monotonically with decreasing R. A rough plot of the two 


Figure 4.9 


energies is given in Figure 4.9. Starting with part (a), discuss what may be learned by 
this problem. Include comments on 
(i) the symmetry of the functions y’, and y’; draw a rough plot of both 
functions. 
(ii) why you would expect wy’, to correspond to the lowest energy just 
because of its symmetry. 
(iii) the nature of the electron probability density for the two states and the 
physical implications with regard to molecular binding. 
(iv) the reasons for the discrepancy between experimental values for the 
equilibrium separation, R, = 1.06 A, and the dissociation energy, De = 


2.79eV, as compared with what we would obtain by evaluating all the ex- 
pressions in our approximate treatment—r, = 1.32 A and D, = 1.76 eV. 


4.10 Long-Range Interaction of a Proton 
with a Ground-State Hydrogen Atom—The Polarization 
Potential (***) 


is problem requires that you have done Prob, 4.9.] 


Consider the same system as discussed in Prob. 4.9—a ground-state 
ogen atom in the field of a proton. (Refer to the diagrarns in Prob. 4.9 for 
ils.) We now wish to study the energy of the system at large separations R > ao, 
essentially all the interesting “bonding” features of Prob. 4.9 have disap- 
d. 

(a) Show that, for R > r, the perturbation Hamiltonian may be written 


2 2 
go~ -paf cos 9) = = 


all coordinates are defined in Prob. 4.9. What is the first-order correction to 
“long-range” energy based on this approximation to 3C? Explain how this is 
istent with the first-order results in Prob. 4.9. 


(b) For the second-order correction to the energy, we can use the results of 
b. 4.8. Show that to second-order, 


& = 4,5aj. Explain your reasoning. Explain to what extent this result might 
generalized to other atoms in the field of a proton. In other words, does anything 
y tie this result to an H atom? 


e 


More Approximation Methods 
(Time Dependent) 


Science is the captain, practice the soldiers. 
Leonardo da Vina 


The principal means available to probe the structure of atoms and molecu 
is through observations of the absorption and emission of electromagnets 
energy by these systems as they change from one state to another. Su 
experiments constitute the huge and important field of spectroscopy. 

The early spectral observations of atomic hydrogen were crucial 
quantum mechanics in its infancy. Correct calculation of wavelengths fi 
transitions between energy levels of hydrogen was the first real test 
Schroedinger’s wave theory. We know that atoms are observed to have o: 
certain allowed energies. Therefore, in transitions between states of ato 
only certain frequencies will be observed. It is now necessary to establi 
how the atom interacts with the electromagnetic radiation fields so t 
energy can be absorbed or emitted. 
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5.1 THE CARE AND TREATMENT OF 
TIME-DEPENDENT PERTURBATIONS 


pt in unusually simple cases (like the one studied in the last chapter), 
external electromagnetic field that we shall use to “perturb” the atom 
depend on the time as well as on spatial coordinates. Thus we cannot 
ve this problem by the approximation methods of Chapter 4, all of which 
me that the full Hamiltonian 3C is independent of time. 

We must therefore develop a way to solve the quantum mechanical prob- 
of a system with a time-dependent Hamiltonian. This new problem will 
uire a substantial revision in our thinking. In cases where 3 did not 
licitly depend on t, we concentrated on stationary states; these states 
from a separation in space and time of the wave function into the form 


Walt, t) = e" Emy a(r). (5.1) 


t this separation could be carried out only because the potential energy 
independent of t. Clearly, stationary states do not exist for a system where 
the Hamiltonian does depend on time. We cannot even write down a mean- 
ul equation of the form Hy, = Ey, for such a system because states 
do not exist in which the energy is sharp. 

Instead we must return to the more fundamental time-dependent 
Schroedinger equation 


IPC, t) = ih oH, i). (5.2) 


The solution of Eq. (5.2) is no trivial matter. In this section we shall develop 
æ method of solution that is somewhat similar to the perturbation theory 
of Sec. 4.1. In particular, suppose that the full Hamiltonian 3 can be split 
‘=p into two parts: 


K = HC 4 (A). (5.3) 


The zeroth-order Hamiltonian 3C is time independent; all the time depen- 
dence is in the perturbation Hamiltonian 3¢‘(). [Of course, both 5¢ and 
Æ% depend on r in general.] 

Since 3 is independent of t, there do exist stationary-state wave func- 
tions for the zeroth-order Hamiltonian 5. These functions satisfy the time- 
dependent Schroedinger equation for 3C and can be separated as in Eq. 
15.1). Thus we can write a time-independent equation for 3%, 


HOw (1) = Ey (tr), (5.4) 
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where y,(r) is an eigenfunction of the zeroth-order Hamiltonian 3¢ cor- 
responding to eigenvalue £.! Suppose further that we can solve Eq. (5.4) 
for the zeroth-order wave functions and energies. 

Of course, this does not answer the question of how to solve the time- 
dependent equation (5.2) for the full wave functions ¥(r, £). We shall proceed 
in a manner that should be familiar by now. We expand the unknown func- 
tion ‘V(r, £) in a complete set of known functions of r and ż, substitute the 
expansion into the equation satisfied by ¥(r, f), and try to obtain expressions 
for the expansion coefficients. 

To see how this process goes, we must first choose a complete set in which 
to expand ‘V(r, £). The set of eigenfunctions of ¢ is complete in (r) and is par- 
ticularly convenient for a perturbation approach. By introducing coefficients 
a,(t), which depend on the time t, we can write the expansion 


Yr, 1) = È any (rye, (5.5) 


where the subscript j represents a set of quantum numbers that uniquely 
identifies a state of the unperturbed system. The nonstationary character of 
V(r, t) is reflected in this expansion. The state ¥(r, f) can be viewed as a 
mixture of stationary states; however the “mixing coefficients” a,(t) depend 
on time. 


Transitions 


The next step is to substitute this expansion into the time-dependent 
Schroedinger equation and solve for the coefficients. Before doing so, let us 
look more closely at a,(¢) and try to discover its physical significance. Suppose 
that we consider a whole ensemble of identical systems (see footnote 9 of 
Chapter 1), each of which is known to be in the kth stationary state at t = 0 
(before the perturbation is “turned on”). This means that, in the expansion 
of Eq. (5.5), at ¢ = 0 the kth coefficient a,(0) is one and all the others a,(0), 
j#k, are zero; that is, 


a0) = bx. (5.6) 


For ¢ > 0, the perturbation is “turned on” and, at a later time, “turned 
off” again. At some time f, after the perturbation has been turned off, the 
state of each system will be a complicated linear combination expressed by 


1We shall not bother to write superscript (0) on the zeroth-order eigenfunctions 
and energies in this chapter. [Remember that once we introduce the time-dependent per- 
turbation 3C‘1)(r), we no longer even talk about eigenfunctions and eigenvalues of the 
Hamiltonian of the system.] Note also that we shall use r for the spatial dependence of the 
wave functions. The techniques of this section can be generalized to systems of more tham 
one particle, in which case the spatial coordinate dependence is more complicated. 


. (5.5). Thus, in general, many of the coefficients a,(t,) are nonzero. The 
bability that a system will be found in the qth stationary state at time ¢, 


Pot) =| f piere, dt (5.1) 


rom Eq. (5.5) and the orthogonality of the eigenfunctions y,(r), we see that 
Prats) = lat) |. (5.8) 


P, (t,) is the fraction of systems in the ensemble that would be found in 
state Y, at time 7,; thus the probability that a transition has taken place 
m initial state k to final state q in time f, is |a,(¢,)|?: Since" (in general) 
many of the coefficients a,(t,) are nonzero, there will be nonzero probabilities 
of transition from the kth state to several other final states. 


Solution of the Time-Dependent Equation 


Returning to the time-dependent Schroedinger equation (5.2), we determine 
the coefficients by substituting the expansion (5.5) for ¥(r, t); we obtain 


[He + LA DY anew (r) = ings) aftje"y (r), (5.9) 
here we have defined an angular frequency œ, by 


o= 4. (5.10) 


We now multiply Eq. (5.9) by wx(re*", integrate over dr, and use the time- 


Sedependent zeroth-order Schroedinger equation (5.4) to derive an expression 
the change in the qth coefficient a,(¢) with time: 


4 aft) ) = p È akde oH PO, hoe ae 


where H(t) is the matrix element of the perturbation Hamiltonian taken 
‘between unperturbed states q and j, 


APO = WK, D| Ws (5.12) 
HYPO = | yl, dy <r) de. (5.13) 


ere are an infinite number of equations in the set (5.11), one for each 
= 1, 2, 3,.... Thus we have an infinite set of coupled, first-order differ- 
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ential equations that must be solved simultaneously for the coefficients 
a(t), q = 1, 2, 3,...; notice that the matrix elements H{} couple the qth 
and jth equations. How can we possibly solve such equations? 


Exercise 5.1 Derive Eq. (5.11) from (5.9). 


A first step is to convert Eq. (5.11) to a set of coupled integral equations. 
This may be accomplished simply by integrating Eq. (5.11) over time from 
Otot: 


a,t) = - A l i afere) del + ey ig =A I 
z 0 


In Eq. (5.14) we have introduced a constant of integration, c,, which can 
be determined by the initial conditions of each particular problem to which 
we apply these results. This set of equations is an exact formal solution of 
the time-dependent Schroedinger equation—no approximations yet. How- 
ever, it has several drawbacks. First, there are an infinite number of equations 
in the set, each of which contains the sum of an infinite number of integrals. 
Clearly, solving these equations will not be easy unless they can be simplified 
in some way. Second, to solve for the gth coefficient a(t), we must already 
know all the coefficients, including a,(t), since they appear in the sum on the 
right-hand side of (5.14). 


Small Perturbations 


To resolve this dilemma, we approximate. In particular, suppose that the 
perturbation 5C‘1)(¢) is small. Then the rate of change of each coefficient with 
time will also be small [see Eq. (5.11)]. If the system is initially in the kth 
state, at t = 0, then a,(0) = 1 and a,(0) = 0 for all q Æ k. At some t a short 
time later, none of the coefficients will have changed much, so a,(t) = 1 will 
be the largest, and the superposition of stationary states making up ‘P(r, £) 
[Eq. (5.5)] will be dominated by the kth state. The simplest approximation 
we could make would be to set 


aft) ~= bx for small ż > 0, 
so that 
Wr, 1) = w, (renee for small t > 0. 
This zeroth-order approximation is actually very crude; in effect, it 
ignores the perturbation. A more reasonable set of coefficients can be obtain- 


ed by substituting these zeroth-order coefficients into the right-hand side of 
each of Eqs. (5.14) and evaluating the integrals. In this way, we obtain the 


t-order coefficients satisfying the initial conditions of Eq. (5.6): 


| . t 
| a,f{t)= 1 -7 | HH) dt, (5.15a) 
Í oO 


t 


ak) =i | eode, qk, (5.15b) 
| hJ, 


‘Given a particular perturbation 3C'(1), we can evaluate these coefficients 
and substitute them into the expansion (5.5) to obtain the first-order per- 
terbed wave function 


Yr, t) = z af t)y {rje-E/™, 


Higher-order approximations for ‘P(r, £t) can be derived if absolutely neces- 
sary by continuing this iterative process. 

Equations (5.15) are the principal results of time-dependent perturba- 
on theory. To see how to apply this method to an actual problem, we shall 
ow return to the hydrogen atom and discover what effect a time-dependent 
tromagnetic field will have on it. 


5.2 THE ELECTROMAGNETIC RADIATION FIELD 


A highly accurate and precise treatment of the problem of a hydrogen atom 
æ a time-dependent electromagnetic field can be carried out quantum 
mechanically by quantizing the field itself; this process calls for the beautiful 
‘but awesome formalism of quantum electrodynamics.” In most cases, however, 
the errors made in not quantizing the field are exceedingly small. Moreover, 
= better physical understanding of the processes involved may be obtained 
5y treating the field classically, as we shall do here. The atom, of course, will 
be treated quantum mechanically. 

Thus we shall first write down the perturbation Hamiltonian ‘(t) due 
Š an electromagnetic field interacting with an atom and then use time- 
dependent perturbation theory to expand ‘P(r, f) in the stationary states of 
an isolated hydrogenic atom,? w,.,(r)e“*"™", and to obtain first-order 
expressions for the expansion coefficients. 


2See, for example, R. P. Feynman, Quantum Electrodynamics (New York: W. A. 
Benjamin, 1962). 

3Since the zeroth-order Hamiltonian will be chosen to be that of the isolated 
‘Sydrogen atom, the eigenfunctions of 3¢“ will be labeled with the hydrogenic quantum 
embers. Thus in this section z is the principal quantum number, ¢ is the orbital angular 
momentum quantum number, and m is the magnetic quantum number. 
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Far from its source, a classical electromagnetic field consists of perpen- 
dicular field components E and B and propagates as a plane wave through 
space in a direction k perpendicular to both E and B (see the Suggested 
Readings at the end of this chapter). Moreover, the effects due to the magnetic 
field components of the radiation field are usually much smaller than those 
of the electric field components and can be neglected. 

Thus let us take as our field a time-dependent monochromatic’ electric 
field propagating in the direction k. Then the field at any point in space R 
can be written 


E(R, t) = E,(R, t) + ER, 1)¥ + EAR, 12, (5.16a) 


where each component is of the form 
EAR, D =E Rgn 4+ Eke“ Reo, (5.16b) 


where we take E? to be real, and so on for E,(R, t) and E,(R, £). The (peak 
to zero) amplitude of oscillation is 2E%, the frequency of the radiation is ©, 
and the wave number k is related to the wavelength of the radiation by 


ka 2. (5.17) 


Since E, = 2E? cos (k-R + qt), the field oscillates at frequency œ. We 
refer to E(R, f) as a harmonic perturbation (see Sec. 5.3). The point R is 
defined with respect to the source of the radiation. 


An Atom in the Field 


Now consider a hydrogen atom located a fixed distance R, from the source, 
as shown in Fig. 5.1. The interaction of this atom with the field E(R, ¢) will 


-—e 


Electron 


Nucleus 


Source of Figure 5.1 Symbolic sketch of @ 
EM hydrogen atom in the presence of an 
radiation external electromagnetic (EM) field. 


4A monochromatic wave is one that oscillates at a single frequency. See also 
Sec. 5.4. 


give rise to an additional term in the Hamiltonian of the form [see Eq. 
6.95)] 
Ir) = —d-E(R, t), (5.18) 


where d is the electric dipole moment operator 


=—er. (5.19) 


We must be careful about coordinates here; there are three vectors of inter- 
est: r, the position of the electron relative to the nucleus, Ro, the position of 
the nucleus relative to the source of the radiation field, and R, the position of 
the electron relative to the source. These vectors are drawn in Fig. 5.1. Notice 
that 


RoR, Ea (5.20) 
The full Hamiltonian of the system is 
= KO + KN), (5.21) 
or ge = —By2_ 2 or -R,2) (5.22) 
~ 2a r ne ë 


The Hamiltonian of the isolated atom, 5, is independent of time; but 
since 5” explicitly contains t, we shall have to solve the time-dependent 
Schroedinger equation (5.2) for wave functions of the system. 

Since we know the solutions of the time-independent equation for #, 


HOW stm) = EW ntn), (5.23) 


fom Chapter 3, we can use them in a time-dependent perturbation theory 
ealculation of V(r, f) provided that 3C‘” is small. Let us suppose that such 
the case. Thus we write the expansion® 


FR 1) = BT aren QW nem (tye E, (5.24) 


For all cases of conventional atomic spectroscopy, the magnitude of 3C‘)) is 
l and the use of perturbation theory is justified. With the advent of lasers, however, 
‘spectroscopy using high-intensity light beams has become possible. Such beams are com- 
posed of electromagnetic waves having large electric fields, in which case perturbation 
‘teory may fail. We shall not be concerned with the laser problem at present. See Richard 
E. Pantell and Harold E. Puthoff, Fundamentals of Quantum Electronics (New York: 
‘Wiley, 1969), Chap. 4. 
6Usually we shall denote the initial state of the atom by nêm. For example, if the 
tom is in the ground state before the perturbation is “turned on,” then n = 1, ¢ = 0, 
m= = 0. Other states will be denoted by n’é’m’ ; for example, the 2p; state has n’ = 2, ¢’ = 1, 
= = +1. Ofcourse, the sum in Eq. (5.24) includes the initial state as well as all the excited 
Bates. 
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where the sum is taken over all stationary states’? of the hydrogen atom 
(n'€'m’). We shall obtain first-order expressions for the coefficients awen (t) 
by using (5.15). Let us assume that the atom is initially in state (nfm); then 
we have 


Aunt) = 1 i [HB nl) dt, (5.252) 
0 
and 
avvn(i) = -if eon Ty rent) dt, — (n'e'm') Æ (nfm), (5.250) 
o 
where @y = E,/h and œ, = E,/ħ. Clearly, we cannot proceed further until 


we have expressions for the matrix elements of 3€‘? that appear in these 
equations—namely, 


H lm, nimt) = Wrem(®)| (r, £) | Y nemtt). 
Using Eqs. (5.18) and (5.19), we can write H U}m, nem aS 
HY wenn = | WženOer ER, DIY nenlT) dr. (5.26) 


Since 
er-E(R, t) = exE,(R, t) + eyE,(R, t) + ezE.(R, t), (5.27) 


the matrix element will consist of three terms, one for each term in Eq. (5.27). 
Consider the x term, 


H” = eE? J Wiene Belo + xe Relat, (1) dr. (5.28) 


A glance at Fig. 5.1 reminds us that R = R, + r; hence the factors e*!** 
cannot be removed from under the integral. 


Spatial Variation of the Field 


Digressing briefly, we shall take advantage of one further simplification in 
order to evaluate these matrix elements. Let us concentrate on the first term 
in Eq. (5.28), in which we can write e™® as 


eR — gik-Rogik-r (5.29) 


In the matrix elements, this term is multiplied by the bound-state wave 
functions of the hydrogen atom y%,,,(r) and w,.,(r). One of the properties 


7This sum should contain integration over continuum states as well. However, 
we shall restrict ourselves explicitly to bound states here. 


of these functions is that they die away exponentially to zero for large r (see 
Fig. 3.2). Hence the contribution to these integrals from large r, say 
+> Yum Will be quite small. We shall use the expectation value ¢r>,¢m 
to characterize roughly the dimensions of the atom [see Eq. (3.67)]. 

The point of making this argument is that if the wavelength of the inci- 
dent radiation 2 (= 2z/k) is much larger than the dimensions of the atom; 
that is, if 


A> Oram (5.30) 


then, to a good approximation, we can neglect all but the first term in an 
expansion? of e™%", 


eH 1+ herpes, (5.31) 
b et>]. (5.32) 


Let us see how good this approximation is by using as a reasonable guess 
PYntm = ay = 5.29 A. Then Eq. (5.30) demands that 4 `> 30 Å. But the 
wavelengths normally used for spectroscopy are in the ultraviolet, visible, 
and infrared regions of the electromagnetic spectrum, usually of the order 
å = 1000 A, a value that satisfies this condition. 

Using this simplification in Eq. (5.28), the x term in the matrix element 
becomes 


HP = eE? | viename 4 a a Aa] dr, (5.33) 
or 


HP = eB (e™ Me! | vFem(O)2V unt) de 
(5.34) 
H eet WE rg (E)2V nlt) de). 


By making precisely the same arguments for the y and z terms in Eq. (5.26), 
we can write the matrix element H Y}, nem(t) aS 


H Ul, nemt) = Arm aim [Ete + Eve], (5.35) 
where we have introduced the vector E*, defined as 
E* = e* UE + EDY + E22], (5.36) 


8For large 2, the wave number k will be small; so the higher terms—ik-r, etc.— 
in the expansion will be small except for large r. But at large r, these terms are multiplied by 
zero—that is, by the function W*ym(t)Wnem(t). 
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and the matrix element of the dipole moment vector 


dyon, nim = Wwe hT)| À | Wnem(F)> (5.37) 
with d = —er as usual. 


Exercise 5.2 Carry out the algebra leading to Eq. (5.35). 


Let us summarize briefly what has been done so far. In order to obtain 
an approximate expression for the wave function ‘P(r, t) of a hydrogen atom 
in a small, time-varying, electromagnetic radiation field, we have had to 
evaluate matrix elements of the perturbation Hamiltonian 5C(). By 
assuming that the wavelength of the incident radiation was much larger 
than the characteristic dimension of the atom, we were able to derive a 
fairly simple expression for the matrix elements. The remaining integral, 
Gyvmntms Can easily be evaluated and the resulting matrix elements 
HY m,nen(t) Substituted into Eqs. (5.25) to obtain the expansion coefficients 
Ayn. 


Selection Rules 


We are especially interested in the transitions (between unperturbed states) 
caused by the external radiation field. In particular, we can use our results 
for the expansion coefficients a,_(t) to calculate the probability that a 
transition from initial state (nm) to final state (n’é’m’) will occur in time 
t—according to Eq. (5.8), 


Prtm-on'tmAt) = | Qvem(t)|?. (5.38) 


If the dipole matrix element d,-m-,,2m is zero for any final state (n'¢’m’), 
then HY nem(t) and ayvm(t) will be zero for any t, and the transition 
probability Pyrm-onvm(t) Will be zero, Consequently, the transition (nfm) — 
(n''m') can never take place; it is a forbidden transition. In fact, unless 
the initial and final quantum. numbers satisfy some very specific conditions, 
the transition (nfm) — (n’€'m’) will be forbidden. Such a restriction on initial 
and final quantum numbers is called a selection rule. 

To illustrate, let us explicitly write out the matrix element dyymnem! 


co pln pr 
re eee E i 2 i i 
Qyemnin = —e ff” S7 Wennen) sin 8 a8 dør? dr. (5.39) 
It is convenient at this point to make some rather obvious definitions: 


oo pln re 
(vem nen = —e | ; Í Í  WžunlT)XYnn(T) sin 0 d9 dpr? dr, (540) 


so on for (d,)wvm,nim aNd (d.)qem’ntm- We can then use the properties 
the spherical harmonics (e.g., orthogonality), familiar from Chapter 2, to 
ive the following selection rules? for dipole transitions: 


(4,)wem’,ntm = 9 Am= +1 
unless [ and 


(dy)wem,nim =0. Al = +1, 
(5.41) 
Am = 0 
(d.)we'm’ntm = 9 unless l and 
Aé = +1, 
where 
Am=m'—m and AC=?¢'—€. (5.42) 
We therefore conclude that the transition probability is zero unless 
Edi eae = Electric dipole 
Am=0,+1 and Al = +1. REAA (5.43) 


Exercise 5.3 Derive Eqs. (5.41). 


The point to be remembered is that for any set of quantum numbers 
Inim) and (n'£'m’) violating these rules, the coefficient a,,(t) is zero. Then 
the state (n'¢’m’) will not contribute to the superposition of states making up 
the perturbed state with wave function ¥(r, f). Moreover, a transition 
Inim) — (n't'm’) cannot take place, since Pyimyiém = 0. Thus, for exam- 
ple, transitions (n 0 0)—(n 1 0) and (n 2 1)—(n' 3 2) are 
allowed, but (a 1 0)— (n 3 0) is forbidden.'° Transitions that are 
allowed by the selection rules of Eq. (5.43) are called electric dipole transi- 
tions. 

Selection rules have important consequences for atomic spectroscopy. 
Suppose that a transition (nfm) — (n'¢'m’') is allowed and takes place. 


9You will also need the convenient identities 


sin 0 P7- !(cos 0) = aola (cos 0) — P7- (cos 0)], m>1, 


cos 0P?” (cos 0) = ten, (cos 0) + finn, (cos), m>0. 

See E. U. Condon and G. H. Shortley, The Theory of Atomic Spectra (New York: Cam- 
bridge University Press, 1951), Chap. 3. 

10In some cases, the electric field may only have a component in the z direction; 
that is, E2 = 0 and E} = 0. (We say that the field is polarized along the 2 axis.) If so, then 
only the z component of dy'zm’, nem Contributes to awem(t) and we need only consider 
selection rules for this component. Thus if the radiation field is polarized along the 2 axis, 
the transitions from a state with magnetic quantum number m to one with quantum 
number m = m + 1 are forbidden. 
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Moreover, suppose that E, > E,, so that the atom ends up in a state 
lower energy than its initial state. Then the energy lost by the atom is emitted 
into the radiation field with frequency (angular) o,,, = (1/h)(E, — E,); the 
emitted radiation will show up in an experimental measurement. However, 
if the quantum numbers (nêm) and (n'é'm’) violate Eqs. (5.43), we know that 
the transition cannot occur and that there is no need to look for evidence 
of it. 

These remarks do not mean that we never observe the so-called forbiddes 
transitions. If some of the restrictions under which we obtained Eq. (5.43) 
are relaxed—for example, if we allow for a slight r-dependence in E*X—the 
result is a small probability for a transition of the type A£ = +2, a so-called 
electric quadrupole transition (see Prob. 5.2). There also exists a very weak 
interaction between the atom and the magnetic field of the incident elec- 
tromagnetic wave, and selection rules can be derived for magnetic dipole 
transitions, and so on. However, the probabilities for such transitions are 
usually very small. 

Although the results obtained are important, they do not help us actually 
to evaluate the nonzero coefficients a,,_(t). Let us now return to that 
task. 


5.3 HARMONIC PERTURBATIONS 


This is a convenient place to remark that the perturbation being considered. 
V = —d-E(r, 2), is one of a class of perturbations called harmonic pertur- 
bations. A harmonic perturbation has the general form 


HME, t) = Hi (re + I-re; (5.449 
that is, it is composed of terms that oscillate at frequency œ. In the example 
of this chapter, we have 

5C*(r) = —d-E*, (5.45) 
where E* = e*/*® [E98 + E99 + E22] as in Eq. (5.36). 
Let us evaluate the probability of a transition (nfm) — (n’é'm’) having 


occurred by time ¢ due to a general harmonic perturbation. This quantity 
is simply | a(t) |?, where, from Eq. (5.25b), the coefficient, to first order, is 


. t 
vem (t) = — $ n [H Zem, nime "22o om 
0 . 


+ Hrvm, rime Orr") dt. 


Remember that œ, = E,/h, @, = E,/h, and œ is the frequency of the inci- 
dent radiation. The matrix elements, of course, are 


Hem nim = Yuen hT) | IEE) | Vnem(E)>- 


Since the Hivm.nim ate independent of time, we can remove them from 
ender the integral. Carrying out the remaining simple integration, we obtain 


Gita dt) = ~ E Tax a fae aa = 1] 
oe (5.47) 
wim’ nlm (wna to) __ 
tise. 1]; 


Since ayvm(t) depends on the frequency of the incident electromag- 
metic radiation œ, the transition probability Pym nem also depends on œw. 
k attains its maximum value at the frequency @ = w,,, where 


On = n EE (5.48) 


Thus a transition between an initial state (nfm) and any final state (n'l’m’) 
will be most likely to occur if the frequency of the radiation field (times ħ) 
5 equal to the energy separation of the two states. 

Notice that if E, > E» so that the initial state is higher in energy than the 
Gnal state, the first term in Eq. (5.47) dominates; then a,,.,,{t) is the proba- 
bility amplitude for a de-excitation process accompanied by the emission of 
electromagnetic radiation. If E, < E, the second term dominates; then 
S+ (f) describes an excitation process accompanied by the absorption of 
energy from the electromagnetic field. In other words, transitions are pre- 
frentially induced in which a quantum of energy ho is either emitted from 
‘the radiation field or absorbed into the field. The first case is called stimulated 
emission and the latter is called absorption. The probabilities for these two 
particularly likely transitions are 


) ~ H iem nim? sin? YO, — oy +0), (5.49) 


Piretai Po, — @, +0)? 


Where the upper signs refer to the case E, < E, (absorption) and the lower 
s to E, > E, (stimulated emission). 


Exercise 5.4 (a) Derive Eqs. (5.47) and (5.49). 
(b) Show that Ppim -n'ew attains its maximum for @ = Ony. 


Substitution of @* = —d-E* from Eq. (5.45) into (5.47) yields the desired 
‘expression for the expansion coefficients a,m(t) for a hydrogen atom per- 
eerbed by a time-varying electromagnetic field. Remember that this step 
ust be done only if the selection rules (5.43) are satisfied; otherwise ay, 
= 0. The transition probability, in this case, is 


Prem-on'emdt 


— [direimsnem*E® |? sin? o, — @y +0] 
i ” Ho, — o +0)? 2 (5.50) 
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where, as before, the upper sign refers to absorption and the lower sign 
emission. The dipole matrix element dyymnm was defined in Eq. (5.3 
and 2E, is simply the vector amplitude of the wave, where 


E? = E28 + E%9 + E?2. 


Thus, by application of time-dependent perturbation theory to the pr 
lem of a hydrogen atom in an external electromagnetic field, we have 
able to derive expressions for transition probabilities between unpertur 
(stationary) states of the atom. We have seen that these probabilities de 
on the frequency œ of the incident radiation. Given a frequency and a set 
levels, we could compute the probabilities and compare them to the res 
of experimental observations. 


*5.4 FREQUENCY BANDS 


The electromagnetic wave E(R, f) considered in the last two sections w 
monochromatic; that is, it oscillated at a single frequency. In most ex 
ments, however, the incident electromagnetic radiation used to perturb ato: 
includes waves that cover a range or band of frequencies. (The spread 
frequencies in the radiation, usually specified by the width of the ba 
depends on the nature of the source.) Thus it is worth taking a moment 
see how to modify the results of Sec. 5.3 so as to take into account freque: 
bands of polychromatic (as opposed to monochromatic) radiation. 
Consider the case of incoherent electromagnetic radiation; that is, s 
pose that waves of different frequency have no particular phase relationshi 
with one another and thus do not interfere. Then we can assume that ea 
wave interacts with the hydrogen atom independently of all the other wav: 
we shall apply the theory developed in the last section to each wave separa 
and add up the resulting probabilities at the end. 
We can still write the electric field vector as in Eq. (5.16) if we let the 
plitude E? be a function of frequency œ. Since we are no longer dealing wi 
a single frequency, we must reinterpret the notion of a transition probability 
For a system perturbed by a collection of incoherent polychromatic waves, 
we obtain the probability for a transition from state (nfm) to (n'é'm’) by 
summing over all frequencies present in the collection of waves, 


PremwtmAt) = x | Qvem(t)|?, 


where 


arie lionas Aal aeo s Ho, — @y +0), 
| Qyemdt)| Ko, — oy +0)? C 


re € is a unit vector along the direction of the amplitude E®; it is called the 
ization unit vector. For plane-wave radiation, this vector is defined as 


E? 


TE] 


(5.54) 


The intensity of the electromagnetic radiation in the frequency range œ 
@ + dm may be written in terms of the electric field amplitude as 


Ke) da = aml E(@)|?, (5.55) 


assuming a continuous distribution of frequencies to be present, the 
in Eq. (5.52) becomes a standard integral. Straightforward evaluation 
Its in 
4n°t 2 

Prim-onem(t) = Fag Mun) |Ayerm, nim? êl, (5.56) 
Te Oy, = Oy — @, is the angular frequency corresponding to the energy 
ation of the two energy levels. Thus, according to Eq. (5.56), the transi- 
probability, summed over a band of frequencies, depends linearly on 
time. A constant transition rate can then be defined as 


4n? A 
Reem-onem = pts (Orin) |Arem nem êl. (5.57) 


rnatively, it can be written in terms of the energy density of the elec- 
agnetic waves by substituting p(@) = I(@)/c, and obtaining 


2 
Ratm-attne = Fr A Oen)| Aven nin Èl. (5.58) 


that p(w,,,) is the energy density (in erg/cm3/sec). 

Equation (5.58) gives correctly the “rate” (i.e., probability per second) of 
le” transitions ném— n'é’m' of an atom absorbing an amount of 
[Boyn] from (if @, > @,) or emitting this amount of energy into 
©y < @,) the electromagnetic field. The latter case is called stimulated 
ission. The rate depends on both the intensity of the electromagnetic waves 
frequency w,,, and the magnitude of the dipole matrix element coupling 
two atomic states. If the dipole matrix element vanishes, then the rate 
by Eq. (5.58) is zero. However, as discussed in Sec. 5.2, there are subtle 
ions to the theory we have described, which, when properly included, 
w” weak transitions even when they are “dipole forbidden.” 

One very important phenomenon completely missing in the semiclassical 
of radiation is that of spontaneous emission—that is, the emission of 
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an electromagnetic wave by an excited atom in empty space (even in the 
absence of any other source of electromagnetic radiation). In order to account 
for it properly, the quantum field theory of electrodynamics, which is not 
discussed in this book, must be used. However, this phenomenon can be 
studied somewhat indirectly by using thermodynamics (see Prob. 5.5). 

The principal reasons for treating the time-dependent electromagnetic 
field were to illustrate the use of time-dependent perturbation theory and te 
satisfy our curiosity about the behavior of a hydrogen atom in such a field. 
The point to be retained is that this behavior is very different from the Stark 
effect of Sec. 4.7; the concept of stationary states loses its meaning when the 
full Hamiltonian depends on time. Instead we speak of transitions occurring 
between stationary states of the unperturbed system. Other examples of time- 
dependent perturbations can be found in the problems for this chapter. 


SUGGESTED READINGS 


Almost any undergraduate book on classical electricity and magnetism will contain 
the rudimentary aspects of the theory used in this chapter. Two useful references are 


LORRAIN, P., and D. R. Corson, Electromagnetic Fields and Waves, 2nd ed. Sam 
Francisco: W. H. Freeman, 1970. 


Paris, DEMETRIUS T., and F. KENNETH HURD, Basic Electromagnetic Theory. New 
York: McGraw-Hill, 1969. 


At a somewhat more advanced level is the well-written text 


EYGES, LEONARD, The Classical Electromagnetic Field. Reading, Mass: Addison- 
Wesley, 1972. 


PROBLEMS 


5.1 Switched-on Perturbation Theory (**) 


Consider a small perturbation that is “switched on” at time t = 0 and then 
“switched off” at a later time ¢,. Otherwise the perturbation Hamiltonian 3C% is 
independent of time; that is, 


0, Z0 
I(r, t) = Ier), 0 E t ce ty 
0, FERN: 


Suppose that the system is initially in the state labeled by quantum numbers k. 
(a) Write an expression for the full wave function of the system (valid to first 
order) at a time ¢ > t. 


(b) Derive an analytic formula for the transition probability to a final state 
n#k, 


(c) Consider now two perturbations of this form, one of which lasts for a time 
. the other for a time t} = 2¢,. Sketch P,..,(t) versus energy separation E, — Ex 
the two cases. To which states are transitions most likely? 
(d) Consider transitions from state k to a large number of closely spaced levels. 
there are dN; states in a small energy interval dE about E;, then the total proba- 
ity of a transition to all states having energy in an interval AE about E, is, 


Pil) = | p lade)? aN. 


‘rite an expression for P~ in terms of the density of states p(E), where p,(E) = 
/,/dE. [HınT: The limits of integration can be extended to —co and oo. Why ?] 
your sketch of part (c) to help you evaluate the integral and thus show that 


Pe alts) ~ FIHP PLEN, 


that the transition rate is 


Rees 7 


[Hik |? pE). 


is is a form of the Golden Rule. 


5.2 The Electric Quadrupole Transitions (**) 


In deriving expressions for the matrix elements of the perturbation due to 
interaction of an electromagnetic field with a hydrogen atom, we made the 
roximation 

eta], 


ich is valid for radiation of moderately long wavelengths. This approximation 
ultimately to the dipole selection rules that describe so-called allowed transi- 
[see Eq. (5.41)]. 

If the first correction term ik-r is kept in the expansion of the foregoing expo- 
tial, then the so-called quadrupole transitions are also seen to occur, but with 
h smaller probabilities. Consider the particular case of an electromagnetic wave 
gating along the % axis and polarized along the 7 axis. Derive selection rules 
a hydrogen atom transition (nfm — n‘é’m’) “induced” by this correction term. 
lain why the term “quadrupole transition” is appropriate. 


5.3 A Square Well Perturbed by an Electric Field (**) 
At time ¢ = 0, an electron is known to be in the n = 1 eigenstate of a 


imensional infinite square well potential 


a 
co, |x| >> 


F= 


142 More Approximation Methods (Time Dependent) Chap. 5 


At t=0, a uniform electric field of magnitude E is applied in the direction of 
increasing x. This electric field is left on for a short time t and then removed. Use 
time-dependent perturbation theory to calculate the probability that the electron 
will be in the n = 2, 3, or 4 eigenstates at some time ¢ > T. [HINT: You will encoun- 
ter integrals involving sin (n@x/a) and/or cos (n7x/a), where n is an integer. Integra- 
tion by parts becomes easy if the following substitutions are made: 


sin nz = A (ern ee) 


cos nz = +(e aE errs 


5.4 Adiabatic Approximation (****) 


Adiabatic behavior can perhaps best be described by considering a cat 
moving around in a room full of mice. As long as the cat moves at a velocity much 
smaller than that of the mice, the latter will keep out of the way. The “state” of the 
mice and their “spatial distribution” will change as the cat moves around ; however, 
provided that the cat moves slowly enough, nothing really exciting will occur! We 
would say that the system of mice “responds adiabatically” to the cat’s motion. At 
velocities comparable to the mice, the cat can cause a great deal of “excitement” and 
can even cause the “population number” to change—clearly nonadiabatic behavior. 

In quantum physics, a convenient way to study adiabatic behavior is through 
time-dependent perturbation theory. We will derive a special approximation calleé 
the adiabatic approximation. 

(a) Consider an arbitrary system with Hamiltonian 3((r) that depends explicitly 
on the time. If 3C(t) is slowly varying with z, we expect the system to be well described 
by state functions u,(t), which satisfy 


Fut) = ELDU), 


where other variables are present but not indicated explicitly. Expand the exact 
wave function y(t) in terms of the w,(t) as 


ve = Zales exo] —y | Ear | 


0 
and derive an expression for a, in terms of @,,(t’), where 


Ort’) = Flee) — Et’ 


and the dot implies first partial derivative with respect to t. 


(b) By taking the first time derivative of H(t)u,(t) = E,(t)u,(t), show that 


Cit a> = (hor (te | 


un), kÆn. 


w also that the phase of the functions u„ may be chosen so that 


<un| ùn = 0. 


Use these results in your answer to (a) to show that 


un) exp | ip @,,(t’) a | > 
0 


re the prime on the summation reminds us that n + k. This result is exact. 


dH 


t 


a, = X (u 


7 ADkn 


(c) Now consider the case in which 3C is slowly varying with time so that 
jðt is essentially constant. It is also reasonable to assume that in the expression 
å, all the other quantities on the right-hand side are constant. Assume that, at 
= 0, a, = Ônm and show that 

ar ~ (tho?! (u on Un) (elomnt — 1), 


is a form of the adiabatic approximation. Discuss the implications of this 
t. Does it require that JC be small? Is it restricted to only small times t > 0? 
y or why not? Make up a physical example where this approach might make 
(not the cat in a box of mice). 


5.5 Einstein Coefficients (***) 


In Sec. 5.4 it was shown that the transition rate Ryem—ném’ is proportional 
the average energy density evaluated at the frequency @,,. Let us define the 
tant of proportionality as Bwn; that is, Ryemon¢m = BynP(@n'n)» Bwn is called 
coefficient of absorption (for Ey > E,). The constant B,» is called the coefficient 
‘stimulated emission. 
(a) Derive an expression for By, in terms Of CY wem |E | WY nem- 
(b) Show that By, = Bry. 
fc) When the system (atom + field) is in thermal equilibrium, the number of 
cons absorbed per second from the field is equal to the number of photons 
itted per second into it. To achieve equilibrium an additional coefficient, Anw, 
the coefficient of spontaneous emission, must be introduced so that 


Ryn = Ann + Brnf(@wn)- 
the density of electromagnetic radiation in equilibrium with a blackbody 


BTAVÈn 1 
POr) = 3" Shawl — J 
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(where k „is the Boltzmann constant),show that A,y œ @3,. [Hint: The number of 
atoms in the initial state N, is related to the number of atoms in the final state Ny by 


Ny = N,erorn/ka], 


The coefficients A,, and B,, are called Einstein A and B coefficients. (See H. G. 
Kuhn, Atomic Spectra. New York: Academic, 1969, pp. 66 ff.) 


Spin 


Had | been present at the creation, | would have given some useful hints for the 
better ordering of the universe. 
Alphonso X, the Learned King of Spain, 1252-1284 


The average physicist can perhaps be forgiven a certain amount of paranoia 
regarding the physical universe, for it often seems that no sooner does he 
display his latest Theory than the universe is found to feature an additional 
Effect that renders said theory incomplete if he is lucky (e.g., Erwin Schroe- 
dinger) or incorrect if he is not (e.g., Niels Bohr). This element of mystery is 
one of the things that makes physics exciting. 
The Schroedinger wave theory of the hydrogenic atom, the principal 
features of which have been discussed in the last several chapters, seems at 
this point to be complete, at least for the case of an isolated atom. However, 
several pieces of experimental data have been ignored so far. We shall now 
look briefly at these troublesome observations and see small but significant 
ws begin to appear in Schroedinger’s beautiful theory. Fortunately, there 
two ways to handle them—one involving a rather bizarre ad hoc hy- 
thesis that must be appended to Schroedinger theory, the other requiring 
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a complete reconstruction of the wave theory of matter, using Einstein's 
theory of relativity. We shall choose the first approach, the simpler of the two. 
To help motivate the introduction of the new postulates, we shall briefly 
survey the historical development of spin. 


6.1 A HISTORICAL- DIGRESSION 


In the early 1900s, following a period of intense activity in the development of 
quantum mechanics, various problems arose.! There were two main sources 
of difficulty, the first of which was apparent in existing spectral data. Taking 
a close look at the lowest line of the Balmer series of hydrogen (6562.8 A). 
physicists discovered that it actually consisted of two distinct lines separated 
by a mere 0.3 A. Further study revealed that some lines in the spectra of 
many atoms actually had several components. These lines were said to have @ 
multiplet structure; a line with two components was called a doublet, one with 
three components a triplet, and so on. 

The second difficulty was discovered when atoms were exposed to external 
magnetic fields. The Schroedinger theory predicted that the energy levels of a 
hydrogen atom in an external magnetic field, say B = B,2, would be split 
according to the value of the magnetic quantum number m appropriate to the 
level. In particular, the energy of a particular level in such a field is 


1 2 
Em = ~ (2) + mgpB., (6.1) 


where m is one of the integral values between —¢ and +4, f is the Bohr 
magneton—f = eh/(2mc)—and g, = 1. Similar predictions were made for 
energy levels of other atoms in the magnetic field. Always a particular 
multiplet structure was predicted, since, for any n, the magnetic quantum 
number could assume a variety of values. The effect of magnetic fields om 
spectral lines is called the Zeeman effect. 


Exercise 6.1 Derive Eq. (6.1) by showing that the eigenfunctions of the 
system Hamiltonian 3C = JC% — M,-B are simply the eigenfunctions of 
the isolated one-electron atom Hamiltonian 3C—that is, the functions 
W ntm(r) of Chapter 3. Obtain the corresponding eigenvalues E,m. 


However, although the alkali atoms seemed well behaved in this respect, 
certain other atoms displayed multiplets not predicted by Schroedinger 
theory. (This result was referred to as the anomalous Zeeman effect. We shall 
return to it in Sec. 7.5.) 


1See the historical references at the end of Chapter 1. 


The Stern-Gerlach Experiment 


xt we must examine the results of some experiments that were carried out 
Stern and Gerlach and reported in the period 1921-1924.? They sent a 
m of silver atoms through an inhomogeneous (nonuniform) magnetic 
.3 For purposes of discussion, let us consider a field that is directed along 
and nonuniform only with respect to variations in z, so that 


OB, _ OB, | ðB, 
=O FESO but G0. 62 


was known that if the atoms in the beam possessed a magnetic moment 
a nonzero component in the z direction, then a force would be exerted 
the beam, causing it to deflect. The average force exerted on the atoms 
s out to be* 


F = M); (Fa, (6.3) 
re we have assumed that the inhomogeneous magnetic field is symmetric 
respect to the yz plane. This result, by the way, is valid either classically 
quantum mechanically. 

If the atom were a classical magnetic dipole, (M,), could take on all values 
the continuous range [see Eq. (3.100)] 


— 288i) < TT; < ZÊIL,, (6.4) 


we would expect a continuous band to appear. Of course, the atom must 
lly be treated quantum mechanically. Thus the average (M,), is the 
tation value 


THD. = Yuen M); lwan? = -BEL >. (6.5) 


ll from Sec. 3.10 that since L, is sharp, (M,), is sharp. Therefore (M,), 
take on 2 + 1 possible distinct values corresponding to the allowed 
s of m; that is, (M,), = —mg,f. The important point is that since 


2The original references for these important papers are O. Stern and W. Gerlach, 
Physik 7, 249(1921), Z. Physik 8, 110, Z. Physik 9, 349(1922), and Ann. Physik 74, 673 
4). 

3Stern and Gerlach actually used a beam of ground-state silver (Ag) atoms, but 
reasons to be explained later (Chapter 9), these atoms may be regarded (roughly) as 
wy” one-electron atoms. In 1927 Phipps and Taylor obtained similar results by doing 
Stern-Gerlach experiment on ground-state hydrogen atoms. 

4For an explanation and derivation of Eq. (6.3), see Robert M. Eisberg, Funda- 
tals of Modern Physics (New York: Wiley, 1961), Chap. 11. 
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2¢ + 1 is odd for any integer £, Schroedinger theory predicts an odd number 
of components—for example, for the ground state of the “one-electron atom™ 
= 0, so we expect only one component. 

To the surprise of the experimentalists, the beam of atoms split, not into & 
continuous band, as predicted by classical mechanics, not into a set of odd 
(2€ + 1) components, as predicted by Schroedinger theory, but into two 
distinct components corresponding to magnetic moments +f. The same 
result was observed (by Phipps and Taylor) even for s states of hydroges 
atoms, for which £ = m = 0 and no splitting is expected. 

In one sense, these results “verified” quantum mechanics; a discrete 
series of components was seen, rather than a continuous band. But the 
number of components seemed wrong. To appreciate the nature of these 
observations, we must consider their implication for wave mechanics. We are 
forced to come to one of two possible conclusions: 


l. Either <L,> is not really zero but is $h for the ground state of 
hydrogen, or 

2. There exists some other kind of angular momentum whose existence 
was completely overlooked in the derivation of the Schroedinger 
theory of the one-electron atom. 


Conclusion (1) implies that our theory of angular momentum is in error. On 
the other hand, conclusion (2) suggests that the electron possesses a degree of 
freedom which was overlooked in the Schroedinger theory. 


6.2 THE POSTULATE OF ELECTRON SPIN 


Refusing to give up the theory of orbital angular momentum, we shall consider 
conclusion (2). Actually, it was Goudsmit and Uhlenbeck in 1925 who took 
the daring and original step of postulating that the electron possesses some 
sort of intrinsic angular momentum similar to orbital angular momentum in 
certain of its properties. But this angular momentum differs from the familiar 
orbital angular momentum in that it is an internal degree of freedom of the 
electron and thus is completely independent of the electron’s environment. 
It can be cautiously regarded as an internal motion vaguely reminiscent of the 
rotation of a body about an axis through its center. For this reason, it was 
given the highly suggestive name spin angular momentum. Of course, we know 
that the electron is not actually a classical spinning particle whizzing 
around the nucleus. Instead it must be described by quantum mechanics. 
Let us now restate the postulate of Goudsmit and Uhlenbeck more 
precisely. The electron is assumed to possess a fourth degree of freedom— 
spin—which gives rise to a spin magnetic moment. To make our theory 
conform with experiment, we assume that the components of this new 


magnetic moment along the direction of B can assume only two discrete 
values, +8. Moreover, this new spin angular momentum is assumed to behave 
formally in essentially the same fashion as does orbital angular momentum. 
This statement means that we can tentatively postulate some properties of 
spin angular momentum (and can derive others) by analogy with orbital 
angular momentum. 

Of course, there was no initial guarantee that this apparently ad hoc 
stratagem would work. Physicists gradually gained confidence in it by per- 
forming countless numbers of experiments, the results of which it successfully 
explained. Then, in 1928, Dirac rederived quantum mechanics, including the 
requirements of Einstein’s special theory of relativity. In his book, Principles 
of Quantum Mechanics,’ he showed that the existence and all the formalism 
of electron spin evolve directly out of this relativistic theory and need not be 
postulated at all. However, Dirac’s theory is extremely complicated and, in 
most cases, rather difficult to apply. In this chapter we shall simply accept the 
postulate of electron spin and leave more formal derivations to other books. 
Let us see if we can develop a mathematical formulation of this theory that 
might be applied to problems. 


6.3 THE THEORY OF ELECTRON SPIN 


We begin by introducing operators S and M, for the spin angular momentum 
and spin magnetic moment, respectively. Reasoning by formal analogy with 
Land M,, we propose that S and M, are related by [see Eq. (3.100)] 


M, 


_—8B 
iE oy S, (6.6) 
where the value of g, must be chosen to make the theory agree with experi- 
ment. Cautiously continuing by analogy, we now write eigenvalue equations 
for S? and S, [see Eqs. (3.79) and (3.80)]: 


S'Xem = MS + IB? Xem. (6.7) 
S:XLem, = MÜX sm, (6.8) 


where the ,,,, are the eigenfunctions of S? and S, with eigenvalues s(s + 1)ħ? 
and m,h, respectively. The function 7,,, describes a “spin state” of the 
electron, in which the magnitude of the spin is ,/s(s + 1)ħ and the projection 


of the spin angular momentum along the 2 axis is m,h. 


5P, A. M. Dirac, Principles of Quantum Mechanics, 4th ed. (revised), (New York: 
Clarendon Press, 1958). An extraordinary book, this volume is well worth repeated perusal 
by the serious student of quantum theory. 
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So far the theory is strictly formal; we do not know what sort of entities 
the eigenfunctions y are or what form the operators S? and S, take. We do 
not even know what coordinates y depends on. One point is certain: x 
cannot depend on x, y, or z, since the spin of the electron is assumed to be 
independent of its spatial distribution. There seems to be no way to picture 
these functions in ordinary space. 

If the theory of spin angular momentum is to formally resemble that of 
orbital angular momentum, we would expect the new spin quantum numbers 
s and m, labeling y to take on only discrete values. Moreover, for a given 
value of s, m, should take on the (2s + 1) integral values —s, —s + 1, .... 
s — 1, s [see Eqs. (2.61) and (2.62)]. However, the experimental observations 
leading us to spin in the first place indicate that the magnitude of the spin 
magnetic moment can assume only two values, +f. Consequently, we must 
further postulate that the only allowed value for s is 


s=4, (6.9) 
so that the allowed values of m, are 
m= bd ca 


From these postulates and Eq. (6.6), we see that the only allowed eigenvalues 
of the operator corresponding to the z component of the spin magnetic 
moment are +¢,(8/2). However, the observed values for the magnetic 
moment were +f; so the value of the so-called spin g factor must be® 


g, =2. (6.11) 


The essence of the theory of electron spin is contained in Eqs. (6.6) te 
(6.10). But what of the mathematical form of the operators S and S? and the 
strange eigenfunctions y,,,,? Regardless of their form, these entities are 
defined by the eigenvalue equations (6.7) and (6.8), and there are, in fact 
several possible ways to specify them. We choose to adopt a particularly 
convenient one due to Wolfgang Pauli, in which we write the operators S and 
S? as 2 x 2 matrices and the eigenfunctions x,,,, as two-component columa 
vectors.” 


6Accurate measurements reveal that gs is slightly different from 2, its observeé 
value being 2.00232. This tiny discrepancy is explained by the theory of quantum electro- 
dynamics and will not be pursued here. 

7If you are wondering how an eigenfunction can be represented by a columm 
vector, you are to be commended! These suggestions should not seem too unreasonable. 
however. Since ms can only take on two values, +4, we might expect the eigenfunction 
Asm, in S:Xsm, = MshXsm, to have two components. Then in an eigenvalue equation for # 
two-component eigenvector, the operator must be a 2 x 2 matrix. 


6.4 THE PAULI SPIN MATRICES AND SPIN OPERATORS? 


We shall now introduce explicit forms for the operators $? and S, and then 

show that S so defined does indeed behave like the orbital angular momentum 

‘that is, S satisfies commutation relations analogous to those satisfied by L). 
Thus let us write the operator S = &S, + §S, + 2S, as 

S = th(&o, + fo, + ĉo,). (6.12) 


where &, §, and 2 are unit vectors and o,, o,, G, are the Pauli spin matrices, 


defined to be 


wa oa eG 3) wo 


Then the operator for the square of the spin angular momentum is 


S? = Si + S} + S? = 371, (6.14) 
where | is the unit matrix, 
t0 
1= : 6.15 
f d oe 


The operator for the z component of S is simply 
S. = Èo.. (6.16) 


Notice that S,, S,, S- and S? are each Hermitian. 
With these definitions, the eigenvalue equations (6.7) and (6.8) become 
matrix equations 
S Xim = AS + IDB? X sm, (6.17) 
SiXsm, = MD X sm, (6.18) 


where x,,,, is a two-component column vector and s = 4, m, = +4. The two 
eigenvectors y,,,, that satisfy these equations are 


1 
inan = H =4, (6.19) 


0 
tian = ( : =p. (6.20) 

8In this section we shall presuppose a rudimentary knowledge of matrices and 
‘their properties. See, for example, Henry Margenau and George M. Murphy, The Mathe- 
matics of Physics and Chemistry, 2nd ed. (London: D. Van Nostrand Co. Ltd., 1956), 
‘Chap. 10. 
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In fact, substituting œ and £ into Eqs. (6.17) and (6.18), we have 


Sa = tha 

SB = 3n°B, 
and Sa = +tha 

S,B = —4ħ8. 


Exercise 6.2 Verify Eqs. (6.21) and (6.22) by matrix multiplication. 


Since œ corresponds to m,h = +h/2, it is sometimes referred to as 
“spin-up eigenfunction.” Similarly, B is called the “spin-down eigenfunc 
tion”.? Thus the introduction of the Pauli spin matrices has enabled us to give 
a precise operational meaning to the spin operators S? and S, (and, of course 
S, and S,) and to the spin eigenfunctions y,,,,. 


Commutation Relations 


Recall that the orbital angular momentum operator satisfied the commu 
tion relations [see Eqs. (2.63) to (2.65)] 


[L,, L,| = ihL,, [Lp L,] = ihL,, [Ley Fo) = he; 
[L,,L7]=0, [L,L7]=0, [L,,L7]=9. 
Since S is also an angular momentum, it might be expected to satisfy co 
mutation relations of the same form. 
Some simple matrix multiplications reveal that the Pauli spin matri 
Ox, 0,, and g, satisfy the relations 


[c... o,] = 2io,, [c,, o.] = 2io,, [o., 0,] = 2io, 


lono] =0, [0,0],=0, [6,,0,]. = 0, 
where the anticommutator [A, B], = AB + BA was introduced in Eq. (1.3 
Exercise 6.3 Verify Eqs. (6.25). 


From Eqs. (6.25) and the definition of S in terms of ¢,, ¢,, and a,, 
(6.12), it follows immediately that S satisfies the commutation relations 


SaS] = DS [Sp S] = AS [Sa S] = AS, (6. 
[S,,S?7]=0,  [S,,S7]=0,  [S,, S] = 0. (6.2 


9Do not confuse the eigenfunction £ with the Bohr magneton £. 


These results are completely analogous to the commutation relations for the 
orbital magnetic momentum. [Alternatively, we could have chosen to 
postulate that Eqs. (6.26) and (6.27) be satisfied for spin operators and 
derived the Pauli spin matrices as a consequence.] 

The analogy between S and L can only be carried so far. L? and L are 
differential operators that operate on functions of the spatial coordinates @ 
and g. On the other hand, S? and S are (in the Pauli theory) represented by 
2 x 2 matrices that operate on column vectors in some sort of mathematical 
“spin space.” It seems that the commutation relations satisfied by S and L 
are, in some sense, characteristic of angular momentum operators in general. 
In fact, these relations can be used as the basis for a very general theory of 
angular momentum. !° 


Matrix Elements 
As we have seen in Chapters 2 to 5, occasionally we are required to calculate 


matrix elements of L? and the components of L. For example, in calculating 
the expectation value of L?, we evaluate 


Wnim |L? | Yim? = | Wil) L Wren) dr. (6.28) 


Similarly, we shall sometimes need matrix elements of spin angular momen- 
tem operators. 

These matrix elements are defined by simple matrix multiplication—for 
example, 


56 al ial eo E 4 (6.29) 


where the row vector x' is the adjoint of x, the complex conjugate of the 
transpose of y: 


x=". (6.30) 

For the eigenfunctions % and f, we have from Eqs. (6.21) 
<a|S?|a>= 3h? and <B|S?| B> = 3h’, (6.31a) 
<a|S?|B>=0 and <fB|S?|a>=0. (6.31b) 


We sometimes write matrix elements in a form that explicitly reminds us 
the value of the quantum numbers s and m,, 


<a lS? 8> = G + 419714, —D- (6.32) 


10A clear presentation of this often-difficult theory can be found in M. E. Rose, 
entary Theory of Angular Momentum (New York: Wiley, 1957). 
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Using this notation, we can write the matrix elements of the spin operators: 
< m, |S? 4, m> = GD? Sma mes (6.33) 

<4, m, |S.1 4, m, > = mB On, mis (6.34) 

where Ôm, my is the Kronicker delta of Eq. (1.27). 
Exercise 6.4 Derive Eqs. (6.33) and (6.34). 


Raising and Lowering Operators 


It is useful to introduce operators S, and S_, defined by analogy with L, and 
L_ as [see Eqs. (2.66)] 


SESE, (6.35) 


(Note that St = S_ and St = S,.) Operating on an eigenfunction y,,,, with 
S. yields an eigenfunction of S? and S, with eigenvalues s(s + 1)h? and 
(m, + 1)h. Thus the effect of S, is to “raise” or “lower” the value of m,: 


SeX1/2am, = BX1/2,me1° (6.36) 


By definition, we say that 
SyX1212=90 and S-Xin, -172 = 0. (6.37) 
The matrix elements of S, are simply 


Hm, |Sa| gm = DAG F MIE E My) Ömr, +1 (6.38) 


Exercise 6.5 (a) Use the definition of S, and S,, in terms of the Paull 
spin matrices, to verify Eqs. (6.36) and (6.38). 
(b) Show that St. = S_ and St = S,. 


It is not easy to say much about the physical significance of the results 
this section. The commutation relations of Eqs. (6.26) specify that it is n 
possible to find a state of the electron in which two components of S 
simultaneously sharp. However, Eq. (6.27) tells us that there are states i 
which the square of the magnitude of S and a single component are simul 
neously well defined. For example, œ is simultaneously an eigenvector of t 
operators S? and S,, just as Y,,,(8, g) is simultaneously an eigenfunction 
the operators L? and L,. 


6.5 SOME CONCLUDING REMARKS 


In this chapter we have briefly examined the unusual idea of electron spi 
In the experimental observations reported in Sec. 6.1, we found facts ti 


began to cast doubt on the Schroedinger theory, and it was necessary to 
adopt the hypothesis of Goudsmit and Uhlenbeck, set forth in Sec. 6.2. We 
postulated a new observable—electron spin—represented by the operator S, 
which could assume two independent orientations corresponding to m, 
= +4 and m, = —4. 

It is important to notice that since the eigenfunctions y,,,, do not depend 
on spatial variables, differential operators do not affect them. These functions 
satisfy the eigenvalue equations (6.7) and (6.8). We should also keep in mind 
that spin is an intrinsic angular momentum, a fundamental quantum mechan- 
ical property of the electron independent of its environment (like mass and 
charge), and that its properties are formally analogous to those of orbital 
angular momentum. 

The peculiar nature of spin angular momentum is reflected in the fact that, 
unlike orbital angular momentum, it has no classical counterpart. Recall that 
the magnitude of the orbital angular momentum is given by |L| = 
/&(E + Dh. In the classical limit h — 0, we only need take £ “big enough” 
(f — co) to be left with a nonzero angular momentum. However, the 
magnitude of the spin angular momentum is |S] = ,/s(s + Dh, and since the 
value of s is restricted to +4, if ħ — 0 it follows that |S|— 0. Spin disappears 
in the classical limit. 

The electron is by no means unique in possessing spin angular momentum. 
Indeed, it is one of a host of other particles, generically termed fermions, 
which have half-odd-integral values of s. Other fermions are protons and 
neutrons. In addition, there is another class of particles, the bosons, which 
have integral spin. An example of a boson is the deuteron (see Prob. 3.2). It 
turns out that there are dramatic differences in the properties of fermions 
and bosons, and we shall explore them in a later chapter (Chapter 8). 

We are now prepared for the final stage in our study of the hydrogenic 
atom; we must reexamine the theory of Chapter 3 in the light of the new 
development of spin. 


7 


Spin in the 
Hydrogenic Atom 


Upon a slight conjecture | have ventured on a dangerous journey, and | already 
behold the foothills of new lands. Those who have the courage to continue the 
search will set foot upon them... 

Immanual Kant, 1775 


In Chapter 3 the time-independent Schroedinger equation for an isolated 
hydrogenic atom was solved. In particular, we first separated the center-of- 
mass and relative motion and then solved for the eigenfunctions and eigen- 
values of the equation of relative motion, which was found to be 


HO Wim (T) = EX Witm{X)> (CB 


where a superscript (0) is appended to 3C, y,/,,(r), and E, as a reminder 
that these quantities neglect spin.' The Hamiltonian 3 is 


h? 1 0/29), 1 7, Ze? 
liane 75 a ar) Ta y 15 


1We have also used m, for the magnetic quantum number so that it will not 
confused with the spin quantum number ms. 


The stationary-state eigenfunctions y{?), (r) describe the spatial distribution of 
the electron; that is, | y{2),,(r) |? dr is the probability that the electron will be 
found in volume element dr at position r. 

In this analysis, we viewed the hydrogenic atom as consisting of two 
structureless particles, a proton and an electron, whose interaction is given by 
the familiar coulomb potential energy. 

But we learned in Chapter 6 that the electron is not structureless; it pos- 
sesses a fourth degree of freedom, its intrinsic or spin angular momentum. 
Thus it is not enough to specify the spatial distribution of the electron; we 
must also specify its spin state. We do this via the spin eigenfunction 7,,,,. 
This function satisfies the eigenvalue equations 


S? Xam, = AS + 1)B?Xem, (7.3a) 
Sla = MUO es (7.3b) 


The two spin states of the electron are “spin up” Yom, = X1/2,1/2 = & and 
“spin down” Ysm,= X1/2,-1/2 = B- 

The objective of this chapter is to reformulate the theory of the hydrogenic 
atom to take account of the spin of the electron.” 


7.1 NEW HYDROGENIC EIGENFUNCTIONS 


What might the eigenfunctions describing stationary states of the hydrogen 
atom be if we do not ignore the spin of the electron? Since spin operators 
and eigenfunctions do not depend on the spatial coordinates, we might take 
as our first guess simple product functions of the form 


Vaden (T) = W tm (T) X smi? (7.4) 


where X,m, is either « or f, depending on whether the spin of the electron is 
“up” or “down.” At first, this product form seems reasonable; W 5tm,m,(T) is 
indeed an eigenfunction of 3€% with eigenvalue E\°. It is also an eigenfunc- 
tion of L?, L, S?, and S,. 

Unfortunately, the choice of Eq. (7.4) is not correct. The reason is that the 
Hamiltonian for the hydrogenic atom which takes into account spin is not 
3. As we shall see in Sec. 7.2, the spin and spatial attributes of the electron 
interact, giving rise to an additional potential energy term 3C,, that must be 


included in 3; that is, 


Fe = 31 + Iros (7.5) 


2The nucleus can also have spin, but we shall ignore the effects of nuclear spin in 
this book. 
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where 3C is now a matrix operator, and | is the 2 x 2 unit matrix of Eq. 
(6.15). The new term 3C., is proportional to S-L = S, L, + S,L, + S,L. 
Hence [3C,,, S,] Æ 0 and [9,,, L,] Æ 0 so that Vein, is not an eigenfunction 
of 3e. 

Well, then, what are the eigenfunctions of 5C? Let us call them w,(r) for 
now; they satisfy the Schroedinger equation 


Ry Ar) = Ey,(r). (7.6) 


Since X isa 2 x 2 matrix operator, y,(r) is a two-component column vector. 
Therefore it can be written as? 


9128) 
= > 7.7. 
rD eA e 
or VAT) = p11) + p-1720)2, (7.8) 


where we have used the definitions of œ and £ [Eqs. (6.19) and (6.20)] in the 
last step; g,/.(r) and g_,,,(r) are as-yet-unknown functions of r. Although 
we have not yet determined the precise form of these functions their inter- 
pretation is clear; | g,/.(r) |? dr is the probability that the electron will be found 
in a volume element dr centered on r with spin “up.” Similarly, | @_,/2(r) |? dr 
is the probability that the electron will be found in dr at r with spin “down.” 

Since [5C, S,] + 0, w,(r) is not an eigenfunction of S,. Thus we know that 
in general neither g,/.(r) nor g_,,2(r) can be zero for all r. Moreover, we can- 
not label the new eigenfunction y,(r) by the quantum number m,, since 
y(n) is the sum of two terms, each of which corresponds to a different m,- 
[Since both terms correspond to s = 4, we could label y,(r) by the quantum 
number s.] 

This knowledge is rather limited. Clearly, we must solve the time-inde- 
pendent Schroedinger equation (7.6) for y,(r) and E. Unfortunately, this 
equation is very complicated, and approximation methods are required. 

Let us turn now to a derivation of the new potential energy term 3C,,. We 
shall see that 3C,, is small, an observation that will lead us to use time-inde- 
pendent perturbation theory to solve for approximate wave functions and 
energies of the hydrogenic atom. 


7.2 DERIVATION OF THE SPIN-ORBIT INTERACTION TERM 


The term 3C,, arises because the electron has associated with it a spin magnetic 
moment M, = —(g,8/h)S [see Eq. (6.6)]. This magnetic moment interacts 
with a magnetic field B at the electron; in the electron’s rest frame, this field 


3Notice that Eq. (7.8) is just an expansion of y g(r), a vector in a two-dimensional 
space, in terms of « and £, two linearly independent vectors that span the space. The coeffi- 
cients are g1/2(r) and g_1/2(r), and both are functions of the spatial coordinates. 


is due to the motion of the positively charged nucleus around the electron. 
Thus we have #,, = —M, +B. We shall now amplify these introductory 
remarks and derive an explicit expression for the operator 3C,,. In particular, 
we shall consider the problem “classically” and obtain an expression for the 
potential energy of interaction V,,; replacing observables with their operators 
in V,,, we shall then write an expression for 3,,. 


Classical Analysis 


Suppose that we view the electron as moving in a circular orbit around the 
nucleus with velocity v.* Let us fix the coordinate frame on the electron rather 
than on the nucleus, remembering to transform back to a frame fixed on the 
nucleus at the end. The electron sees the nucleus of charge +Ze at position 
—r moving in a circular orbit with velocity —y. The electron experiences an 
electric field due to the nucleus, 


Ze Ze 
Er) = at =a (7.9) 
To the electron, this electric field appears to be moving along with the nucleus. 
Now, a charged particle in a time-varying electric field experiences a magnetic 
Seld whose magnitude is given by the classical expression’ 


ise —tixE, (7.10) 


The momentum of the electron in the rest frame of the nucleus is p = m,v. 


Hence we can write the magnetic field as 


1 
m.c 


B= 


Exp. (7.11) 


bstituting Eq. (7.9) into (7.11), we obtain 


Ze 


B= mare P; (7.12) 
Ze 
B= ae (7.13) 


The magnetic field interacts with the spin magnetic moment of the elec- 
n, giving rise to a potential energy V,,; that is, 


V = —M, +B. (7.14) 


4This assumption is not absolutely necessary, but it does simplify the ensuing 
gnalysis and leads to the correct answer. b 

5See Edward M. Purcell, Electricity and Magnetism (New York: McGraw-Hill, 
1965), Chap. 5. 
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Since M, = —(g,f/h)S, we can write this result as 
v,, = 25.8, (7.15) 
or Vig & sS T, (1.16) 


where we have used g, = 2, 8 = eh/2yc, and have set y = m,. 

Remember that this result was derived in a coordinate frame fixed to the 
electron; we must transform it to a frame fixed to the nucleus. As a conse- 
quence of this transformation, we find that the preceding result for V,, is too 
large by a factor of 2. Thus Eq. (7.16) must be multiplied by 4. This mysterious 
factor of 4 arises because M, undergoes a precession even in the absence of a 
magnetic field.® Accepting this purely kinematic relativistic effect, we see that 
the final answer for V,, is 


me 5a(q)S-L- (7.17) 


Quantum Mechanical Operator 


It is now a simple matter to substitute into Eq. (7.17) the operators for spin 
and orbital angular momentum to obtain 


Spin-orbit 
a Ze? (EJs. interaction (7.18) 


10. — a P \ os acuon 
2mzc*\r Hamiltonian 


Notice that 3C,, is proportional to 1/r3 and to S+ L. This is the term that must 
be added to 3C in order to obtain the full Hamiltonian for the one-electron 
atom. 

If we were to ignore 3C,, in a treatment of hydrogen (Z = 1), the energies 
of the system would simply be the familiar hydrogenic energies E{° = 
—(13.596)/n? eV; for example, E(® = —13.6 eV, ES = —3.4 eV. How big is 
3C,, compared to these energies? From Appendix 3 we know the expectation 
value of 1/r?; let us make the rough estimate <r~3), ~ 1/(n3a3), where ay is 
the first Bohr radius, a) = ħ/ pe? = 0.529 A. The expectation value of S-L 
is of the order of h?. Hence the term 3C,, is roughly of the order of 10~* eV. 


6Called Thomas precession, this relativistic effect was first presented by L. H. 
Thomas in Nature 117, 514(1926). Its derivation is somewhat tedious but not difficult. Two 
different discussions may be found in Robert M. Eisberg, Fundamentals of Modern Physics 
(New York: Wiley, 1961), Chap. 11, and Robert B. Leighton, Principles of Modern Physics 
(New York: McGraw-Hill, 1959), Chap. 5. Eisberg derives Thomas precession by a straight- 
forward relativistic velocity transformation. Leighton uses an argument based on time 
dilation, 


Exercise 7.1 (a) Using the values of the fundamental constants given in 
Appendix 1, verify that <3C,,> ~ 10-4 eV. 

(b) Obtain a numerical estimate of the magnitude of the field B due to 
the nuclear motion around the electron (in gauss). 


Clearly, 3,, is small and can be treated as a perturbation. Thus we propose 
to obtain the new wave functions y ,(r) and energies E; to first order from the 
familiar formulas [see Eqs. (4.21) and (4.23)] 


Ey = EP + Sy} || wis (7.19) 
(0) e (0) 
vr) = yi) 4 ea = a 2y(r). (7.20) 


The zeroth-order energies E{” are merely the hydrogenic energies obtained in 
Chapter 3, and we could use the functions y{2), (tf) = W{2).(1)Xem, aS zeroth- 
order wave functions y{® in these equations. However, doing so leads to an 
unpleasant algebraic problem; because of the degeneracy of the functions 
wi m (T) it would seem that we must use the techniques of Sec. 4.6. Since there 
are 2n? degenerate functions corresponding to each E\°, we must cope with 
enormous determinants and algebraic equations for all but the smallest values 
ofn. We could do so, of course, thereby obtaining (along with the perturbed 
energies) new degenerate zeroth-order wave functions, each of which would 
be a linear combination of the old functions y{?),m,(t); see Prob. 7.3. 

Instead let us see if the physical properties of the hydrogenic atom can 
be used to determine the form of new zeroth-order eigenfunctions that sim- 
plify the application of perturbation theory. 


7.3 COUPLING OF SPIN AND ORBITAL ANGULAR MOMENTA 


In Sec. 7.1 we saw that, for a hydrogen atom, the projections of L and S 
along the 2 axis, L, and S,, are no longer well defined when we take the spin 
of the electron into account. Hence we cannot use the quantum numbers m, 
and m, to label eigenstates of the full Hamiltonian i. 


The Total Angular Momentum 


These results are a consequence of the fact that the spin-orbit interaction is 
proportional to S.L. From a more physical point of view, we can think of 
the effective magnetic field due to the orbital motion of the electron as exert- 
ing a torque on the spin angular momentum. This torque couples L and S 
in such a way that both vectors precess about a resultant vector J, defined as 


J=HL+5. (7.21) 
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The total angular momentum, J, is the vector sum of the orbital and spin 
angular momenta. [Equation (7.21) is analogous to classical angular momen- 
tum coupling, in which the total angular momentum for a system is the vector 
sum of the angular momenta of all parts of the system.] 

Equation (7.21) defines a new quantum mechanical operator J, the total 
angular momentum. In classical physics the total angular momentum of 2 
system is a constant of the motion provided that the system is free of external 
forces. In quantum physics J is a constant of the motion if each of its com- 
ponents commutes with the Hamiltonian. In the absence of external torques, 
the Hamiltonian is 3€ = %1 + F, and J is a constant of the motion, since 


[JH] =0, [J,H]=0,  [J,, 3] =0. (7.22) 
Exercise 7.2 Verify Eqs. (7.22). 


In terms of a vector model, we can visualize L and S precessing with the 
same angular frequency about the vector J as shown in Fig. 7.1. We must add 
our usual cautionary note to this picture. This is merely a useful device, not 
a physical picture of the “motion” of these vectors. 


Figure 7.1 Precession of L and S about the total angular momentum 
vector J. 


Properties of J 


Since J is the sum of L and S, it is a matrix operator. To see what J really 
looks like, let us use Eqs. (2.35) and (6.12) for the operators L and S in order 
to write out its components: 


in in(sin 9 8 + ctn 8 cosg Jlo a + 3 0)? (7.23a) 
a cosg 5 — ctn d sing È) Jlo i) + +; p (1.230) 


ð /1 Al zlo i) 
= —ih é 7.23 
K oes ea Gee 


where J = &J, + §J, + 2J,. Each of the components J,, J,, and J, contains 
2 x 2 matrices and differential operators. 

As always, the essence of an angular momentum operator lies in its com- 
mutation relations. From the familiar commutation relations for L and S, 
we find’ 


JoJ] =J, [Jp J] = ib] [aJ] = DI, (1.24) 


Therefore eigenfunctions of # for which more than one component of J is 
sharp do not exist. A more accurate vector model than that of Fig. 7.1 would 
have L and S precessing about J, which itself precesses around one axis, say 
the 2 axis. Such a picture appears in Fig. 7.2. 


Figure 7.2 Vector model of the coupling of Land 
S and precession of L, S, and J. 


The operator for the square of the total angular momentum, J?, is 
J* = J2 4-32 + 32. (7.25) 
Exercise 7.3 Use Eqs. (7.23) to write out J? explicitly. 


is not hard to verify that J? commutes with 3¢ and with each component of 
z that is, 
[5C, J?] = 0, (7.26a) 


[i007] =0,  [Y,,74]=0, DEIS: (7.26b) 
inally, we note that J commutes with L? and S?: 
[¥..L7]=0, [J,,L7]=0, [v.17] O, (7.27a) 


7Commutation relations of this form seem to appear every time we discuss an 

Jar momentum. In more formal theories it is precisely these relationships that define a 

tum-mechanical angular momentum operator. See M. E. Rose, Elementary Theory of 
ular Momentum (New York: Wiley, 1957). 
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[Jn S] =0, [J,,S7]=0, [Jp S°] = 0. (7.2 
Therefore J? commutes with L? and S?: 


[J?, L?] = [J?, S?] = 0. (7. 


Exercise 7.4 Derive Eqs. (7.26), (7.27), and from them Eq. (7.28). 


These commutation relations, together with Eq. (7.22), indicate that 
the operators 3¢, L?, S?, J?, and J, commute with one another. Therefore 
can find simultaneous eigenfunctions of all these operators. (We could 
chosen J, or J, instead of J,; the choice of J, is the most convenient one 
Let us call these eigenfunctions y,,,,,,(r). (Remember that s = 4.) They 
two-component vector functions that satisfy the eigenvalue equations 


HY nejm) = Entjm Y ntim T), 

L Yatim E) = EE + 1h? Wnty lT), 
S Y ntm T) = FL? Y nejm (T), 

T W ntin E) = FG + DE Yatim), 
J-Y neim T) = Mj DY niim (T). 


We have introduced two new quantum numbers, j and m,. They are de 
by the eigenvalue equations (7.32) and (7.33). Since J = L + S, the qu 
tum numbers j and m, can take on the values? 


jal+he—-4 
m=—j,—j+1,...j—Li 
for a given ¢. 


Back To Perturbation Theory 


Let us look at Eq. (7.29). It is precisely the time-independent Schroedin 
equation for the hydrogenic atom (including spin), Eq. (7.6). This is 
equation that we wish to solve, using perturbation theory, for the eigenfu: 
tions Yntjm (T) and eigenvalues E,,;,,,. Are we any closer to being able to do so 

Yes, indeed. The key point is that J? and J, commute with # as w 
as with JC; that is, 


[J?,5¢] =0 and [J,, KO] =0. (7.3 


8This follows from the rules of vector coupling, since s = 4. See thevreference & 
footnote 10 of this chapter, 


This result follows from the definitions of 3c% and J [Eqs. (7.2) and (7.21)]. 
Since L? commutes with each component of S and L, we have [J,, 30%] = 0, 
and since J? can be written 


J? =J- J= (S + L). (S + L), (1.36) 
or J? = S? + 1? + 2(S+ L), (7.37) 
we have [J?, 3¢‘] = 0. Hence there exist simultaneous eigenfunctions of the 
operators 3C, L2, S?, J?, and J,. They are eigenfunctions of dC‘ (zeroth- 


order eigenfunctions), so let us call them y‘9),,,(r). They satisfy the zeroth- 
order time-independent Schroedinger equation 


ICO Wem AE) = E Wim T) (1.38) 


and the eigenvalue equations (7.30) to (7.33). They do not satisfy Eq. (7.29). 
Suppose that we use these zeroth-order functions in the perturbation 
theory equations (7.19) and (7.20), watching carefully for degeneracy prob- 

lems. The first-order energy of the state (néjm,) would be 
Entim = E Wits | Iso l| Wiem» (7.39) 


and the first-order perturbed wave function of this state would be 


Parn (T) = Wn (E) + Plong alpin y nlr). (7.40) 


wt ims Dom 


where we notice that the sum over (n’é’j’m') does not include (néjm,). But the 
perturbation Hamiltonian 3¢,, can be written 


2 
K =Z (F) S?— L, (7.41) 


4mic* 


where we have used Eq. (7.37). Since the set of unperturbed functions {W $} m, 
is orthonormal and each function in the set is an eigenfunction of J?, J., 1, and 
S?, the matrix elements in Eq. (7.40) become 


wr ly “ms ilIa | Wilm? = We VE jm) |5C,, | Wm by; Ove Don (7.42) 


Then the first-order perturbed wave function is simply 


0 (0) 
Vout) = Wn + Sy UBL Co aye g(a). (7.43) 


Since the summation in this expression contains only matrix elements between 
states (néjm,) and (n'¢jm,), which have different zeroth-order energies EP 4 


166 Spin in the Hydrogenic Atom Chap. 7 


E$, we encounter no degeneracy problems and can use Eq. (7.43) directly 
to calculate Wnt (r) as desired. [Similarly, we could calculate the energy 
correct to second order by using Eq. (4.33).] 

Let us summarize briefly. We have introduced spin into the theory of the 
hydrogenic atom, finding that the spin interacts with the spatial attributes of 
the electron, specifically with an effective magnetic field due to its orbital 
angular momentum. This fact leads to a new term 3C,,, which must be added 
to K to give the full Hamiltonian of the isolated atom. It also leads to @ 
coupling of L and S to form the total angular momentum J. As a result of 
this interaction of the two angular momenta, S, and L, are not sharp for 
eigenfunctions of 3. 

We found justification for using perturbation theory in the fact that 3. 
is small. In order to avoid the degeneracies that characterize the zeroth-order 
functions y{9), m(t), we chose to use the alternative zeroth-order functions 
Vn C). 

Two tasks remain: to find explicit expressions for the functions y/),,,(F) 
and to use these functions to evaluate approximate energies and wave func- 
tions of the hydrogenic atom. 


The New Zeroth-Order Functions 


Let us tackle the first task (the second is the subject of Sec. 7.4). The functions 
Y {i)m (T) are two-component vectors; each component is a function of r. We 
have available another set of two-component vectors, each component of 
which is a function of r—namely, {y‘9),_,.,(r)}. Moreover, this set is complete. 
Therefore we can expand each function y(9),,,(r) in the form? 


Wim) = D amm, Whim, (T), (1.48) 
mame 


where the expansion coefficients a,, ym, are real numbers called Clebsch-Gordar 
coefficients. They are often written so as to display all the angular momentum 
quantum numbers: 


amm, = <l} mm, |t $j my. (7.45a) 


These coefficients can be looked up in tables like those in Appendix 4 or 
derived explicitly.'° In general, the Clebsch-Gordan coefficient satisfies 


9We do not sum over n or £ in this expansion, since both Wm E) and WIE), om AEP 


are eigenfunctions of 3’ and L?. We only include functions y‘9), ,m,(r) in the summatios 
that have the same principal and orbital angular momentum quantum numbers as those of 
the function y/?),,,,(r) that we are expanding. 

10See, for example, Albert Messiah, Quantum Mechanics, Vol. 2 (Amsterdam= 
North-Holland Publishing Co., 1966), pp. 560-563. 


A(é, s, j) 
<ésm.m,|€sjm;> =0 unless and (7.45b) 

m; =m + m, 
where A(C, s, j) is shorthand notation for the restriction | — s| Sj < £ + s. 
Equation (7.45b) holds for any allowed indices £, s, m, m,,j, and m,. Equa- 
Son (7.44), then, is the desired expression for W{?}m,(r). (See Prob. 7.2 for an 
example of the calculation of Clebsch-Gordan coefficients for the n = 2 
states of hydrogen.) Next, we shall substitute the expansion (7.44) into Eqs. 
17.39) and (7.43) in order to calculate first-order approximations to Wii}jm{r) 
Bnd Ejn: 


7.4 SPIN-ORBIT INTERACTION ENERGY CORRECTION 


The unperturbed hydrogenic energies are [see Eq. (3.62)] 
E” = -Z(E (1.46) 


To first order, the perturbed hydrogenic energies are given by Eq. (7.39); 
that is, 


Entim = EL) + Wins | sol Wm» (7.47) 


where we are using the eigenfunctions of Eq. (7.44) as the zeroth-order wave 
fenctions. For any particular state (n¢jm,), we can look up the appropriate 
Clebsch-Gordan coefficients and form 


Whim (T) = 3 >) Ed m ms| Ef j mò Yrm). (1.48) 


The matrix element in ai is easily evaluated if we use the form [see 


Ea. (7.41)] 


za Pe m 
a L? — $4} (7.49) 


After a little algebra, we obtain (for £ 4 0) 


= — 4 epee rat rea) 
Eqs = ES +2152 Pea (7.50) 


where we have introduced the fine-structure constant œ, defined by 


gee (7.51) 
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Exercise 7.5 Derive Eq. (7.50). 


Notice that the first-order perturbed energy depends on the quantum 
numbers n, l, j, and s (= 4) but not on m,; this fact is reasonable, since IC, 
in Eq. (7.49) does not explicitly contain J,. Thus the effect of the spin-orbit 
interaction is to lift some of the degeneracy of the nth level of the “spinless™ 
hydrogenic atom. The level that in Chapter 3 was n?-fold degenerate with 
energy E{° and wave functions y‘0},,,(r) or w9, m,(T) is revealed to consist of 
a number of separate levels when spin is taken into account. Each of these 
new levels has energy E£,,, given by (7.50) and is (2j + 1)-fold degenerate. 

We could go on to calculate the wave functions y,,;,,(r) to first order 
by simply substituting the expansion (7.48) for y(9},,(r) into (7.43) and 
evaluating the largest terms in the summation. Similarly, we could calculate 
higher-order corrections to the energy, using the standard equations of time- 
independent perturbation theory. 

With one exception, this completes our revision of the theory of the one- 
electron atom. It turns out that there is one additional correction to the 
energy, the so-called relativistic correction. A derivation of this correction 
term requires the use of Dirac theory, which is beyond the scope of this text.** 
The point to be retained is that this correction term is of roughly the same 
order as the spin-orbit correction, ~10~* eV, and is simply added to E,,, to 
obtain highly accurate values for the energies of the one-electron atom that 
agree very well with spectroscopic observations. !” 


7.5 THE ZEEMAN EFFECT 


In Chapters 4 and 5 we explored the behavior of a hydrogenic atom (without 
spin) in the presence of an external field. Now that we have seen how to cor- 
rect the Schroedinger theory to include electron spin, let us consider an exam- 
ple in which the hydrogenic atom is exposed to an external field. In particular, 
we shall discuss the effect on the atom of a static, homogeneous, external 
magnetic field; this is called the anomalous Zeeman effect. 

In general, the term Zeeman effect refers to the splitting of energy levels 
that occurs when an atom is placed in an external magnetic field. If the field 
B is very strong, then the potential energy term due to the spin-orbit interac- 
tion 3C,, is small compared to the term due to the interaction of the atom 


11§ee, however, Robert M. Eisberg, Fundamentals of Modern Physics (New York: 
Wiley, 1961), pp. 353-355, for a derivation of the correction term for ¢ > 0. 

12§till another effect, the so-called hyperfine interaction, takes into account the 
interaction of the spin of the electron with the spin of the nucleus, which we have ignored. 
The correction term is of the order of 10-7 eV and thus is too small to be observed in most 
spectral observations. See, for example, H. G. Kuhn, Atomic Spectra (New York: Academie 
1969), Chap. 6. 


ith the field. However, if the field is weak, then the two interaction terms 
be of comparable magnitude and both must be included as perturbations 
the full Hamiltonian. 

If the field is homogeneous and directed in the z direction, we can write 


B= B,2. (7.52) 


potential energy due to the interaction of the magnetic moment of the 
tron with the magnetic field is —M » B. Since the electron possesses both 
orbital magnetic moment M, = —(g,$/h)L and spin magnetic moment 
= —(g,B/h)S, the total one-electron magnetic moment is 


z 


M=M, +M, (1.53) 
M= =h + 25), (1.54) 


re we have used g, = | and g, = 2. [Recall that 3 is the Bohr magneton, 
= eh/2yc, of Eq. (3.101).] Since B is directed parallel to 2, the potential 
rgy term due to the interaction of the atom’s magnetic moment with the 
is —M,B,. 

If we choose the zeroth-order Hamiltonian to be that of the isolated 
sdrogenic atom without spin, Eq. (7.2), then the perturbation Hamiltonian 
st contain both the term due to the spin-orbit interaction and the term 
M.B,; that is, 

Ie) = Ko — M_B,. (7.55) 


e full Hamiltonian for the one-electron atom in the field B is then 
H= HK + HM, (7.56) 


We shall treat the problem via time-independent perturbation theory, 
ing the functions y({9},,,(r) as zeroth-order eigenfunctions. The energy of state 
‘jm,), correct to first order, which we shall call Eyejm,s is 


Em = Ents -BKW ns | Mel Wield» (7.57) 


ere E,,, is given by Eq. (7.50). 
All that remains is the evaluation of the matrix element of M,. The z 
mponent of the total one-electron magnetic moment is 


B 
M, = —+-(L, + 28.) 


ll 


£04, + 5), (7.58) 
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where we have used the fact that J, = L, + S,. Therefore the energy E,,,. 
can be written 


Enemi = Eats + SEQ Bm lIe + Sel ¥ 2m? a. 


The result, correct to first order, is (see Prob. 7.4) 


Exum; = Eny + gBBzm;, 


where g is the so-called Landé g factor, 


= Xj + 1) + s(s + 1) — &(6 + 1) 
ray JUF) ug 


Thus the application of an external magnetic field in the z-direction lifts the 
one remaining degeneracy in the energy of the hydrogenic atom. Each level 
now has an energy E,,;,, and a corresponding wave function y,¢jm,(r), Which 
can be obtained by perturbation theory. The splitting of the m, degeneracy 
induced by the magnetic field is of magnitude g8B,m,; notice that this split- 
ting increases with increasing B,. 

So long as the m, splitting (“Zeeman splitting”) is small compared to the 
j splitting (“spin-orbit splitting”), the procedure outlined here is valid and 
Eq. (7.60) is a good approximation. However, at very large B,, the term 
—M,B, becomes more important than 3C,, and Eq. (7.60) is incorrect. [The 
effect of a strong magnetic field on the states of a hydrogen atom is called 
the Paschen-Back effect (see Prob. 7.4f).] 

When several perturbations are acting simultaneously, it is often best te 
treat them individually, in decreasing order of importance. Thus, in our 
example, for small fields B,, we first allowed for the spin-orbit coupling by 
choosing y;9),,(r) as the basis functions. If B, is very large, a better choice 
would be wih, (£). In cases where the two perturbations are of approxi 
mately equal importance, either choice is appropriate. 


7.6 THE SAGA OF GOOD AND BAD QUANTUM NUMBERS 


A great profusion of quantum numbers has appeared in our study of the 
hydrogenic atom. Before bringing that study to a close and moving on te 
multielectron atoms, let us take a last look at the situation vis-a-vis these 
quantum numbers. 

We saw in Sec. 7.1 that, in the presence of the spin-orbit interaction, L. 
and S, are not sharp, and the corresponding quantum numbers m, and mis 
cannot be used to label the eigenfunctions of the Hamiltonian 3C; we say that 
m, and m, are no longer good quantum numbers. 


A quantum number is simply a parameter that labels eigenvalues of a 
quantum mechanical operator. If this operator is a constant of the motion!? 
then the wave function of a particular stationary state of the system may be 
chosen in such a way that it is simultaneously an eigenfunction of the opera- 
tor. In such a case, the quantum number is called a good quantum number, 
since it can be used to characterize the state. Good quantum numbers are 
usually chosen as labels for the eigenfunctions of the Hamiltonian of the sys- 
tem. 

For example, consider again the one-electron atom, first ignoring the 
spin-orbit interaction. We have the following constants of the motion and 
corresponding candidates for good quantum numbers: 


geo L2 


Constants of the motion 


“Good” quantum numbers 


Since we are ignoring I,e, both y{?},,(r) and w{?} m (r) are perfectly good 
Hamiltonian eigenfunctions. Note that L,, Ly, Sx, Sy, J,, and J, are constants 
of the motion, and the eigenvalues of these operators could also be used as 
good quantum numbers. However, L, and L, do not commute and so do not 
share simultaneous eigenfunctions. Each of the operators L, and L, shares a 
different eigenfunction with the Hamiltonian. We prefer to work with eigen- 
functions of 3€ and the z-components of the angular momentum operators. 

When the spin-orbit interaction is included, L, and S, are no longer con- 
stants of the motion. Consequently, m, and m, are no longer good quantum 
sumbers and cannot be used to label eigenfunctions of 3. 

A moment’s thought will reveal a perplexing anomaly. Due to the pre- 
sence of the r~? term in 3C,,, IC does not commute with 3). Therefore when 
the spin-orbit interaction is included, 3C itself is not a constant of the 
motion, and the principal quantum number » is not a good quantum number! 
How, then, do we justify using it to label the eigenfunctions Wy.jm,(r)? 

The answer is that n is approximately a good quantum number. To see what 
this statement means, consider the first-order wave functions that would be 
ebtained from a perturbation theory calculation based on Eq. (7.43). It is 
clear from this equation that n is “spoiled” as a good quantum number, 
since eigenfunctions of different values of n are mixed by the perturbation. 
However, the terms in the infinite summation that are proportional to 
Fem; |H,o| We} n> are certainly no larger than <y{),,, | Cso] Wim p» Which is 


mijm 


13Recall that a constant of the motion of a system is a Hermitian operator that 
commutes with the Hamiltonian of the system. 
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simply the first-order correction to the energy [see Eq. (7.47)]. From Eq. (7.50) 
we see that 


(0) 19¢ OMe er Sts EW 7.62 
Wm |FCs0| Wm? = IEP], (1.62) 
2n 


where aS 10. (7.63) 


Since the energy denominators in the summation terms in Eq. (7.43) are of 
the order of E, the mixing of states with n’ 4 n is very small, y{9),,,(r) is a 
good approximation to the Hamiltonian eigenfunction y,,;,,(f), and n is 
approximately a good quantum number. 


PROBLEMS 


7.1 Classical Model for Precession of L and S about J (**) 


The purpose of this problem is to show that the electron spin and orbital 
motion, when considered as classical angular momenta, appear to precess about 
their resultant J. (In quantum mechanics this coupling also takes place, but it i 
described in a different way.) We shall ignore Thomas precession. 

(a) Consider the model described in the text, in which the magnetic field due to 
relative nuclear motion exerts a torque on the spin magnetic moment. Use New- 
ton’s Second Law to derive an expression for dS/df in terms of S, J, constants, anã 
the orbital radius r. 

(b) Take J as defining the ê axis and assume that dJ/dt = 0. Find and solve 
differential equations for Sx, Sy, and S,. 

(c) Discuss your results, showing that S precesses with an angular frequency 
that is independent of time. Obtain a numerical estimate for this frequency for the 
2p state of hydrogen, assuming reasonable values for all unspecified parameters. 

(d) Carry out the same analysis for the orbital angular momentum L. 


7.2 Construction of Eigenfunctions of J? and J, for the n = 2 States of 
Hydrogen—Use of Raising and Lowering Operators (***) 


Consider a hydrogenic (one-electron) atom with principal quantum nus 
ber n = 2. 

(a) If we neglect spin-orbit coupling, the states of this atom can be speci 
equally well either by the set of quantum numbers (n € m, m,) or by the set (n jm 
Write down the set of quantum numbers (2 £ m, m,) for each possible n = 2 ei 
state of this atom. 

(b) Write down all possible eigenstates of this atom, using the alternati 
description (2 £ j m;). 

(c) Now you have specified the eight possible states of the atom in two diffe: 
ways. Therefore each state in one representation must be a linear combination of 
states in the other representation. (Why?) Expressing this fact in an equation, 


write, for each eigenfunction W m; 


Wim = E D amm Y Simm, 
“g mh 
where Umm, are the expansion coefficients. Use the raising and lowering operators 
J., L+, and S+, along with the orthonormality property of the wave functions, to 
determine the expansion coefficients in each of these expansions. [HINT: Define 
raising and lowering operators J- = J, + iJ,. These operators obey the same rules 
as do L+ and S+.] 


7.3 Another Look at the n = 2 States of Hydrogen (****) 


In this problem we want to calculate the first-order correction to the 
= = 2 unperturbed energy of the hydrogen atom due to the spin-orbit interaction. 
However, instead of the formula derived in the text, we shall use the techniques of 
Sec. 4.6. 

(a) Using the zeroth-order eigenfunctions ‘9),,,, (where n = 2), set up the 
problem and calculate the matrix elements needed for the secular equation; show 
bow the secular determinant can be broken into a block structure. (The largest 
block you will have to deal with is 2 x 2.) You must think carefully about how to 
order the states in such a way that these blocks appear. [HINT: You will find it 
convenient to prove and use the identity 

S-L=}(S_L, + L-S, + 2L,S,).] 

(b) Find all eight roots of the secular determinant. (Some are very simple to 
write down.) Verify that your results agree with those given in the text. 

(c) Find all eight new zeroth-order eigenfunctions corresponding to the energies 
obtained in part (b). Show that these functions are precisely the same as the eigen- 
functions Y‘%m,(r) for n = 2 and thus are eigenfunctions of L?, S?, J? and J}. 

(d) Write the expression for the second-order correction to the energies of part 
Tb) due to the 3p states. Leave your answer in terms of the radial integrals. Indicate 
explicitly which of the 3p states are effective in the perturbation. 


7.4 The Zeeman Effect (****) 

Consider a hydrogen’atom in a uniform external magnetic field B = B,2, 
directed along the 2 axis. Our goal is to find the first-order corrections to the energies 
‘of the 2p (n = 2, € = 1) states of atomic hydrogen due to the combined effects of 
the spin-orbit interaction and the interaction of the magnetic moment of the atom 
‘end the magnetic field B. We shall use the techniques of Sec. 4.6 to handle the 
degeneracy of the unperturbed wave functions. 

(a) Take for the zeroth-order Hamiltonian 3C as in Eq. (7.2) and for the 
th-order eigenfunctions W'9}m,(r), n = 2, € = 1. How many zeroth-order states 
ere there for n = 2, £ = 1, and which ones are degenerate ? 


(b) The combined perturbations may be written 


HY = Lo -M-B=X,, — M.B., 
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where M and JC, are given by Eqs. (7.54) and (7.18) (take Z = 1). Indicate which 
of the operators L?, S2, J2, and J, commute with IC and hence with IC = 4€% 
+ #™, What does this tell you about the nature of the eigenfunctions of 5, as 
compared with the zeroth-order eigenfunctions W{2)}m,(r)? 


(c) Write expressions for all the matrix elements of H = 3 + H in terms 
of the zeroth-order energy eigenvalues, the “spin-orbit” energy, and the matrix 
elements 


Wty | Sz | Wrthym- 


Using the results of part (b), determine how to order the states so that the secular 
determinant breaks up into a simple block structure. (Be sure to label carefully 
each row and column of the determinant with the appropriate values of j and m;.) 


(d) Calculate the required matrix elements of S, by writing the function 
Walim (r) in terms of the W{?},m,(r). (Use the table of Clebsch-Gordan coefficients 
provided in Appendix 4.) 

(e) Solve for all the roots, thereby obtaining the energy eigenvalues of JC cor- 
rect to first order. Based on your results, draw an energy level diagram that shows 
how the energy levels change as the perturbations JCs and —M,B, are included 
[Draw three sets of energy levels: one for JC, one for IC + Fso, and, finally, 
one for H = KH + H,, — M,B-.] 

(f) Consider the “strong field” case where the magnetic field is very large, so 
that the spin-orbit coupling is relatively unimportant. Use the energy expressions 
derived in part (e) to obtain simple limiting forms for the energy eigenvalues in the 
strong field case. Show how you could obtain this result without the use of deges- 
erate perturbation theory. (This is called the Paschen-Back effect.) 


8 


Introduction to the 
Quantum Mechanics 
of the Multielectron Atom 


“The difficulty is to detach the framework of fact—of absolute undeniable fact—from 
the embellishments of theorists and reporters. Then, having established ourselves 
upon this sound basis, it is our duty to see what inferences may be drawn and what 
are the special points upon which the whole mystery turns.” 

Arthur Conan Doyle, Sherlock Holmes to Dr. Watson in “Silver Blaize,” The Complete 
Sherlock Holmes (Garden City, N.Y.: Doubleday & Company). 


The full theory of the one-electron atom, which was finally developed in 
Chapter 7, is the basis of the quantum theory of multielectron atoms. In 
the next three chapters we shall explore various multielectron atoms, both 
increasing our knowledge of atomic physics and preparing for the study of 
molecules, which begins in Chapter 11. As might be imagined, all multi- 
electron atoms must be treated approximately; the Schroedinger equation 
for such systems simply cannot be solved exactly. 

In this chapter we shall first present the elements of the Schroedinger 
theory for a multielectron atom and briefly discuss some features of the 
problem not encountered in one-electron atoms. Next, we begin the study of 
multielectron atoms as such by considering two useful models in one dimen- 
sion; these models enable us to understand many properties of true three- 
dimensional atoms in a relatively simple context. 
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8.1 THE MANY-PARTICLE PROBLEM IN THREE DIMENSIONS 


It is useful to begin by considering the general problem of a system with 
many (more than two) particles (e.g., electrons and nuclei) so that we can 
become familiar with the type of operators and wave functions that will 
appear throughout the remainder of this book. (Most of the results of this 
section are merely generalizations of equations in Chapter 1.) Describing a 
state of a system of, say, N particles is no trivial matter, for the wave func- 
tion ¥ must represent the entire system. Therefore Y will, in general, be a 
function of 3N spatial coordinates and the time. It must also indicate the 
spins of the particles. The system itself is described by the Hamiltonian 
3e, which is the sum of the operators for the total kinetic energy and the total 
potential energy. 


The Schroedinger Equation 


For a system of N particles with coordinates r,, masses m; (j= 1,..., N), 
and total potential energy V(r,,..., ry, t), the Hamiltonian is 


= T+V (8.1) 


eas (v) +r (8.2) 
or = 2 (=a 3) + A A ; 
where V? is the Laplacian for the jth particle; that is, 


AOE Le OB Or 
Vi = ag + a3 + oz} ea 


Every physically realizable state of the system can be represented by a 
wave function ¥(r,, . . . , ry, f) that satisfies the time-dependent Schroedinger 
equation 


RPE... Tn f) = hir, EA oa (8.4) 
The probability density is defined as 
PEGs 0005 e ty E a A e a (8.5) 


so that p(r;,..., Ty, t) dr, dr, -++ dry is the probability of finding particle 
1 at r, in volume element dr, and particle 2 at r, in dr, and... and particle 
N at ry in volume element dry, all at time t. The wave function ¥ can be 
normalized so that 


J Ati.. -sEm i) de, dr, +++ dey = 1. (8.6) 


Stationary States 


A stationary state of the system is a special state, one in which the energy is 
sharp. Stationary states exist only if the total potential energy is independent 
of time. The wave function of a stationary state of the system can be written 


PG p ajc Eyl) ELEN O (8.7) 


where yw, is an eigenfunction of the Hamiltonian 3¢ and therefore satisfies 
the time-independent Schroedinger eigenvalue equation 


Hy e(ty,.-- +0) = Eyl, . . . , Ey). (8.8) 


The eigenvalue £ is the energy of the system in this state. 

Several additional properties characterize a stationary state. In particu- 
lar, the probability density p, the probability flux density j, and the expecta- 
tion values of all time-independent operators are independent of time. For a 
time-independent operator, G, the expectation value is 


GG = foe [Py ot OME, ste £) dr, dra +++ dty, (8.9) 
(N) 
where we integrate over all spatial coordinates of the N particles. 


The Multielectron Atom 


Our main focus at present will be the N-electron atom.! The nucleus of charge 
Ze is taken as the origin of coordinates, the location of each electron is 
specified by coordinate r,, and the distance between each pair of electrons, 
Tı; is defined as 


ry = |r; — r|. (8.10) 


The Hamiltonian of the N-electron atom, neglecting magnetic interactions 
(such as the spin-orbit interaction), is 


He Se yz 7 8.11 
ae gla reese. sa (8.11) 


where m, is the mass of an electron and V(r,,..., ry) is the total potential 
energy, 


rj Ja Fij 


1The N-electron atom is actually an (N + 1)-particle system if we take the 
nucleus into account. However, the nucleus is much heavier than the electrons and can be 
approximately considered as infinitely massive (see Sec. 3.2). 
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V(r,, ..., ry) is simply the sum of the (negative) contributions arising from 
the attractive coulomb interaction of each electron with the nucleus and the 
(positive) contribution due to the repulsive coulomb interaction between 
each pair of electrons.” Notice that V is independent of time. 


8.2 IDENTICAL PARTICLES AND EXCHANGE SYMMETRY 


A one-electron atom consists of two clearly distinguishable particles—an 
electron of mass m, and charge —e and a nucleus of mass m, and charge 
+Ze. On the other hand, an N-electron atom consists of a nucleus and N 
electrons. All the electrons have the same mass and charge; they are identical 
particles, and therefore one electron cannot be distinguished from another. 

In quantum mechanics the word “indistinguishable” has a precise 
meaning.? Suppose that we interchange the coordinates (and spins) of two 
particles. If it is not possible to determine by a physical measurement that a 
change in the system has been made, then the particles are said to be indis- 
tinguishable. Thus all measurable quantities must be unchanged by the inter- 
change of indistinguishable particles (e.g., the probability density and the 
expectation value of a Hermitian operator). 

If the coordinates of two electrons, say r; and r,, are interchanged, the 
Hamiltonian 3¢ of Eq. (8.11) remains unchanged. We say “the Hamiltonian 
of a system is invariant with respect to the interchange of any two electrons.” 
This property of & is called exchange symmetry. 

We can express the exchange symmetry of the system mathematically by 
introducing the particle interchange operators P;;. For particular i and j, P;; 
simply interchanges the coordinates (and spins) of particles i and j so that, 
for example, 


PPOs Py iss ces twit) = VEx lis fas aos ta D: (8.13) 


Thus, in general, we say that the Hamiltonian of a system is invariant with 
respect to the interchange of any two identical particles; that is, 3€ commutes 
with all the operators {P,;}: 


Exch: 
Re PA = 0 | ernt (8.14) 


2You should convince yourself that the summation in the second term of Eq. 
(8.12) is correct. The point is that we must include each interaction only once. This term 
may also be written as 


E a a re a 
PAC) ro ae es S 


3Robert H. Dicke and James P. Wittke, Introduction to Quantum Mechanics 
(Reading, Mass: Addison-Wesley, 1960), Chap. 17. 


Example 8.1 
Two Particles in Identical One-Dimensional Potentials 


Consider a simple one-dimensional system consisting of two particles of 
mass m in identical harmonic oscillator potentials. If the particles interact 
with one another via a potential energy V’(x, — x,) = 4k(x, — x), the 
Hamiltonian is (assume spinless particles) 


ee he, 1 2, 
P= on dt moe ae 


ma*x} 4 lke, Bee eh 


(8.15) 


1 
2 


Since operation on H by P,, simply reverses the subscripts 1 and 2, we 
can write the operator equation 
P,,5 = KP, (8.16) 
or 
[Pi2, 3] = 0. (8.17) 


The operator P,; is an example of a symmetry operation. For any sys- 
tem, the symmetry operations are defined by operators that leave the Hamil- 
tonian of the system unchanged—that is, that commute with dC. In general, 
a symmetry operation operates on all coordinates of all particles in the sys- 
tem. All the operators P,,, P23, Pan, etc., are symmetry operators of the 
N-electron atom. Another frequently encountered symmetry operation is 
inversion 4, which simply inverts the coordinates of all particles; that is, 


DET s i t) = P(—r,, —I...-5 —Tys 2). (8.18) 
We shall return to the subject of symmetry operations in the study of mole- 


cules (Chapter 15). 


Exchange Degeneracy 


Let us see what consequences the exchange symmetry of the Hamiltonian 
has for the eigenfunctions w,(r,,t,...,%y). These functions satisfy the 
time-independent Schroedinger equation 


Ry, = Ey». (8.19) 
Operating on this equation with P,,, we obtain 


P, Rye = PEW es (8.20) 
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which, since [5C, P,,] = 0, can be written 
HP. Yz = EP, We. (8.21) 


Now, P,,w, is a new function, call it x. Equation (8.21) tells us that xs 
is an eigenfunction of 3¢ with eigenvalue E. Therefore x, and yz are degen- 
erate functions. Given any eigenfunction yg, we can operate on it with all 
the particle interchange operators and thereby generate a whole set of 
degenerate eigenfunctions of JC; this property of the eigenfunctions of 3 is 
called exchange degeneracy. 

Among the many possible yw, which satisfy Eq. (8.21), there exist func- 
tions which have the property* 


P We = Wes (8.22) 


where y is a constant. Operating twice with P,; leaves the operand unchanged, 
so we have 


P (PWE) = PVs = Ves (8.23) 
which implies that 
Paced; (8.24) 


Experimental evidence verifies that Eq. (8.22) holds for all systems found 
in nature (if both spin and spatial coordinates are exchanged by P,,) and 
the choice of y = +1 or —1 depends in a very special way on the nature 
of the system. Therefore we can classify the eigenfunctions of a system as 
either symmetric or antisymmetric.’ A symmetric wave function is one that 
remains unchanged under the interchange of two identical particles, 


Pye = We (symmetric). (8.25) 


An antisymmetric wave function is one that changes sign under the inter- 
change of two identical particles, 


P; Ye = —We (antisymmetric). (8.26) 


4See A. Messiah, Quantum Mechanics, Vol. II (Amsterdam: North-Holland 
Pub. Co., and New York: John Wiley & Sons, Inc., 1965), p. 582. 

5This method of classification actually applies to the total wavefunction 
W(r1, r2, ..., Fy, t) as well as to Hamiltonian eigenfunctions. Since P;jp(t1,12,..- , EN, t) 
= pt1, F2, ..., fy, t), the wave function ¥ for any physically realizable state of the 
system must satisfy P;j¥ = y'¥. The results (8.25) and (8.26) follow immediately for station- 
ary states. 


It is further observed that the behavior of the wavefunction under pair- 
wise particle interchange depends on the spin of the particles which are 
being interchanged. All particles are divided into two classes: 


1. bosons: particles with integral spin (s; = 0, 1, 2, ...), 
2. fermions: particles with half-odd-integral spin (s; = 4, 3, 3, -. .). 


The wave function is symmetric under interchange of particles i and j if (and 
only if) i and j are identical bosons. The wave function is antisymmetric if 
(and only if) the particles being interchanged are identical fermions. 

A large number of elementary particles belong to each class. For example, 
electrons, protons, and neutrons are known to be fermions with spin = 4. 
The photon is a boson with spin s = 1, and the z-meson is a boson with 
spins = 0. 


Exercise 8.1 Prove that the exchange symmetry of a wavefunction is 
time independent; for example, if the wave function describing a state of a 
system at some particular time is symmetric, then it will necessarily be 
symmetric at all other times. 


Notice that Eqs. (8.25) and (8.26) describe the properties of ws only 
under the interchange of two bosons or two fermions. The eigenfunctions of 
a system containing both bosons and fermions satisfy these equations but do 
not exhibit any particular symmetry under interchange of a boson and a 
fermion. (This fact comes as no surprise, however, since these particles have 
different spins and thus are not identical.) 

Our attention will focus primarily on systems of fermions (e.g., the multi- 
electron atom), in which case the wave functions will be antisymmetric. We 
shall see that Eq. (8.26) provides the basis for the famous Pauli exclusion 
principle, which states that no two identical fermions in a system can occupy 
the same quantum state, where a quantum state is specified by the quantum 
numbers, spatial and spin, of the fermion. We shall discuss this principle in 
detail in Sec. 8.4. 


8.3 TWO IDENTICAL PARTICLES IN ONE DIMENSION 


The remarks of the previous sections concerning properties of several par- 
ticles in three dimensions have been of a general nature. We shall now begin 
our study of the operational aspects of multielectron problems. Many of 
the difficulties, conceptual and notational, that must be dealt with in analyz- 
ing real systems appear in a simpler context in one-dimensional models. We 
shall therefore study briefly the quantum mechanical properties of two 
interacting identical particles in one dimension. 
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For such a system of particles (bosons or fermions) of mass m, the 
Hamiltonian is 


= 2 2 ej tee 
is 2m ox? 1 Ss 2. 1 2)s e 


where V'(x, — x,) describes the interaction of the two particles. We shall 
assume that V’(x, — x2) > 0 for all values of x, and x, that V(x, — x2) 
attains its maximum value at x, — x, = 0 and decreases as |x, — x, ! 
increases, and that V’(x,— x.) = V’(x.— xı). 

We seek stationary-state eigenfunctions of JC, solutions of 


Hy Ax, X2) = Ey (x1 X2). (8.28) 


The presence of the additional term V’(x, — x,) makes exact solution of 
(8.28) impossible. However, if V’(x, — x2) is small, then we can apply per- 
turbation theory to the problem. Thus we separate 3C as RH = KY + KH, 
where 


go = ae + V(x) — Ine +V(x2) (8.29) 


is the zeroth-order Hamiltonian and 
HY = V(x, — x2) (8.30) 


is the perturbation Hamiltonian.® 
The time-independent Schroedinger equation for 3C is 


HOW sim X2) = ENeWnrna(X1 X2)s (8.31) 


where the subscripts n, and n, represent quantum numbers to be specified, 
and where spin coordinates are implicit. Suppose that we can solve the 
one-particle Schroedinger equations (we assume the one-particle states 
are nondegenerate), 


2 
[FE + Mead wend = BPE, (8.322) 

2 
=a 5 + vea Was) = = Ei (x2). (8.32b) 


Then one function that satisfies Eq. (8.31) is y{%,(x;, x2) = y(x yt (x2): 


6In Example 8.1 we considered two particles in identical oscillator potentials, 
where 


V(x1) = įmo?x},  V(x2) = 4mm2x3,  V'(xı — x2) = $k — x2)?. 


this is the product of two single-particle functions, or “orbitals.” The corre- 
sponding energy is E{°), = E + E$. (If the particles possess spin, assume 
here that the two orbitals have identical spin quantum numbers.) 

Unfortunately, the function w{(x,)w{(x,) is not physically admissible, 
for the eigenfunctions of 5C‘” must be either symmetric or antisymmetric 
under pairwise particle interchange. How, then, do we form eigenfunctions of 
3¢ with this property? 

Exchange degeneracy supplies the answer. Consider the product func- 
tion y{°(x2)w{(x,). This is also an eigenfunction of HX; it is obtained 
by operating on yi(x,)yi(xz) with Pia Since yoy) and 
w(x2)y(x,) are degenerate, we can combine them to form two other 
degenerate functions 


swith = Nl Oy ta) + Wie War a)] (8.33a) 
Using = NAW Win 2) — WO Wn? a) (8.33b) 


where N, and N, are normalization constants. Both Sy{, and 4y{°), cor- 
respond to £(°), = E\°) + EW. The first function is symmetric under particle 
interchange; the second is antisymmetric. Thus we use “y{°), as zeroth-order 
wave functions in perturbation theory calculations if the two particles are 
identical bosons. 

[Notice that if the two identical fermions have the same quantum num- 
bers, so that n, = n,, then 4y{), = 0; that is, the wave function describing 
the system is identically zero. (Recall that we have assumed the spin quan- 
tum numbers were identical in this simple example.) Therefore no two iden- 
tical fermions can occupy the same quantum state. This fact reflects the 


Pauli exclusion principle, alluded to previously.] 


Spin-0 Bosons 


Suppose that the particles are bosons with spins s, = s, = 0. Since the spins 
of both particles are zero, we can treat them as structureless particles. Since 
Pi.We = +Y: for any eigenfunction of the system, the properly symmetrized 
zeroth-order functions are 


Symmetric 


yi. = FIRELE HEDE | Meron 8.34) 
eigenfunction 


where the factor of 1/,/2 normalizes the function.” Notice that, in accor- 
dance with the indistinguishability of the two particles, we cannot tell from 


7If nı = nz, we must multiply this function by an additional factor of 1/,/2 to 
enforce normalization. 
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Sy), which particle, the one at x, or the one at x,, has quantum number 
n, and which has quantum number 7. 

We are now ready to proceed with the perturbation theory calculations. 
The ground state of the system is the state with the lowest possible energy; 
that is, with quantum numbers n, = n, = 1. For this state, the zeroth-order 
wave function is 


SWAP = WIC WIP). (8.35) 
To first-order, the perturbed energy is 
Ey, = 2EP + Sw (V(x, — 22) | 59>. (8.36) 
The matrix element in (8.36) is 
BWA? V'i — x) | SW? 
= ff wo@ne VE — x) WGP dx, dxa. 


To express the perturbed energy in a more convenient form, let us define the 
direct integral J, as 


Jue = FF WGP VG — x) yi Ge)? dx, dea. (8.37) 
Then the first-order energy of the ground state is just 
E,, = 2E® + Jy. (8.38) 


Let us turn now to the first excited state, which we shall choose to be 
the state with n, = 1, n, = 2. The zeroth-order wave function is 


syi? = JVP EWP) + yP dy P) (8.39) 
so the first-order energy is 
Ey, = EW + ED) + Sw |V — x2) lyi- (8.40) 
Writing out the matrix element, we have 
Lyi IV — xa) lyi 
=f S KPED — x) wr) dx dx, 


+ Ff wind wry Gr — xw) dxi dxa. 
(8.41) 


The first term in (8.41) is simply J,, according to the definition of J,,,. If 
we further define the exchange integral K,,, as 


Kw = ff vd WCW’ Cr — xadya) des de 
(8.42) 
the perturbed energy of the first excited state can be written as 
Ey, = EP + EP + Sua + Kiz- (8.43) 


Let us look a little closer at the direct and exchange integrals. J,,, has the 
same form as the energy of two classical charge distributions with densities 
jw(x,)|? and |y{9(x,) |? interacting via potential energy V’(x, — xz). Since 
V(x; — Xz) > 0 by assumption, it follows that J,,, > 0. It is more difficult 
to interpret K,,, classically. It could be thought of as the energy of interaction 
of an “exchange charge” density w{(x)*y\”(x) with itself, the interaction 
potential energy again being V’(x, — x,). This suggests that K,,, > 0 for 
V'(x, — X,) > 0. However, we should be wary of carrying this picture too 
far. In fact, the exchange integral has no clear classical counterpart.® 

All that remains is the evaluation of the integrals J,,,J,,, and K,, (see 
Probs. 8.1 and 8.2). The effect of these two correction terms on the energy 
is illustrated schematically in Fig. 8.1. We could also use the perturbation 


————— 
e 
+J x a Kn 
First excited state ——————-~ 
(0) (0) 
Ey +Ey 
a ma 
A 
Ground state Vy 
2EO 


Figure 8.1 Schematic representation of the shift in energy due to the direct and exchange 
integrals for two bosons in a one-dimensional potential (assuming K;2 > 0). See Eq. (8.43). 


theory results of Chapter 4 to calculate first-order wave functions and second- 
order corrections to the energies of various states, but we prefer to move on 
to the two-fermion problem. 


Spin-} Fermions 


Consider now a system consisting of two particles of spin 4 in one dimension. 
Of course, the particles can no longer be treated as structureless, since their 


8See John C. Slater, Quantum Theory of Atomic Structure, Vol. 1 (New York: 
McGraw-Hill, 1960), p. 282 for a discussion of the exchange integral and App. 19 for a 
proof that it must be positive. 
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spin must explicitly be taken into account. The subscripts n, and n, will 
represent only spatial quantum numbers; the spin quantum numbers will be 
indicated explicitly. The zeroth-order wave function 4y{°), must be antisym- 
metric, and consists of sums of products of single-particle orbitals and spin 
eigenvectors « or $. For example one such product would be w{)(x, y{?)(x2)- 
a(1)B(2). We form the antisymmetrized sum from each of the four in- 
dependent products with the coordinates of particle one associated with 
quantum number n, by operating on the products with the operator 
1/,/2 (1 — P,2). Doing so, we obtain four functions,’ 


Vinee = FrN? 106 )yrn2?(2ea)ou(2) — waa C DAC (x2)0(2)], 
(8.4428) 


AWitnai+- = sil aA) = wae BC war (x2), 
(8.440) 

Wins + = sav Wie BC Wi (x2 )0(2) — wire Jo wi?) BQ], 
(8.44c) 

fmi- = T P DBO) — w DA a). 
(8.444) 
In these equations we use the subscripts ++, ——, +—, —+ to distin 
guish the various A A wave functions. Thus the function in (8.4481 
has both spins “down” = —4, m,, = —}) so we write “y{%},,, and so 

on. 


Notice that each of these functions is antisymmetric under P,, and is am 
eigenfunction of 5. Since JC% contains no spin-dependent terms, these 
four functions are degenerate, with energy E‘° + E. They are perfectly 
valid zeroth-order wave functions. 

In the special case that’, = n,, the functions 4y{%,,,, and 4y{0),,__ ame 
identically zero. Thus two fermions can have the same spatial quantum 
numbers only if their spin quantum numbers m, are different (i.e., we have 
verified the Pauli exclusion principle for this case). [Notice also that 4y{0) 
= — 4yM),-+ if n, =m] 

We could proceed now with perturbation calculations as in the spi 
boson example. However, it turns out to be convenient to form new dege: 
ate zeroth-order eigenfunctions from the functions of Eqs. (8.44). 


9In the literature one sometimes sees «; written for a(1), etc. Attempting to 
the proliferation of subscripts to a tolerable minimum, we have chosen not to use this 
vention. 


Spin Coupling 
In Chapter 7 we coupled the orbital and spin angular momenta of the one- 
electron atom to form a total angular momentum vector J. This coupling led 
to the introduction of the zeroth-order functions y9),,.,(r). 
Our one-dimensional fermions have no orbital angular momentum 
defined, but the two spins S, and S, can be coupled to give a total spin S, 


S =S, +S,. (8.45) 


Continuing by analogy with the coupling of L and S, we write the eigen- 
value equations 

SXsms = SS + 1H Xsms (8.46) 

Siksms = Mshisus- (8.47) 


The functions Xsm, are simultaneous eigenfunctions of the operators S? 
and S,. The quantum numbers S and Ms for the total spin and its projection 


along the ĉ axis can take on values consistent with Eq. (8.45) and Ms = —S, 
..., 9; that is, 

S=0 M,=0 (8.48) 

S=1 Ms = —1,0, +1. (8.49) 


Suppose that we seek new zeroth-order eigenfunctions [of 5C‘°’] that are 
also eigenfunctions of S? and S,. We shall denote them by y{®..s4,. drop- 
ping the superscript A. Since we know the degenerate zeroth-order functions 
Wimm, Of Eqs. (8.44), we shall use them to expand wit) sas! 


Vssms = 2 Beacon anna (8.50) 


Ms, Msg 


In this expansion, am,m„ is a Clebsch-Gordan coefficient [see Eqs. (7.45)], 
which is written 


mms, = CSi S2 M, Ms, |S1 S2 S Ms). (8.51) 
These coefficients are zero unless 
Ms = ™m,, + ™,, (8.52a) 
and ls, —s,;<S<s,4+ 5,3 (8.52b) 
the nonzero coefficients may be found in the tables of Appendix 4 (see also 
Prob. 8.3). 
In order to see how to construct the new functions y{%,,sm, consider 


yi). .11—that is, the case S = 1, Ms = 1. From Eq. (8.52a) we see that of the 
four coefficients in (8.51), only < 4 4 4|4 4 1 1> is nonzero, Thus we obtain 


Vor = Varnes (8.53) 
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Similarly, we find that 
Wia -1 = Piihi- (8.54) 


As another example, consider S = 1, Ms = 0. The new function is 


Vimo = E44 $1441 O yim- + EE EEE 1 OD Wiis- 
(8.55) 


Using Appendix 4 to evaluate the coefficients, we obtain 


mina; nna t+ — Ne -+ 8 56) 
yio, 10 = syle Van ( 
Similarly, we can show that!° 


Yinar:00 = a=) Ve — Uo: (8.57 


The functions in Eqs. (8.53), (8.54), (8.56), and (8.57) are the new degenerate 
zeroth-order eigenfunctions. Notice that these new functions are also nor- 
malized and orthogonal to one another. 

Before returning to the fermion perturbation calculations, let us rewrite 
our new zeroth-order eigenfunctions in a more compact form. Substituting 
the definitions of (8.44) into the preceding results, we obtain 


Wio = syle (x Wi (x2) + W(x WHP(x2 )1Xo005 (8.584) 
Virsa = salve DWH C2) = WOO WAP MX ats 


M;=+1,0,—1, (8.588) 


where we have introduced the new spin functions Xsm, defined by 


— 1 cal 
too = FADO — BOWO, (8.598) 
Xıı = (1 )&(2), (8.5958 
Kro = pla) BO) + BOI, (8.593 
Xi-1 = BBQ). (8.5 


10Alternatively, we could obtain Eq. (8.57) from (8.56) by requiring t 
wi), 10 and yi\9,.99 be orthogonal. 


Exercise 8.2 (a) Derive Eqs. (8.58) in the manner suggested. 
(b) Verify that the functions Ysa, are eigenfunctions of S? and S, with 
eigenvalues S(S + 1)h? and Msh, respectively. 


Finally, we should note that either set of functions {y{)n,m,} OF 
fy‘? sm} is a valid set of eigenfunctions of 3C. 


Fermion Perturbation Calculations 


Equations (8.58) are new degenerate eigenfunctions of 3%, S?, St, S3, and 
S., which we intend to use in a perturbation theory calculation. When the 
interaction potential energy V(x, — x,) is taken into account, we shall see 
that the three stdtes with S = 1 shift in energy away from E + E but 
remain degenerate; the state with S = 0 also shifts away from the zeroth- 
order energy but in the opposite direction and thus is no longer degenerate 
with the S = 1 states. The three S = 1 states are called triplet states. Notice 
that triplet functions all have the same antisymmetric spatial part and differ- 
ent symmetric spin parts. The S = 0 state is called the singlet state. The 
singlet function has an antisymmetric spin part and a symmetric spatial 
part.'! 

The ground state of the two-fermion system corresponds to n, = nz, = 1; 
its unperturbed energy is 2E\°. We see from Eqs. (8.58b) that, for n, = m, 
the triplet functions are identically equal to zero; that is, yí?;ms = 0. 
Therefcre the unperturbed ground-state eigenfunction is the singlet function 
woo. The spin function Xoo is 1/,/2 [a(1)A(2) — B(1)a(2)], so for this 
state the values of m, for the two particles are different. We say that the spins 
are “paired” or “antiparallel” in the singlet state. 

The perturbed energy of the ground state, to first order, is 


E, = 2E + <y ‘o0 | VG; — x2) Woo (8.60) 
or Ey; = 2E® + Sir, (8.61) 


where J,,, is the direct integral of Eq. (8.37). Notice that the ground-state 
energy is the same for a system of two interacting fermions as for a system of 
two interacting bosons (provided that the system Hamiltonians are the same). 
We also see that the zeroth-order ground state is represented by the same 
spatial function in the fermion and boson problems. 


11]t is important to understand the effect of spin on these wave functions. We 
could have considered spin from the first and formed the four spin functions that appear in 
Eqs. (8.59)—the three symmetric triplet (S = 1) functions and the antisymmetric singlet 
{S = 0) function. Then, to satisfy the requirement that the wave function be antisymmetric 
with respect to particle interchange, we would have been forced to multiply these spin 
functions by antisymmetric and symmetric spatial functions for triplet and singlet states, 
respectively. 
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Turning to the first excited state of the two-fermion system, n, = l, 
n, = 2, we find that the perturbed energy 


Ey, = E+ EY + Cu sms l Fia = x2) lyi Zsm? (8.62) 


is different for the singlet and triplet states. None of the antisymmetric eigen- 
functions y(9,sm, is identically zero in this case, so we must use them all. 
However, the three triplet functions have the same spatial dependence, and 
thus we need to evaluate only one triplet matrix element and the singlet 
matrix element. Substitution of the appropriate functions into Eq. (8.62) 
yields 


Ey, = EM + EP +J Kiz (8.63) 


where the upper sign corresponds to the singlet state (S = 0, Ms = 0) and 
the lower sign to the triplet states (S = 1, Ms = —1, 0, +1). The exchange 
integral K„w is defined in Eq. (8.42). 


Exercise 8.3 Derive Eq. (8.63). 


This result differs from the first-order boson energy of Eq. (8.43). Ia 
particular, the contribution due to the exchange integral partially lifts the 
degeneracy. Schematically, the situation is as shown in Fig. 8.2, where we 


R3 
o ao Singlet 
ug ee ee 
Sos oe wee K 
First excited (4x) E ey Sa a EES, Triplet 
state go gi EM 
1x 
u un Singlet 
Ground ax aa +Jiy 
state 26 


Figure 8.2 Schematic representation of perturbation corrections to the energies of the gi 
and first excited states of a two-fermion system (assuming K;2 > 0). See Eq. (8.63). 


note that the degeneracy with respect to Ms remains even after the first-o 
corrections are taken into account. 


Spin Pairing 
Figure 8.2 shows that the energies of the two-fermion system depend on 
value of the total spin of the system, even though the Hamiltonian 3¢ d 
not explicitly include spin. Therefore this effect is not due to any type 


magnetic interaction, such as the spin-orbit interaction of Chapter 7.'* We 
can understand the effect of the total spin on the energies by examining the 
triplet and singlet functions, Eqs. (8.58), for the special case of the two 
particles very close to one another—that is, for x; = 52. 

In particular, since the triplet spin functions x;4, ate symmetric, the 
triplet spatial functions are necessarily antisymmetric. Thus this spatial 
function is small for x, = x», which, for most interactions, is where 
V'(x, — x) is expected to be largest. Two identical fermions with spins 
unpaired (parallel), either both “up” or both “down,” have a very small 
probability of being found close together. Figuratively speaking, we say that 
they “repel” one another. (In fact, the triplet function vanishes when x, = 
x,.) Notice that this “repulsion” is a spin-dependent effect and is not due to 
the coulomb repulsion between two particles of like charge. On the other hand, 
the singlet spin function Xoo is antisymmetric, so the singlet spatial function 
is symmetric. This spatial function does not become small for x, = xz. Two 
identical fermions with paired (antiparallel) spins are not prohibited from 
being close together by the form of the wave function. We say that they 
“attract” one another. 

The first-order perturbed energy £,, is larger in the singlet than in the 
triplet case, since the repulsive interaction between the two identical fermions 
is greater in the former than in the latter case. Even though the energy-cor- 
rection terms depend only on the spatial part of the zeroth-order wave func- 
tions, the symmetry of the spatial part is determined by the value of the total 
spin quantum number S. It is in this way that S affects the energy. 

Summarizing our conclusion, we say that fermions having parallel (unpair- 
ed) spins tend to repel one another, whereas those with antiparallel (paired) 
spins tend to attract one another.'? 


E ene eee 


unpaired spins repel paired spins attract 


This terminology refers to precisely the exchange symmetry effects discussed 
in this section. The effect is called spin pairing and is a purely quantum 
mechanical effect completely unrelated to the coulomb interaction between 
the two particles. 


12[n real multielectron atoms there will, of course, be a magnetic interaction 
between two magnetic dipoles (e.g., two spinning electrons). However, the energy due to 
this “spin-spin interaction” is very small (orders of magnitude smaller than Kw in most 
cases). 

13We are using the word “attract” here to mean that the two electrons are not 
excluded by the Pauli principle from occupying the same point in space. Thus paired spins 
make a larger energy contribution than do unpaired spins. 
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8.4 A ONE-DIMENSIONAL N-ELECTRON “ATOM” 


Many of the results of Sec. 8.3 will be used in Chapter 10, where the helium 
atom is studied in some detail. But first it is useful to see how these new 
ideas introduced generalize to N-electron atoms. Thus we shall consider 
here a one-dimensional model of an atom. The model consists of N elec- 
trons, any two of which, say electrons i and j, interact with one another via 
the potential energy V’(x, — x,).'* We shall treat these electron-electron 
interactions collectively as a perturbation. 
The full Hamiltonian is 


HR =H +4 RD, (8.64) 


where the zeroth-order Hamiltonian is 


i=1 


(Drs 52 et ee 
se = S| -a ga t rE] (8.65) 
and the perturbation Hamiltonian is 
N N 
KY = X X V'a- I) (8.66) 


In Eq. (8.65), V(x,) is the single-particle potential energy of the ith particle. 
The stationary-state cigenfunctions of this N-electron “atom” satisfy the 
time-independent Schroedinger equation 


Kys = Eye, (8.67) 


where yw, depends on the coordinates and spins of the N electrons. Since the 
N electrons are indistinguishable, 3€ commutes with all the particle inter- 
change operators P,,; that is, 


BISG wh pS aie Tey (8.68) 


(We should again emphasize that P,, interchanges spatial coordinates and 
spin.) Since the electrons are fermions, yg must be antisymmetric under 
pairwise particle interchange: 


Pie = —Wes i,j=1,2...,N; i#j (8.69) 


14Of course, this reduces to the case considered in See. 8.3 for N = 2. You 
should refer back frequently to that section to see parallels where they occur. 


Independent Particle Model 


As a zeroth-order approximation, let us ignore the electron-electron interac- 
tion terms 3”. We call this approximation the independent particle model 
of the “atom” because, in effect, each electron behaves independently of all 
the other electrons. The zeroth-order Schroedinger equation is 


FCO — BONO), (8.70) 
where the subscript y represents a// quantum numbers of the N electrons. 


Thus for the case N = 2, y = (n,, m,) [see Eq. (8.31)]. 
Suppose that we know solutions to the N single-electron equations 


h? d? Vix) wry) = BOy 8.71a) 
Im, dxt T/N ps x1) = EP y(x), (8.71a 
[ h? d? vi (x4) = Ey 8.71b 
— 2m, dx} T (xa) ys (x2) = EP y(x). (8.71b) 


There is one such equation for each electron. The subscripts n;, nz, ... 
represent the spatial quantum numbers of the electrons. Remember that 
each electron also has a particular value of m, that must also be specified. 
Each single-particle function, or orbital, is the product of a spatial function 
and a spin function 71/2», either œ or 8, depending on the value of m,. 

Momentarily neglecting the requirement of indistinguishability, we can 
write, for zeroth-order eigenfunctions of 3€, product functions composed 
of these orbitals; for example, 


WYE Xap oes Ky) = WLU 1/2, my LW) 2X 1/2, m4(2) * ++ 
WSN (N): (8.72) 


The energy of this function is just the sum of the zeroth-order energies 
E® + EW +...-+ EW. Such functions violate the fundamental property 
that the N electrons are indistinguishable. Hence Eq. (8.72) is not a valid 
representation of physical states of the system. We can obtain another eigen- 
function of 5¢ by operating on y{® with one of the operators P,, and 
thereby interchanging the coordinates and spins of particles i and j. A new 
function of the form y{® — P,,w{ will be degenerate with y{” (because of 
exchange degeneracy).'* However, it will be antisymmetric only under inter- 
change of particles i and j. We want a function that is antisymmetric under 


15P; jy is orthogonal to y{”; why? 
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interchange of any two electrons. We can construct just such a function by 
forming a linear combination of all the degenerate functions that can be 
obtained by repeated pairwise particle interchanges: 


(0) = m Wi LG IF Py Ge}, Xays Ah (8.73) 


where the sum is taken over all possible permutations of the N electrons. 
There are N! such permutations and thus N! terms in y{. In Eq. (8.73) the 
symbol (—1)? is defined to be +-1 or —1, depending on whether the permuta- 
tion is even or odd, respectively.° The multiplicative factor 1/,/N! nor- 
malizes the wave function. The function y{® satisfies the requirements of 
indistinguishability because all possible labelings of the N electrons by 
quantum numbers are represented in the sum. 


Exercise 8.4 (a) Use Eq. (8.73) to generate the antisymmetric wave func- 
tion for N = 2. Your result should agree with Eq. (8.33b). 
(b) Use Eq. (8.73) to generate y{” for N = 3. 


The wave functions y{” in Eq. (8.73) can be used as zeroth-order wave 
functions in a perturbation theory calculation. They can be conveniently 
represented by a Slater determinant. For an N-electron “atom”, the Slater 
determinant is 


Ph) Phim) + Phim (Ew) 


OM Es minal ZEEE Dante 
yo = h 9 of dD 9 2) Prams (N) , (8.748) 


nf) On) Tt Pham Cn) 


where the functions 9/9, (x1) = W®(x,)X1/2,m,(1), and so on have been tem- 
porarily introduced. To avoid writing all the elements of the determinant, 
we use the notation 


wh = 198.01) GEC) + Pitman) | (8.746) 


where, by convention, only the diagonal terms are explicitly written. The 
parallel bars are a reminder that a determinant is to be formed and normaliz- 
ed. 


16P is a permutation operator; it permutes the coordinates and spins of the M 
electrons. An even permutation is defined as one that is equivalent to an even number of 
two-particle interchanges; an odd permutation is one that is equivalent to an odd number of 
two-particle interchanges. 


The function y{” is a Hamiltonian eigenfunction that represents a phys- 
ically realizable stationary state of the N-electron “atom” in the independent 
particle model. Because of the presence in the wave function of the various 
permuted product functions, it is no longer possible to say which electron 
has a particular set of quantum numbers. This fact is consistent with our 
notion of the electrons as indistinguishable. Although we specify the elec- 
trons in individual terms of y{” (e.g., “the electron at x,”), our theory must 
not include any way to distinguish one electron from another physically. 
Thus it does not make sense to discuss the quantum numbers of, say, “the 
electron at x,.” 


The Pauli Exclusion Principle 


The next topic is the choice of spin quantum numbers m,—that is, the 
assignment of a spin (“up” or “down”) to each electron. Clearly, there are 
an enormous number of alternative ways to assign the spins! For example, 
all particles could have spin “up,” or all but one could have spin “up” and 
that one with spin “down” could be any of the N electrons, and so forth. Each 
assignment leads to a different wave function y{”, and all these wave func- 
tions are degenerate, since JC” does not explicitly contain spin. 

This formidable array of wave functions is considerably diminished by 
application of the Pauli exclusion principle, which was first enunciated in 
1925. It states that no two identical fermions in a physical system can have the 
same set of quantum numbers. 

We can easily demonstrate the connection between the Pauli exclusion 
principle and the antisymmetrization requirement. Suppose, in violation of 
the principle, that two of the N electrons do have the same quantum num- 
bers—for example, n, = n, and m,, = m,, = 4. Then the wave function of 
the “atom” is 


YI = [WAC OL) WPA) + WAR CEW)X1/2,may/ (8.75) 


Thus at least two of the rows of the Slater determinant are identically equal. 
But this fact implies that the determinant is zero and hence that y{” = 0. 
Therefore if n, = n,, the two spin quantum numbers m,, and m,, must be 
unequal lest the wave function vanish. The Pauli exclusion principle—the 
symmetry restriction on the wave functions—has “forced” electrons in identi- 
cal spatial orbitals to be paired with their spins antiparallel. 


Configurations 
It is convenient to use a shorthand notation for orbitals. If the ith electron is 


in the state with spatial quantum number n, = 1, we denote the orbital Is(i), 
where the letter s is NOT the spin quantum number. We use it strictly to 
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establish a useful notation for the three-dimensional atom.'” If n, = 2, we 
denote the orbital 2s(i) and so on. 

A particular assignment of the N electrons to N orbitals is called a con- 
figuration of the atom. Thus one configuration that is allowed by the Pauli 
exclusion principle is 1s(1) [s(2) --- ms(N), where m represents the spatial 
quantum number of the Nth electron and the overbar 1s(2) indicates that the 
electron in the orbital 1s(2) has spin “down.” Remember that this configura- 
tion corresponds to a fully antisymmetrized wave function—that is, a nor- 
malized Slater determinant. 


Ground State 


The concepts of the Pauli exclusion principle and spin pairing provide the 
key to understanding the structure of “atoms.” Consider the zeroth-order 
ground-state wave functions for the N-electron “atom.” The ground state 
corresponds to the lowest allowed assignment of quantum numbers. Clearly, 
we cannot have all n, = n, = n; = --: = ny = 1 or the wave function will 
vanish. The best we can do is to pair the spins of the N electrons so that two 
electrons have spatial quantum numbers n; = n, = 1 and spins m, = +4 
and m, = —4, respectively, and so on. If we think of each spatial quantum 
number n, as defining a “shell” with energy 2£{°, then we can picture the 
“atom” as built up by placing electrons, two at a time, in shells, beginning 
with the shell of lowest energy and continuing until all the electrons are used 
up. This process is symbolically represented for the case N = 6 by the energy 
level diagram in Fig. 8.3. A shell with two paired electrons in it is said to be 
“filled.” We shall see in Chapter 9 that this seemingly simple-minded picture 
generalizes into the shell model of the atom, one of the basic structural 
principles of atomic physics. 


e} ——GmPty) Fourth shell (= 4) 


Third shell (n =3) 


Second shell (n = 2) 


Figure 8.3 Filling of shellsin a one- 
dimensional model of an atom with 
six electrons (N = 6). The first three 

First shell (n= 1) shells are filled; the fourth is empty. 
(¢ = spin up; | = spin down). 


tty 


17The letter s can be taken to mean that £ = 0; in one dimension, an electron has 
no angular momentum. 


Spin Coupling 
We saw in Sec. 8.3 that the total spin S plays an important role in determin- 
ing the degeneracies and energies of the states of a two-fermion system. This 
point is also true, in general, for N-electron “atoms.” The total spin is defined 
by [see Eq. (8.45)] 


(8.76) 


The quantum number corresponding to S, is Ms, which must satisfy [see 
Eq. (8.52a)] 

N 

Ms = È My (8.77) 

=1 
This tells us, for example, that the only allowed value of Ms for the ground 
state of an “atom” with an even number of electrons is Ms = 0. Thus S can 
only take on the value S= 0, and the ground state is a nondegenerate 
singlet state in which all the spins are paired. 


Excited States 


We can generate an excited state of an N-electron “atom” by simply shifting 
one (or more) of the electrons into an unoccupied level. Let us consider the 
case N = 6 and excite one electron from the third to the fourth shell, as in 
Fig. 8.4. Since the excited electron and the remaining third-shell electron 
can each have either spin “up” or “down”, four degenerate wave functions 
result. This fourfold degeneracy obviously arises because of the freedom we 


Figure 8.4 The first excited state of the six-electron one-dimensional “atom”. The schematic 
energy level diagram shows four degenerate possible assignments of spin. ( Ì = spin up; | = 
spin down). 
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have in assigning spins for this state; it will correspond to the number of 
possible values for the quantum numbers S and Ms. From Eq. (8.77) it 
follows that the allowed values of S and M, are 


S)=0' M,=0 singlet (1x) 
S=1 Ms = —1,0,1 triplet (3x) 
4x = degeneracy. 


Thus the first excited state is fourfold degenerate. 


Exercise 8.5 Show that the ground state of an N-electron “atom” with 
N odd is a doublet corresponding to one electron outside a “closed shell.” 
What are the allowed values of S and Ms for this state? 


Perturbation Calculations 


Yet to be discussed are the first-order perturbation calculations for this 
system. The approach is identical to that of Sec. 8.3; we take the perturba- 
tion Hamiltonian to be 
eV = SS V(x, — x), (8.78) 
i=1 >t 
provided that this term is small. However, little is to be learned by doing the 


calculation; the equations are similar to those of the previous section. For 
example, the first-order correction to the ground-state energy is simply 


> = V(x, — x)|wi?). (8.79) 


Rather than become involved in the details of such calculations, we shall 
move on to the generalization of the ideas of this section to real three-dimen- 
sional atoms. 


PROBLEMS 


8.1 Coupled Harmonic Oscillator: Exact Solution (**) 


Consider a system of two particles of masses m, and mz, each of which & 
in a harmonic oscillator potential. The particles interact with each other via a har- 
monic interaction. The total Hamiltonian is 


pi p} 1 2x2 1 2x2 1 2 
FO = Sm, T 2m, | ZOX +m? + -gk — xa). 


Consider the case k > 0 (attractive). 


(a) By transforming to center-of-mass and relative coordinates, show that an 
exact solution may be obtained and give expressions for the Hamiltonian eigenfunc- 
tions and energy eigenvalues. Describe the energy spectrum (draw an energy level 
diagram) for the two cases k < yo? and k >> uw?, where 4 = reduced mass. 

(b) Now take the two particles to be indistinguishable spin-0 bosons of mass m. 
Give expressions for the stationary-state wave functions and energies. Discuss the 
question of exchange degeneracy. For the case k < yo, compare the energy 
spectrum with that of part (a). (Do not actually ignore k.) 

(c) Repeat part (b) for the case of two spin-} fermions. Characterize the states as 
“singlets” or “triplets.” Give an intuitive argument for the relative positions of the 
singlet and triplet energy levels for k < ww. Compare the energy spectrum for 
k < uœ? with that for bosons and distinguishable particles. 


8.2 Two Interacting Particles in a Box: Perturbation Theory (***) 


Consider two indistinguishable particles of mass m in an infinite potential 
well of width L and interacting with each other via a simple potential of the form 
Vi2(x1, X2) = v O(x, — x2) (assume that v > 0). The total Hamiltonian is 


h? 02? ih? ð? _—C i 
r 2m Oxi 2mðx | V(x) + V(x) + Viaxi, x2), 
o, Inl<4, 
where V(x) = tS 1,2: 
L 
œ, |x] > > 


(a) Identifying Vız as the perturbation Hamiltonian, write expressions for the 
zeroth-order energies and wave functions for the ground configuration and a general 
excited configuration of a system of two spin-0 bosons. Draw a zeroth-order energy 
level diagram, labeling levels with appropriate quantum numbers, and discuss 
exchange degeneracy. Describe qualitatively how you expect the perturbation Viz 
to change the spectrum of energy levels. 

(b) Repeat part (a) for the system of two spin-} fermions. Label the energy levels 
as “singlets” or “triplets.” 

(c) Using zeroth-order wave functions of the correct symmetry, calculate the 
first-order correction to the ground-state energy for the systems of parts (a) and 
(b). 

(d) Calculate the first-order corrections to the first excited state energy for the 
systems of parts (a) and (b). 


8.3 Application of Raising and Lowering Operators: 
Coupled Spin Functions (**) 


In this problem we shall use the raising and lowering operators S+ for the 
total spin S = S, + Sz in order to obtain the set of functions {4y{°,.s.1,} from the 
set (4Wimaimamed> 
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(a) Verify that the functions {4Y%%),,m,,m,.,} are eigenfunctions of S,. What are 
the eigenvalues ? 

(b) Verify that 4y{9),.,, and 4y{),,. are eigenfunctions of S? but that 
Ay Ph+- and 4y;°),,, are not. What are the eigenvalues in the former case? 

(c) Use the results of parts (a) and (b) to form the wave functions 4y/°>,.1; and 
Ay) 

Waim;1,-1> 

(d) Operate on 4y{9),.;; with S_ to obtain an expression for 44y 49},;10. Show that 
the same result obtains from operating on 449; 1, -1 with S+. 

(e) Use orthogonality to obtain 4w{°),.00. Check your answers to parts (c) 
through (e) with Eqs. (8.53) to (8.57). 


2 


The Shell Model 
of the Atom 


“It is reasonable,” he admitted. “And therefore | suspect it. Whenever you find a 
perfectly reasonable explanation of anything in nature or human conduct, look for 
something else. Things in the real universe don't all fit together like the pieces of a 
child's puzzle.” 

John Taine (Eric Temple Bell), The Time Stream, Three Science Fiction Novels 
(N.Y.: Dover Publications, Inc., 1964). 


In this chapter we propose to extend the results of the model N-electron 
“atom” of Sec. 8.4 and to survey several important qualitative properties of 
real multielectron atoms. It is not possible to pursue an extensive study of 
atomic structure here; rather we shall try to gain an understanding of the 
nature and ordering of the energy levels and organization of electrons in 
multielectron atoms. The subject of atomic structure is pursued in more detail 
in the references at the end of this chapter. In Chapter 10 we shall conclude 
our study of atoms with an examination of the calculation of multielectron 
wave functions and energies. 

The principal differences between actual three-dimensional N-electron 
atoms and the models of the last chapter are two in number. First, we must 
cope with three dimensions rather than one. This means, for example, that 
the electrons can have nonzero orbital angular momenta; this fact must some- 
how be incorporated into our theory. Second, we must drop the pretense that 
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the electron-electron interaction potential energy can be arbitrarily chosen. 
for it is known to be the coulomb interaction 


vide, —1j)=£; oe.) 


ij 


where r, is the distance between electrons i and j, r,; = |r; — r;|- 


9.1 THE ORBITAL APPROXIMATION FOR ATOMS 


The multielectron problem is to solve the time-independent Schroedingest 
equation 


Ry, = Ey, (9.25 


for the eigenfunctions and eigenvalues of the Hamiltonian! 


w= 3 (-P vy Zi He. o3 


2m, fi 1 Jot Fij 


Each solution of Eq. (9.2) is labeled by a subscript y, which denotes aE 
quantum numbers necessary to specify uniquely the state of the system. 

Since the electrons are indistinguishable, 3€ commutes with all particle 
exchange operators P,,, 


Be PjJ=0, j=l, N; 1%), 08 


and since electrons are fermions, the wave functions y, must be antisym- 
metric—that is, 


Pi, = Wy (By earl Beagrie a ot (9.3 


The Independent Particle Model 


The reason that Eq. (9.2) is so difficult to solve is that the motions of aE 
electrons are coupled by the terms e?/r,;. The problem would be greatly 
simplified if we could uncouple this motion; in such an approximation, we. 
view each electron as moving independently of all other electrons, (Thes 
this picture of the atom is an “independent particle model.”) Each electrom 
is described by a single-particle function, or orbital, which spans the atom. 
We call this approximation the orbital approximation. 


1In writing Eq. (9.2), we are, of course, neglecting many weak interactions— 
for example, magnetic interactions that give rise to spin-orbit coupling. Moreover, the 
electromagnetic field, totally absent from our Hamiltonian, cannot be ignored. In reality, 
most of these “stationary states” are unstable with respect to photon emission. 


Let us take as our approximate Hamiltonian 
N ħ? 
geo = 3) — Pv? + var) | (9.6) 
izi Me 


where the potential energy of the ith electron V,(r,) does not explicitly 
depend on the coordinates of the other N — 1 electrons. The eigenvalue 
equation for 3¢°4 separates into a set of N equations of the form 


[- on VE + VAE) Pamat) = Enna mC (9.7) 


where n, denotes all spatial quantum numbers of the ith electron and m, the 
spin quantum number (for all electrons s; = 4). Let us indicate them collec- 
tively by €, so that €, = (nm,,) and the wave function y,,,(r) is written 
w.(r). Each eigenfunction y,(r) is a two-component vector, which we may 
construct by forming a product of the spatial function obtained by solution of 
Eq. (9.7) and one of the spin functions œ or $, depending on whether m, 
= +4 or —4, respectively. 

A properly antisymmetrized eigenfunction of the full Hamiltonian 3¢°4 
is given by the Slater determinant of these one-electron orbitals, 


W, =|We lr) Welz) e Wex(tw) |» (9.8) 


where we recall from Eqs. (8.74) that only the diagonal terms of the deter- 
minant are explicitly shown in this notation. As a rule, there are many ways 
the spins can be assigned to the N electrons; the only restriction is the Pauli 
exclusion principle, which prohibits any two electrons from having the same 
set of quantum numbers €; = (n,, m,,). Consequently, there are, in general, a 
large number of degenerate eigenfunctions of the form (9.8). This situation is 
familiar from Sec. 8.4. 

In order to solve the single-particle equations (9.7), we must specify the 
form of the ith potential energy V(r). One reasonable if somewhat naive 
form is obtained by simply ignoring all the electron-electron repulsion terms 
€*/r,;. In this form of the orbital approximation, each electron moves in a 
potential due to the coulomb interaction of the electron with the nucleus 


V(r.) = V(r) = 22, (9.9) 


and is completely oblivious of the presence of any other electrons in the 
system. We call this the isolated electron approximation. 
With V,(r,) given by —Ze?/r,, the single-particle Schroedinger equation 
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for the ith electron is precisely the equation for an isolated hydrogenic atom 


2 2 
-E v? —  WWnrimym®) = Enim 010 


the solutions of which are well known to us. The radial dependence of 
Wntmem,(T) is given by the radial function R,,.(r) of Table 3.2, and the 
angular dependence is described by the spherical harmonic Yo, ACE g) of 
Table 2.2. The subscripts on the single-particle orbitals in Eq. (9.10). 
né,;m,m,, are the principal quantum number, orbital angular momentum 
quantum number, magnetic quantum number, and spin quantum number, 
respectively. Thus in the isolated electron approximation, it is an easy task to 
form the full eigenfunctions y, that solve 5¢°4y, = E,y,. The energy E, is 
just? the sum of the hydrogenic energies of each electron; recall that these 
energies are given for an electron with principal quantum number n; by 
[see Eq. (3.61)] 
204 
E,= — 3 Rh Mee (9.11) 

Unfortunately, this is a very poor approximation, for, as we shall se= 
shortly, the ith electron is affected by the other N — 1 electrons. For example, 
an electron that is, on the average, far from the nucleus experiences a much 
weaker nuclear attraction than does an electron near the nucleus because the 
far electron is “shielded” or “screened” by the electrons between it and the 
nuclear charge + Ze.? 

Is there a way to take into account the effect of the electron-electron 
interactions in the orbital approximation without making the problem of 
solving the single-particle equations (9.7) unmanageable? We might be able 
to do so by constructing a single-particle potential energy V,(r,) for the ith 
electron of the form 


Vir) = -z AA (9.12) 
i 


where V(r) is an effective potential energy that somehow incorporates the 
average effect of the motion of the other N — 1 electrons. The potential 
energy (9.12) has the enormous advantage of being independent of 9, and g: 
therefore the angular dependence of the ith orbital y,(r,) is given by the spher- 
ical harmonic Yom, (1s g,). Of course, the radial dependence of y,,(r,) must 


2]f necessary, we could try to improve on these wave functions and the corre- 
sponding energies by including the terms), XY; e?/rij by perturbation theory. 
3See Prob, 3.7. 


be determined by solution of a radial equation of the form [see Eq. (2.69)] 


(at (th) — 5s Fee, Ve Rea) = 0, 013 
but this task is within our capabilities (see Sec. 10.3). Because the single- 
particle potential energy is independent of 0, and g,, this particular refine- 
ment of the orbital approximation is called the central field approximation. We 
shall have more to say about this approximation in Chapter 10; in particular, 
we shall look further at the calculation of V‘‘(r,;) and the solution of the 
single-particle equations. 


9.2 ELECTRON SCREENING AND ATOMIC STRUCTURE 


In Chapter 3 the shell structure of the hydrogenic atom was described. In the 
one-electron atom, a particular value of n defines a shell with energy E, given 
by Eq. (3.63), E, = —Z?(13.596)/n? eV. Each shell consists of subshells 
defined by the orbital angular momentum quantum number ¢. We thus speak 
of electrons in subshells 1s, 2s, 2p, and so on. 

This structure is easily generalized to the N-electron atom. The atom is 
viewed as consisting of shells and subshells into which we place the electrons 
in a manner consistent with the Pauli exclusion principle. (This process is 
similar to the filling of levels encountered in our one-dimensional model, 
Sec. 8.4.) Electrons with the same principal quantum number are said to be in 
the same shell; electrons with the same values of n and ¢ are said to be in the 
same subshell. 

The “radius” of each shell is given roughly by the expectation value 
<r>,9 and that of each subshell by <r>,, (see Fig. 3.4 and Example 3.1). In the 
hydrogenic atom (ignoring the spin-orbit interaction), quantum states with 
the same principal quantum number but different orbital angular momentum 
quantum numbers are degenerate. This is not the case in the central field 
approximation to the N-electron atom. 

For example, for a given n > 1, the s orbital has a nonzero probability 
amplitude close to the nucleus. Consequently, it penetrates the n = 1 shell 
more than the corresponding p orbitals do, and the electron in the s subshell 
experiences more of the attractive nuclear charge than the electrons in the p 
subshell do. On the basis of this argument, we predict that s orbitals lie lower 
in energy than do p orbitals; detailed calculations reveal that such is the case. 
Here is one example of the phenomenon of screening. 

In fact, screening arguments are the basis of the Aufbauprinzip, or 
Aufbau principle, which tells us how to put electrons into the shells of the 
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atom. The Aufbau principle dictates that the subshells (n£) be filled in order of 
increasing energy, the energy being determined in part by screening argu- 
ments. This principle is most easily understood in the context of a discus- 
sion of the ground states of multielectron atoms. 


9.3 GROUND STATES OF N-ELECTRON ATOMS* 


Consider an N-electron atom. The ground state of this atom is simply the 
state with the lowest possible total energy. Since the single-particle Hamil- 
tonians in the central field approximation do not single out a unique direction 
in space, the energy of the state is independent of the quantum numbers 
m,, i= 1,2,..., N. Similarly, it is independent of m,,, i= 1, 2,..., N. 

Hence an energy level of the system may be specified by the 2N quantum 
numbers n; ¢; for i = 1, 2,..., N. The electronic configuration of a state of 
the atom is a statement of the quantum numbers 7; and ¢; for all electrons. It 
also indicates how the electrons fill the shells and subshells of the atom. For 
example, the electronic configuration of the ground state of hydrogen is 1s, of 
helium 152, of lithium 1s?2s. The superscript 2 on the configuration of helium 
indicates that there are two electrons in the 1s shell. 

Notice that we did not write 1s? for the electronic configuration of 
lithium. The reason is that the Pauli exclusion principle forbids more than two 
electrons from occupying the same s subshell. To see this we need only recall 
that electrons in an s subshell have quantum numbers ¢ = 0, m, = 0. Thus 
their spin quantum numbers must differ. There are only two possibilities, 
m, = +4, so only two electrons can occupy the s subshell. 

The shells of the atom are sometimes labeled by the letters K, L, M, . . - 
corresponding to principal quantum numbers 1, 2, 3, .... Each shell consists 
of a number of subshells.* 

The Aufbau principle states that the electrons are to be placed in subshells 
in accordance with the Pauli exclusion principle. The most natural ordering 
of the subshells would seem to be 


Is, 2s, 2p, 3s, 3p; 30,45, « «os (9.14) 


where the energy increases from left to right. This ordering seems reasonable. 
Penetration arguments like those in Sec. 9.2 indicate that subshells of a 


4See Prob. 9.1 for excited states. 

5The subshells are denoted by spectroscopists as K, L;, La, Mı, M2, . . . corre- 
sponding to 1s, 2s, 2p, 3s, 3p, ..., respectively. Thus you may see the shell structure of 
an atom indicated by notation like K, L(L,, L2), M(M,, M2, M3),...- 


particular shell are ordered in energy as s, p, d,..., and we know that the 
energy of a shell increases with its principal quantum number. 

As stated earlier, the number of electrons that can occupy a particular 
subshell is determined by the Pauli exclusion principle. Thus no more than 
two electrons can occupy an s (€ = 0) subshell (e.g., 1s, 25, 3s, . . .), and in 
each subshell the electrons must be oppositely paired. Six electrons can 
occupy a p subshell (¢ = 1), two with m,, = —1, two with m,, = 0, and two 
with m, = +1. Similar arguments show that 10 electrons fill a d subshell, 14 
fill an f subshell, and so on. 

A shell that contains the full complement of electrons allowed by the 
exclusion principle is called a closed shell (or filled shell). Obviously, a shell 
that is not closed is open (or partially filled). If an atom consists of a number 
of closed shells and subshells plus one or more electrons in a partially filled 
shell, these electrons are called valence electrons. In lithium, 15s?2s, for 
example, the 2s electron is the valence electron. 

The Aufbau principle determines much of the shape and form of the 
periodic table of the elements. The chemical properties of various elements 
are largely determined by the number of valence electrons. It is chiefly these 
electrons that participate in bonding and chemical reactions. Because of the 
Aufbau principle, certain patterns in electronic configurations reappear 
periodically as the number of electrons increases. Thus carbon (1s? 2s? 2p?) 
and silicon (1s? 2s? 2p% 3s? 3p?) each have two p valence electrons; this fact 
implies that some of their chemical properties will be similar, and experi- 
ments indicate that such is indeed the case.® 

Unfortunately, the simple ordering given in (9.14) breaks down in the 
n = 3 shell. For example, if the configuration of an atom consists of partially 
occupied 3d and 4s subshells, then, contrary to the ordering of (9.14), the 4s 
level fills before the 3d level. And the electronic configuration of potassium 
is 1s? 2s? 2p 3s? 3p6 4s, not 1s? 2s? 2p6 3s? 3p6 3d. Qualitatively, this ordering 
can be understood by referring to probability densities. The small amount of 
probability density of the 4s orbital near the nucleus is enough to pull its 
energy level below that of the 3d orbital, which penetrates very little into the 
region of small r (see Fig. 3.4). In fact, the simple ordering of (9.14) is 
observed to break down in several regions of the periodic table—for exam- 
ple, for neutral and singly ionized transition metal ions, alkaline earths, and 
alkalies. The more highly ionized species tend to follow the ordering of 
(9.14). The details are too involved to go into here (see the Suggested Readings 
for this chapter). 


In fact, silicon-based life has been proposed as a possible alternative to the 
carbon-based life of which we are so fond. See Carl Sagan, The Cosmic Connection (New 
York: Anchor Press, 1973), p. 47. 
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The actual ordering of orbitals for neutral atoms is better described by the 
following convenient table. 


Shell n 


ls 2s 2p 3s 3p + 3d 


Spor Ap) sgg e A es 


n=4 

i +, 98 r (9.15) 
n=5 5s 5p - 5d 
n=6 6s 6p 


A list of the ground-state configurations of all atoms appears in Appendix 5. 


Wave Functions 
Summarizing, we see that, in order to construct the ground-state configura- 
tion of a multielectron atom, we assign electrons to subshells according to 
(9.15) and the Pauli principle, beginning with the subshell of lowest energy- 
The corresponding ground-state wave function can be written down from Eq- 
(9.8). For example, the eigenfunction for the ground state of an atom with N 
even is ; 


y, = |widto) wilt.) B22) wa.(rs)o(3) 
VaemAEn-1)AN — 1) Wremftw)BN)|s (9.16) 


where the functions W(nm,)(¥;) are single-particle orbitals obtained by solving 
the Schroedinger equation for the ith particle in the isolated electron approxi- 
mation or the central field approximation. Using a bar to denote spin 
“down,” we can abbreviate Eq. (9.16) as 


y, =|1s(1) Ts) 25(3) 254) +--+ ném{N—1) ném{N)|. (9.17) 


The energy is simply the sum of the energies of each electron. 


Example 9.1 

Ground State of Neon 
For neon (N = 10), the ground-state configuration is (by the Aufbau 
principle) 15?2s*2p°. Therefore the ground-state wave function is 


Wi = | 19(1) 18(2) 25(3) 25(4) 2p0(5) 2p o(6) 2p- (7) 2p-:(8) 2p (9) 2p ,(10)|. 
(9.18) 


The ground state of neon is a singlet (why ?). 


Neon was a particularly fortunate choice for our illustration; because its 
configuration is that of a closed shell, in which all the electrons are paired, we 
could write down a unique Slater determinant as in Eq. (9.18). If the con- 
figuration of an atom corresponds to an open shell, there will be some 
ambiguity about the assignment of quantum numbers to electrons. For 
example, the ground-state configuration of lithium is 15?2s, and the 2s 
electron can have m, = +4 or m, = —4. The two resulting wave functions 
are degenerate. Similarly, for carbon, with configuration 1s?2s?2p?, we can 
write several Slater determinants corresponding to the same energy. The 2p 
subshell contains two equivalent electrons, so called because their principal 
and orbital angular momentum quantum numbers are the same. The elec- 
tronic configuration and energy depend only on the quantum numbers n, and 
£, for each electron, but a wave function depends on n, l Mae and m. 
Ba 2, sw nN 


so 


Exercise 9.1 Write the 15 different degenerate wave functions corre- 
sponding to the ground-state configuration of carbon. What is the ground- 
state energy of these functions in the isolated electron approximation ? 


Thus the presence of equivalent electrons in a partially filled shell gives rise to 
degenerate wave functions. As in the one-electron atom, some of this degen- 
eracy is lifted when previously ignored interactions are considered (e.g., the 
spin-orbit interaction). 


9.4 ANGULAR MOMENTUM COUPLING IN 
MULTIELECTRON ATOMS 


A number of interactions have been omitted from the Hamiltonian in Eq. 
(9.3). The N electrons each have a spin magnetic moment and an orbital 
magnetic moment associated with them. All these magnetic moments can 
interact in various ways. The mutual coulomb repulsion of the electrons, 
which is related to forces that are directed not toward the nucleus but along 
lines between electrons, influences the individual orbital angular momenta L; 
in such a way that they couple. Although each individual angular momentum 
operator does not commute with 3 (if these potential energy terms are 
included) and so is not a constant of the motion, the resultant total orbital 
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angular momentum is a constant of the motion. The individual spins can also 
be coupled together to form a total spin angular momentum. 

We see, therefore, that electrostatic interactions tend to couple all the 
orbital angular momenta and all the spin angular momenta. In addition, 
there are the spin-orbit interaction and other magnetic interactions (spin-spin, 
spin-other-orbit). The spin-orbit interaction gives rise to terms proportional 
to L,-S, and acts to couple the orbital angular momentum of the ith electron 
to its spin angular momentum so as to form a total J,. 

Both types of interaction, electrostatic and magnetic, are present in any 
particular atom. However, the magnetic interactions are usually weaker. For 
example, in light atoms, the electrostatic repulsions are of the order of ~1 eV, 
whereas the spin-orbit potential energy is of the order of ~10-* to ~1073 eV. 
Hence the angular momentum coupling in a light atom is as follows: 


1. The orbital angular momenta L,, i = 1,2,..., N, couple to form a 
total orbital angular momentum 


L=3L, (9.19) 
i=1 


and the spin angular momenta S, couple to form the total spin 
angular momentum 


s=%s. (9.20) 


This coupling is established at the level where only the electrostatic 
interactions are included in the Hamiltonian. 

2. The weaker magnetic interactions act to couple L to S so as to form 
the total angular momentum of the atom 


J=L+S. (9.21) 


This particular coupling scheme, in which the electrostatic interac- 
tions dominate the magnetic interactions and are thereby included in 
the Hamiltonian first, is called Russell-Saunders coupling.” 


In heavy atoms, the electrostatic repulsion terms are of the order of ~103 eV 
for the inner electrons and the magnetic or spin-orbit terms are of the order of 
~10* eV. Thus an alternate coupling scheme is more appropriate: 


1. Each electron’s L, and S, couple via the magnetic interactions to 
yield 
J,=L,+S, P=] hoN (9.22) 


1Some authors refer to this process as LS coupling. 


2. The influence of the electrostatic interactions then couples the J, 
together to form 


tm so. (9.23) 


This scheme is called j-j coupling and is generally less common than 
Russell-Saunders coupling. 


Regardless of which scheme is used, the vector coupling proceeds accord- 
ing to the familiar rules of Chapter 7. If both electrostatic and magnetic 
interactions are taken into account, the individual ¢,, M. Mso ji, Mjo L, Mx, 
S, and Ms are no longer good quantum numbers. Only J and M,, corre- 
sponding to the magnitude of the total angular momentum of the atom and 
its projection along the 2 axis, are good quantum numbers of the system. The 
important point is that the question of which quantum numbers are good 
quantum numbers can be answered only in the context of a particular form of 
the orbital approximation. For example, in the isolated electron approxima- 
tion, where each electron completely ignores its fellow electrons, L?, S?, (L,),, 
(S,), J, and (J,),, i = 1, 2,..., N, all commute with the Hamiltonian; there- 
fore la, Mis Ss Mso ji, and m,, are all perfectly good quantum numbers and 
can be used to label states of the atom. 


Exercise 9.2 Show that (L,); does not commute with V(r; — rj) = e*/r;; 
and thus does not commute with the Hamiltonian € or Eq. (9.3). Show 
also that (L,), +(L,); does commute with V(r; — r;) so that L, = 
EX: (Z,), commutes with 3. 


Because it is more frequently encountered, let us consider Russell-Saunders 
coupling in some detail. 


9.5 RUSSELL-SAUNDERS COUPLING 


In this case, the relevant equations are (9.19) to (9.21). The quantum numbers 
associated with the operators L?, S?, J?, L,, S, and J, are L, S, J, Mz, Ms, and 
M,, respectively. 


Exercise 9.3 Draw a set of vector diagrams like the one in Fig. 7.1, 
illustrating Russell-Saunders coupling for a two-electron atom. 


In the approximation in which spin-orbit coupling terms are neglected, 
eigenfunctions can be labeled by the quantum numbers {n, L, S, M}, and Ms} 
or by {n, L, S, J, M,}. In improved approximations, in which spin-orbit 
interactions are included in the Hamiltonian, we must use the latter set—for 
M, and Mg are no longer good quantum numbers—and in the vector model 
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we picture the “precession of L and S about J” (see Prob. 9.4). Thus the 
appropriate set depends on two interrelated factors: (a) the strength of the 
spin-orbit interaction tending to couple L and S and (b) the accuracy to which 
we wish to treat the system. 

How can we determine the new quantum numbers, given the assigned 
values of n,, €,, m,,, and m, for each electron? The relationships are familiar 
from the treatment of angular momentum coupling in Sec. 7.3 and the one- 
dimensional model of Sec. 8.4. For example, the allowed values of M, and 
Ms are given by 


M, = È ma (9.24) 
2 

Ms = 3 mp (9.25) 
i=1 


and the eigenfunctions y, in the orbital approximation satisfy 


Ly, = M,hy,, (9.26) 
Sy, = Mshy,. (9.27) 
Similarly, it is easy to determine the allowed values of L and S for, say, a 


two-electron atom. Generalizing the rules of vector coupling in Chapter 7, 
we have 


L=|¢, —@|,...5¢, + (9.28) 

and S=0,1, (9.29) 

where we have assumed that (7,¢,) = (”,¢,).8 Of course, for a given L and S, 
M, and Ms are given by 

M,=-—L,...,L, (9.30) 

Ms = —S,...,S. (9.31) 


These relations are consistent with Eqs. (9.24) and (9.25). Given values for L 
and S, the allowed values of J and M, are 


G=|b—Sl. bos (9.32) 
Mp = cad (9.33) 

Notice that 
M, = M, + Ms. (9.34) 


Exercise 9.4 Prove that the only allowed values of Z and S for a closed- 
shell configuration are L = 0 and S = 0. 


BMara eamniicatad nacas ara trantad similarly: Caa Denk 07 


In addition to labeling states of the system, these quantum numbers provide 
useful labels for the energy levels of the atom. 


Atomic Terms 


We expect the energy of a particular level to depend on L and S (and J if 
spin-orbit interactions are not ignored) but not on M,, Ms (or M,). Therefore 
we may label the levels by their atomic terms, which are written ?5+!L, where 
we use letters S, P, D,... for L=0,1,2,..., The superscript 2S + 1 is 
called the multiplicity of the level; that is, singlet, doublet, triplet, and so on. 
For example, states with S = 0 and L = 2, arising from the same configu- 
ration, are collectively referred to as the 1D term. In the approximation where 
spin-orbit effects are ignored, all states of a given term are degenerate. In 
general, a term 75*!Z is (2S + 1)(2L + 1)-fold degenerate. For example, the 
3P term of carbon (1s?2s?2p?) is ninefold degenerate. 

In the Russell-Saunders coupling scheme, the subscript J can be appended 
to the term designation to indicate one of the allowed values J = | L — S|, 
..., L + S. For example, for L = 1, S = 1—a 3P term—we have *Py, >P,, 
3P,. We may refer to these as sublevels; they are degenerate as long as the 
spin-orbit interaction is ignored. We shall return to this point in our discus- 
sion of Hund’s rules. Each sublevel ?5+'L, is (2J + 1)-fold degenerate, and 
obviously the sum of the degeneracies of all sublevels must equal the degen- 
eracy of the corresponding term. For example, the sublevels +P., 3P,, 3P, are 
one-, three-, and five-fold degenerate, respectively, for a total nine-fold 
degeneracy as required. Of course, when the spin-orbit interactions are 
considered, the degeneracy between different J sublevels is lifted. However, 
the (2J + 1)-fold degeneracy of each sublevel remains. This degeneracy can 
be removed by application of an external magnetic field; this is the Zeeman 
effect again (see Prob. 9.5). 


Implied Terms? 


It might seem a trivial matter to determine the terms for, say, the ground 
state of a particular atom. We merely write down the quantum numbers of 
the equivalent electrons in partially filled shells and couple them according to 
the rules of Eqs. (9.28) to (9.33). (Note that closed shells and subshells 
contribute nothing; see Exercise 9.4.) Doing so for carbon, which has two 
equivalent 2p electrons, we obtain the terms shown in Table 9.1. However, we 
have completely neglected the Pauli exclusion principle, which restricts the 
quantum numbers of the electrons in the atom and forces us to discard some 
of the terms in the table. 


9The method outlined in this subsection follows closely the discussion in Peter 
O’D. Offenhartz, Atomic and Molecular Orbital Theory (New York: McGraw-Hill, 1970), 
Chap. 6. 
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Table 9.1 

Atomic terms and sublevels obtained by applying Russell- 
Saunders coupling to the carbon atom, Only 1S, !D2, 3P;, and 
3Py remain after the Pauli exclusion principle has been taken 
into consideration. 


E S J Term Sublevels 

(o T o 6 1s 1S0 

To | 1P 1P, 

2 0 2 1p 1D, 
(ensign 38 38, 

1 1 21,0 3P 3P2, 3Pi, 3Po 
A 3 3D 3D3, ‘Da, 2D, 


Table 9.2 


Values of mz,, Mes, ms,, and ms, allowed by the Pauli exclusion 
principle for carbon (1s?2s?2p2) and resulting values of Mz and 


Ms. 
Entry m: Mı Ms 
=] 0 +1 
1 toy -2 0 
2 P 0 0 
3 Tp 2 0 
4 i fi -1 1 
5 tT 4 -1 0 
6 1 t -1 0 
7 i $ -1 -1 
8 t ji 0 1 
9 T 1 0 0 
10 i t 0 0 
11 L 4 0 -1 
12 f f $ 1 
13 Tt l 1 0 
14 l i 1 0 
15 T J 1 —1 


To illustrate, we begin by listing the allowed values of m,, and m, (valence 
electrons only) and the resultant values of M, and M, for carbon in Table 9.2. 
Since Exercise 9.1 showed that there are 15 degenerate Slater determinants 
for the ground state of carbon, we expect to find 15 entries in the table. Each 
entry in this table corresponds to one allowed state of the system. We now 
list the number of states with a particular M, and Ms in Table 9.3a, which is 


Table 9.3a 
First Implied-Terms Table 


Ms 
A 1 E, 
2 0 1 0 
1 1 2 1 
0 1 3 1 
= 1 2 1 
—2 0 1 0 


called an implied terms table. We shall use it to determine the allowed terms 
for carbon. 

First, consider the largest possible values of L and S: L = 2 and S = 1. 
These values give rise to the 3D term in Table 9.1. If they were allowed, 
entries corresponding to M, = 2 and M,=1 would have to appear in 
Table 9.2. A glance at the table shows that they do not. We must discard the 
3D term and the sublevels 3 D,, 3D,, and 3D, as disallowed by the Pauli 
principle. 

Now we turn to the next largest values: L = 2, S = 0. This is the 1D 
term. Since there are entries in Table 9.2 with M, = 2, Ms = 0, we know that 
this term is allowed. The 'D term corresponds to five states, depending on 
whether M, = —2, —1, 0, 1, 2. Each state is a singlet and has one of M, 
= —2, —1, 0, 1, 2. Consequently, we have determined the nature of five of 
the states in Table 9.3a, Subtracting these states from the table yields Table 
9.3b (we subtract 1 from each element in the second column). We look next 
at L = 1, S = 1—that is, the 3P terms. Entries with M, = —1, 0, +1 and 
Ms = —1, 0, | remain in Table 9.3b, so the ?P,, 3P,, and 3P, sublevels are 
allowed. They correspond to nine states altogether. Substracting them from 
Table 9.3b, we obtain Table 9.3c. But only one state is left in Table 9.3c. It 


Table 9.3b 
Second Implied-Terms Table 
Ms 
Mr 1 0 =1 
2 


Omno 
Om.. 
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Table 9.3c 
Final Implied-Terms Table 


Ms 
Mr 1 ce! | 
2 0 0 0 
1 0 0 0 
0 0 1 0 
=1 0 0 0 
=2 0 0 0 


has M, = 0, Ms = 0 and gives the 'S term. Thus this term is allowed; and 
since no more states remain, the terms 35 and 'P are forbidden. We have 
shown that of all the atomic terms that might be generated by Russell- 
Saunders coupling for carbon, only the terms 'S, °P, and 'D are allowed by 
the Pauli exclusion principle. 

Precisely the same analysis holds for any atom with two equivalent p 
electrons outside closed subshells. The implied-terms method is a convenient 
bookkeeping procedure and can be applied to any configuration (see Prob. 
9.2). 

To complete our picture of the quantum mechanics of multielectron 
atoms, we must know how the terms obtained above are ordered in energy. 
This is the subject of Sec. 9.6. Also unresolved at this point is the question of 
precisely which of the many degenerate Slater determinants constitute a 
particular wave function for state y = (S, L, M,, Ms). To answer, we must 
actually construct the eigenfunction of interest. This topic is discussed in 
Prob. 9.3. 


9.6 HUND’S RULES 


It is now possible to determine the allowed atomic terms corresponding to a 
particular electronic configuration. For example, in carbon we found 'S, °P, 
and ! D; each sublevel 'S,,'!D,,3P,,3P,, and 3P, arising from these terms has 
a different energy when spin-orbit interactions are included in the Hamil- 
tonian. We would like to know these energies. However, Chapter 7 has 
demonstrated that actual calculation of the shift and ordering in energy of 
these levels can be a time-consuming and difficult process. Fortunately, a set 
of rules exists that enables us to avoid such calculations if qualitative rather 
than quantitative results are satisfactory. Called Hund’s rules, they provide an 
estimate of the ordering in energy of the levels and sublevels for the case of 
equivalent electrons in the ground configuration. 


RULE 1: The terms(s) arising from the ground configuration with the maximum 
multiplicity (28 + 1) lies lowest in energy. 


Rule 1 can be understood by generalizing the spin-pairing arguments of 
Sec. 8.3 to three-dimensional multielectron atoms. Recall that in the two- 
electron case, we found that like spins (unpaired spins) “repel” and unlike 
spins (paired spins) “attract.” In a multielectron atom, a state with high 
multiplicity contains a greater number of electrons with parallel spins than 
does one of low multiplicity. Since these electrons all “avoid one another”, 
the energy of the state with high multiplicity lies below that of a state with 
low multiplicity. 


RULE 2: Of several levels with the same multiplicity, the one with the maximum 
value of L lies lowest in energy. 


Rule 2 can also be crudely understood as a consequence of the electrostatic 
repulsion of electrons. Ina state of large orbital angular momentum quantum 
number L, the electrons can be thought of as orbiting “in the same direction.” 
Such electrons can remain separated from one another at all times and so 
have a lower energy than do electrons “orbiting in the opposite direction,” 
which must approach one another at some time. 


RULE 3: Of several sublevels with the same multiplicity and total quantum 
number L: 

(a) the sublevel with the minimum value of J lies lowest in energy if the 
configuration has a shell that is less than half-filled; 

(b) the sublevel with the maximum value of J lies lowest in energy if the 
configuration has a shell that is more than half-filled. 


Rule 3 is primarily a consequence of the spin-orbit interaction plus the fact 
that the electrostatic potential energy increases as r increases.'° If we apply 
Hund’s rules, together with our knowledge of the effects of electrostatic and 
magnetic interactions for Russell-Saunders coupling, to carbon, we obtain the 
energy level diagram of Fig. 9.1. (The splittings in this diagram are not 
exactly to scale.) 

As with the Aufbau principle, Hund’s rules provide a simple rule of thumb 
for determining features of atomic structure. They, too, break down in some 
cases. The reason for this breakdown lies at the very core of the orbital 
approximation. In writing an electronic configuration, all we must specify is 
how electrons are placed into subshells. The actual distribution of electrons 
in a particular quantum mechanical state is sometimes more accurately 


10In case (a) the sublevels are called regular multiplets; in case (b) they are called 
inverted multiplets. 
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described by a mixture of more than one such configuration. A detailed dis- 
cussion of this phenomenon, called “configuration interaction” (or configura- 
tion mixing), is beyond the scope of this book. 


9.7 CONCLUDING REMARKS: j-j7 COUPLING 


We suggested in Sec. 9.4 that Russell-Saunders coupling is not applicable to 
heavy atoms because the magnetic interactions, which tend to couple the spin 
and orbital angular momenta of the individual electrons to one another to 
form J, = L; + S, become more important than the electrostatic interac- 
tions. 

An alternative to Russell-Saunders coupling is j-j coupling; the relevant 
equations are (9.22) and (9.23). The quantum numbers of the individual 
electrons j; and m,, are, for a given ¢, (> 1) and s, = 4, 


h=l—4,6+4, (9.35) 
my, = Sjo +++ ode (9.36) 


The individual total angular momenta J, then couple to give the total J. For 
a two-electron atom, the quantum numbers J and M, are simply 


J = |ji — jib odi +h (9.37) 
M, = —J;...5d. (9.38) 


The levels are labeled by J and (j,, j2) rather than by term designations as in 
Russell-Saunders coupling (see Prob. 9.6). 

In general, the level corresponding to all electrons having the smallest 
values of j; will lie lowest in energy. Thus in the case of lead (Pb), which has an 
np? valence configuration built on a closed shell (see Appendix 5), we find 
levels ordered as (4, 4), (3, 4), and (3, 3). Usually the level with the lowest 
value of J for given j, andj, lies lowest in energy; however, this should not be 
taken as a strict rule. 

Two final comments are necessary. First, for many medium-weight and 
heavy atoms, neither Russell-Saunders nor j-j coupling is precisely accurate; 
the electrostatic and magnetic interactions are of comparable magnitude. In 
such a case, a much more complicated scheme must be employed. Second, 
there is a relationship between the two schemes. This point is illustrated in 
Fig. 9.2, which shows schematically the transition from pure Russell- 
Saunders coupling in a light element of Group IV of the periodic table to 
nearly pure j-j coupling in the heaviest element in Group IV. Notice that all 
the atoms in Fig. 9.2 have the same valence configuration (np?). The lines 
from left to right correlate the two extreme limits connecting levels of the same 
total angular momentum quantum number J. 


Pure j-j coupling 


Pure Russell-Saunders coupling 


Si Ge Sn Pb 


Figure 9.2 Illustration of the “correlation” of Russell-Saunders and j-j coupling schemes for 
Group IV atoms (electronic valence configuration : np). (From P. W. Atkins, Molecular Quantum 
Mechanics, Vol. 2. Oxford: The Clarendon Press, 1970.) 


So ends our discussion of atomic structure. It would easily be possible to 
spend many more pages improving our understanding of atomic properties 
and exploring the oddities of the periodic table. We refer the interested 
reader to the references below instead. 
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SUGGESTED READINGS 


A number of books contain useful treatments of atomic structure. At an introduc- 
tory level, there are, for example, 


EISBERG, ROBERT M., Fundamentals of Modern Physics. New York: Wiley, 1961. 
See especially Chap. 11. 


PILAR, FRANK L., Elementary Quantum Chemistry. New York: McGraw-Hill, 
1968. See especially Chap. 12. 


A treatment of this subject in the context of atomic spectroscopy may be found in 
Kunn, H. G., Atomic Spectra. New York: Academic, 1969, 

or, at a slightly more advanced level, in 

HERZBERG, G., Atomic Spectra and Atomic Structure. New York: Dover, 1944. 


For further information regarding the periodic table and properties of the elements, 
see 


Ricu, R., Periodic Correlations. New York: W. A. Benjamin, 1965. 


Finally, several of the references more appropriately placed after Chapter 10 con- 
tain well-written discussions of atomic structure. 


PROBLEMS 


9.1 Excited-State Configurations of the Alkali Atoms: 
Quantum Defect (*) 


The excited-state configurations usually correspond to simply promoting 
one of the outer electrons to a higher single-particle state. In the case of very highly 
excited configurations, the energy levels are frequently found to describe a Rydberg 
series such that 


R 


— Eg ce Ou? 


where z and £ are the principal and orbital angular momentum quantum numbers 
describing the excited orbital; Ô, is called the quantum defect and gives a measure of 
“how hydrogenic” the excited orbital really is. The Rydberg constant is 


R = 109,737 cm~! 
= 13.605 eV. 


The table shown contains observed energy levels (given as positive numbers in 
cm~! units) for two alkali atoms, lithium (Z = 3) and sodium (Z = 11). 


Li Na 


n s p d f s Pp d f 

2 43487 28583 — — — — — — 
3 16281 12562 12204 — 41450 24484 12277 — 
4 8475 7017 6864 6857 15710 11180 6901 6861 
a] 5187 4471 4392 4382 8249 6408 4413 4391 
6 5078 4153 3062 3042 


(a) Calculate the quantum defect 6, for each energy level of Li and Na. 
(b) For a given value of n, explain the observed variation of 6,. with £. 
(c) Explain the relative magnitudes of the quantum defects for Li and Na. 
(d) Explain why the defects do not vanish in the limit n — oo. 


9.2 Russell-Saunders Coupling in Multielectron Atoms: 
Terms of p* (**) 


Consider a configuration consisting of k equivalent p electrons outside a 
closed shell, which we denote simply by p* (e.g., carbon p?, nitrogen p°, oxygen p*). 

(a) Use the implied-terms method to determine all the terms that can arise from 
p’. Which of them will have the lowest energy ? 

(b) Repeat part (a) for the cases p*, p5, and p® to show that, in general, the terms 
arising from p* are precisely the same as those arising from p®-*. [The result in 
part (b) is quite general and applies to d* and d!°-*, f*, and f14-*, and so on. It is 
common practice to refer to the electrons that would be required to fill a subshell as 
“holes.” Hence the configuration p? corresponds to 4 holes, p? to 3 holes, p+ to 2 
holes, and so on. The terms can be obtained by coupling the angular momentum of 
either the electrons or the holes!] 


9.3 Wave functions for p? Configuration: 
Russell-Saunders Coupling (****) 


We know that the single Slater determinants that correspond to particular 
configurations are not “good wave functions.” They are, however, adequate 
zeroth-order functions for use in perturbation theory. Such calculations can be 
rather complicated for configurations like 1s22s?2p2 (carbon) because the zeroth- 
order energy is (36 — 6)/2 = 15-fold degenerate (why ?), and the degenerate theory 
of Sec. 4.6 would be required. We avoid this difficulty in the usual manner by form- 
ing new zeroth-order functions that are eigenfunctions of L?, L,, S2, and S,. 

(a) Using a convenient notation, write down all 15 Slater determinants that 
arise in the 1s22s?2p? configuration (Exercise 9.1). 

(b) For each choice of m, and m, (quantum numbers of the 2p electrons), form 
linear combinations (summing over m, and my) as required to obtain eigenfunctions 
of S? and S,. You should obtain 15 such functions. [HintT: You may find it con- 
venient to consider only the diagonal element of each Slater determinant when 
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coupling the spins. A little thought should convince you that the resulting combina- 
tions apply using the entire determinant.] 

(c) In most cases, you will find that the functions obtained in part (b) are already 
eigenfunctions of L? and L,. The exceptions are 'D(M, = 0) and !S. Make up a 
table showing explicitly all the eigenfunctions for ?P (all M, and Ms), 1D (all Mz), 
and !S. [HINT: You may need the Clebsch-Gordan coefficients of Appendix 4.] 


9.4 Spin-Orbit Coupling in Complex Atoms: 
Origin of Fine Structure (***) 


Spin-orbit coupling is strictly an internal effect arising from the interaction 
between the electron spin and the effective magnetic field due to the apparent 
nuclear motion. By analogy with the one-electron atom, we can write for the N- 
electron atom 


N 
Kao = >» Er) Li: Si, 


where €,(r,) is defined in a manner similar to the one-electron case, assuming an 
effective potential field can be defined for each electron. 

(a) For the case of weak spin-orbit coupling, use classical and quantum mechan- 
ical arguments to show that the first-order correction to the energy may be given as 


EP = <LSIM, |H,o| LSJM;> 


~ ACL, [e+ 1) -M4 1)— S(S + D), 


where A(L, S) is a constant, independent of J. [Hint: For the case of weak spin- 
orbit coupling, we can picture each L; as rapidly precessing about L and each S; 
rapidly precessing about S; this should give you a good start. It will help to draw 
vector diagrams. Next, it is helpful to recall the operator expression J? = 
L? + S? + 2L-S] 

(b) The result of part (a) shows that each term E(L, S) of a particular configura- 
tion is split by C, into several different levels, one for each value of J. The separa- 
tion of these so-called fine-structure levels is given by 


E(L, S, J) — E(L, S, J — 1) = AJ. 


This is called the Landé Interval Rule. It is found that A > 0 (“normal multiplets”) 
for terms arising from subshells less than half full and A < 0 (“inverted multiplets”) 
for subshells over half full. For half-filled subshells, A = 0. Consider the ground 
state 3 P fine structure of carbon, oxygen, silicon, and sulfur, where the energy levels 
are all referred to the lowest one taken as zero; the energies in cm~! units are 


G o Si S 
0.0 0.0 0.0 0.0 
16.4 158.5 FIZ 396.0 


PA 226.5 223.3 573.6 


(i) Write the ground-state electronic configuration for each atom and indi- 
cate whether the multiplet should be normal or inverted. Draw an 
energy level diagram for each atom and label the levels with the correct 
values of J. 

(ii) Calculate empirical values of A for each interval of an atom and give 
the percent difference as a measure of the accuracy of the interval rule 
for each atom. 

(iii) Briefly explain the observed variation of A with nuclear charge. 


9.5 Zeeman Effect in Complex Atoms (***) 


The electronic spin and orbital angular momenta in a complex atom give 
rise to a magnetic moment that we may write, by analogy with the one-electron 
atom, as 


M=% M, =- a, +28). 
In an external magnetic field B = ĉB,, the total Hamiltonian becomes 
R =O +H, + He, 
where the term containing B is 
KH, = —M-B = —M,B,. 


(a) Use classical precession arguments to derive the approximate expression 


My = (ag)! t 


(assume both a weak spin-orbit interaction and a weak magnetic field interaction, 
but take the spin-orbit interaction to be dominant). [H1nT: In the case of weak spin- 
orbit interaction and a weak magnetic field, we can use the precession picture of 
Prob. 9.4a; namely, the vectors L; precess rapidly about L and the vectors S; 
precess rapidly about S. It might be helpful to draw vector diagrams to treat sum- 
mations like X; (L;-L) and §; (S;-S).] 

(b) Using the results of part (a), show that the first-order correction to the 
energy of a level E(L, S, J) due to the perturbation Cp is 


ħ 
Ep = 5) B:g;M; = g:ßB-M;, 


where the Landé g factor is given by 


IE Sse rena): 
eral: JUF 


Explain how we get by without “degenerate perturbation theory.” 
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9.6 Russell-Saunders and j-j Coupling Schemes (*) 


Consider a multielectron atom whose electron configuration is 
1522s22p63523p93d1°4s24p4d 


(a) To what element does this configuration correspond? Is it in the ground 
state or an excited state? Explain. 


(b) Suppose that we apply the Russell-Saunders coupling scheme to this atom. 
Draw an energy level diagram roughly to scale for the atom, beginning with the 
single unperturbed configuration energy and taking into account the various inter- 
actions (e.g., spin-orbit coupling) one at a time in the correct order. Be sure to label 
each level at each stage of your diagram with the appropriate term designation, 
quantum numbers, and so on. 


(c) Suppose that instead we apply pure j-j coupling to the atom. Starting again 


with the unperturbed n = 4 level, draw a second energy level diagram. [HINT: 
Assume that for a given level (j1, j2), the state with lowest J lies lowest in energy.] 


10 


Quantitative Approaches 
to 
Multielectron Atoms 


When you cannot measure it, when you cannot express it in numbers, your knowledge 
of it is of a meagre and unsatisfactory kind. 
Lord Kelvin 1824-1907 


The previous two chapters developed a rather qualitative but reasonably 
accurate picture of the nature and properties of multielectron atoms. In it the 
atom was viewed as composed of shells (and subshells) that are filled with 
electrons according to the Aufbau principle, which incorporates the Pauli 
exclusion principle. [Excited states are generated from the ground state by 
promoting, or “exciting,” one (or more) electrons to higher subshells.] Such a 
picture is consonant with the orbital approximation, in which each electron 
is described by a single-particle orbital. Properly antisymmetrized stationary- 
state wave functions of the atom are simply Slater determinants made up of 
these orbitals. 

The atom is further described by its energy level diagram. For example, 
electrostatic and magnetic interactions in a light atom result in coupling of 
orbital and spin angular momenta and in splitting of energy levels. Hund’s 
tules enable us to estimate the ordering of these levels but do not help in 
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calculating the energies. Certainly our quantum mechanical theory would be 
less than satisfactory if it could not provide a tractable means of calculating 
these energies with some precision. 

Indeed, much of the recent research in atomic structure (since, say, 1930) 
has been devoted to the development and utilization of many and diverse 
quantitative procedures for the calculation of energies and wave functions of 
multielectron atoms. In this chapter, we shall look at some calculations for 
heliumlike atoms (N = 2) and then briefly mention a widely-used approach 
to the problem for N > 2. 


10.1 THE TWO-ELECTRON ATOM (PERTURBATION THEORY) 


We choose to examine the case of N = 2 in some depth because the calcula- 
tions are simple enough to be carried out without the aid of enormous 
computers. Moreover, we studied a one-dimensional model of precisely this 
atom (Sec. 8.3), and seeing how to generalize the results of that discussion 
will be instructive. 

Let us consider, then, two-electron atoms and ions of nuclear charge Ze. 
Neutral He corresponds to Z = 2, Li* to Z = 3, Be** to Z = 4, and so on. 
We shall treat this atom by perturbation theory, taking as the perturbation 
Hamiltonian the potential energy term due to the electron-electron coulomb 
repulsion; that is, 


ge) = Wr) = =. (10.1) 


12 
The full Hamiltonian is, of course, just 3¢ + JC, or 


_2 h? |, Ze? e? 
5 Dat aad ) wee (10.2) 


Ti 


Since 5” is independent of Z, it is smaller [compared to 3C] for large Z 
than for small Z, and we would expect perturbation theory to give better 
results, say, for Be** than for helium.’ 

From our work in Chapter 8 we know what to expect from the perturba- 
tion calculations: the energy of the ground state will be raised from the 
zeroth-order value, and the first excited level will split into singlet and triplet 
levels, the latter lying lower in energy than the former. Let us look first at the 
ground state. 


1This perturbation does not appear to be “weak,” however, for it becomes 
infinite as r12 — 0. Nevertheless, perturbation theory is applicable, since its validity is 
determined not by V alone but by the magnitude of the energy correction terms. 


Ground State 


The configuration of the ground state is 1s?; the two electrons are paired, 
one with m, = +4, the other with m, = —}, and they have identical 
spatial quantum numbers n, = n, = 1, £, = £, = 0, and m, = m, = 0. As 
we saw in Chapter 8, the ground state of a two-electron atom is a singlet with 
S=0, Ms =0. The zeroth-order eigenfunction is? [see Eqs. (8.58) and 
(8.59)] 


Wino = VIP WIP (2) Xo05 (10.3) 


where Yoo is the antisymmetric spin function 
Xoo = FDO — LOAD (10.4) 


and w{%(r,) and w{(r,) are the familiar solutions of the single-particle 
Schroedinger equation with n = 1, £ = 0, m, = 0. Thus we have from 
Table 3.3 


1 Z\3/2 y : 
wine) == (A) ezra = (i = 1, 2), (10.5) 


where a, = 0.529 A is the first Bohr radius of the hydrogen atom. 
The zeroth-order ground-state energy is just twice the energy of y {%9 (r,), 


Ze 


Eu = 280 = — 
ao 


(10.6) 


Zeroth-order energies of several two-electron atomic systems are listed in 
column 4 of Table 10.1; experimentally measured ground-state energies 
appear in column 3. In each case, the zeroth-order energies lie “too low” (are 
too negative). This fact is not surprising, for the zeroth-order approximation 
completely ignores the electron-electron repulsion term e?/r,,. The relative 
error due to neglect of this term is larger for small Z than for large Z. 

The ground-state energy, to first order, is simply 


Eyni = 2EY + (wie 


aa RO) 
Elyga) (10.7) 
or [Eq. (8.61)] 

Brain SABE Finis (10.8) 


2We shall omit the superscript A, it being understood that we are always dealing 
with antisymmetric wave functions in this chapter. When we generalize a result from an 
earlier chapter, you should refer back and convince yourself that the result does carry over 
as claimed. 
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Table 10.1 


Comparison of experimental (E), zeroth-order (0), first-order (1), and variational (V) 
energies for heliumlike atomic systems. Also shown are AE(1, E), the difference between 
the first-order and experimental energies, and AE(V, E), the difference between the varia- 
tional and experimental energies. (All numbers are in eV.) 


Z Element (E) (0) 0) AEN,E) V AE(V,E) 
2 He —78.62 —108.8 —74.42 4.2 —77.09 1.5 

3 Li* 197.14 244.7 192.80 4.3 —195.47 1,7 

4 Be** 369.96 435.0 365.31 4.7 —367.98 2.0 

5 B3+ 596.4 679.8 591.94 4.5 —594.6 1.8 

6 iG 876.2 987.8 872.69 3.3 —875.4 1.8 


where the coulomb (or direct) integral is, in general [see Eq. (8.37)], 
2 
June = | Iye (=) |Win (F2) |? dr, dr. (10.9) 


ri 


Notice that the integration in (10.9) is taken over all coordinates of both 
electrons and that J, wv is independent of m, (see Prob. 10.2a). 

Since we do not expect Eq. (10.8) to be a very good approximation to the 
exact ground-state energy, evaluation of the integral in Eq. (10.9) may seem 
pointless. However, it offers an opportunity to introduce some useful integra- 
tion techniques and is examined in considerable detail in Prob. 10.1, which 
you should try unless these techniques are already familiar. The result 
obtained in that problem is 


In = +=: (10.10) 


Ba 22 (1 33): (10.11) 


We see that the first-order effect of the electron-electron repulsion term is to 
increase the ground-state energy from the zeroth-order value —Z7e?/ao. 

In column 5 of Table 10.1 values of £,, ,, for several atoms are shown. In 
column 6 we have AE(1, E), which is the difference between the first-order 
approximation and the experimentally observed energy. Since the perturba- 
tion e?/r,, is more important for small Z, we expect that, in general, the 
improvement will be most substantial for small Z. Table 10.1 reveals that this 


is true. In each case, He, Li*, Be**, etc., the first-order approximation is 
closer to the observed energy than is the zeroth-order approximation. 

These encouraging results might tempt us to consider higher-order 
calculations; such calculations would lower the energy as required. However, 
we recall from Chapter 4 that high-order perturbation calculations are 
usually extremely complicated and unsuitable for highly accurate results. 
Thus a more flexible and potentially accurate approximation technique is 
more appropriate, and we shall return to the ground state in Sec. 10.3 and 
apply the variational method to it. First, however, we shall continue the 
generalization of the perturbation theory calculation of Sec. 8.3 by looking at 
excited states. 


Excited States 


Suppose that we excite one of the 1s electrons to a subshell (n’¢’), n’ 4 1.3 
The zeroth-order wave functions for this state are [Eqs. (8.58) and (8.59)] 


Vive 00 = WME Wma) + YLmAt WME) Z00 (10.12) 
VO vem iM = Wir Wm Ata) a Wore DWO, ry » (10.12b) 
é s 


where wi'?m/(r) is the hydrogenic function for state (n’¢’m/). The spin 
functions are 


Xoo = ry la(1)B2) — Oa (10.13a) 
X11 = «(1)a(2), (10.13b) 
Ko= TTO + L2), (10.13c) 
Xi,- = LDO), (10.13d) 


corresponding to singlet states (S = 0, Ms = 0) and triplet states (S = 1, 
Ms = +1, 0, —1). 


3The energies of doubly excited configurations like (mé)(n'¢’) for n and n’ #1 
are larger than the amount of energy required to completely remove one electron from the 
atom, the ionization energy. States arising from such doubly excited configurations are 
called autoionizing states, since they are unstable with respect to ionization. Thus if we 
were to excite an He atom to such a state (by an incident photon for example), it would 
subsequently ionize, ejecting one electron with a significant amount of kinetic energy. These 
autoionization states also show up as resonances in electron-scattering cross sections. 
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Typical configurations that the wave functions of Eqs. (10.12) might 
represent are shown below. 


Configuration Zeroth-order Energy 
152s, 1s2p EW + Ese) 
153s, 1s3p, 1s3d E(? + EY 


1s4s, 1s4p,... EY + EW 


where E{® is the single-particle hydrogenic energy. Notice that states with 
the same n’ but different ¢’ are degenerate in the zeroth-order approximation, 
since we are treating each electron as if it were alone in a hydrogenic atom. 

Now we take account of the electron-electron repulsion. To first order. 
the new energies are [Eq. (8.63)] 


Ber BY BO 4 Sig ce E Koer: (10.14) 


where the + sign corresponds to the singlet and the — sign to the triplet 
states. The coulomb integral is given in Eq. (10.9). The exchange integral is 
[see Eq. (8.42)] 


2 
Krewe = ff VSI AE WL CE1) WAE (EW lm Ta)" dr, dr,. (10.15) 
These integrals can be evaluated;* the results for two typical excited con- 
figurations of helium are shown in Table 10.2, together with zeroth-order and 
observed results from Table 10.1. Notice that, in accordance with the argu- 
ments of Sec. 8.3, Jis,n > Oand Ky, > 0. As expected, the pairing of the 
spins in the singlet level gives it a higher energy than the triplet level. 

The results of our perturbation theory calculations can be conveniently 
represented on an energy level diagram as in Fig. 10.1, where the effects of 
the coulomb and exchange integrals are explicitly shown. We have labeled 


4This step is done by expanding 1/r;2 via the expression given in Prob. 10,1 and 
evaluating the angular integrations by using the identity 


SE 5 Yin (8, Yad, 0 Yim (8, 9) sin 8 d0 do 


= 200 | "ACO <t’am'u| ¢’Aeme>, 


where the required Clebsch-Gordan coefficients may be found in Appendix 4. 


Table 10.2 

Comparison of zeroth-order (0), first-order (1), and experimental (E) energies for 
1s2s and 1s2p excited states of helium. Also given are the difference between the 
first-order and experimental energies AE(1, E) and values for exchange (K) and 
coulomb (J) integrals. (All numbers are in eV.) 


State isas . s lee b 
Singlet Triplet Singlet Triplet 
(0) —68.0 —68.0 —68.0 —68.0 
T 11.4 11.4 132 13.2 
K 12: 12 0.9 0.9 
(1) —55.4 —57.8 —53.9 —55.7 
(E) —58.4 —59.2 —57.8 —58.0 
AE(1, E) 3.0 1.4 3.9 2.3 
Energy 
(eV) 
Singlet states Triplet states 
E a e a a Ee. 
ls2p =a 
Laa 
tJisp 
oe kee 
s STA O 
-6804 EO, 122 a 
ig Is,2s (16 x) 1s,2s 
1s2 11S, 
— 78.62 +E 1,1, (experimental) / (1x) (1x) 
/ 
/ 
/ 
A t+Sisis 
ra 
Is? / 
-108.8 FO, — 


Exchange integral included 
included 


| 
Zeroth order Coulomb integral 
| 


Figure 10.1 Energy level diagram for the ground and excited states of helium corresponding to 
1s2s and 1s2p configurations (energies are in eV). 
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the ground-state term 1 'S to distinguish it from the terms arising from the 
excited-state configurations (2 +S, 2 °S, and so forth). Our quantitative calcula- 
tions verify what we would have predicted using Hund’s rules (Sec. 9.5). 
Moreover, the inclusion of the coulomb integral lifts the degeneracy of the 
configurations 1s2s and 1s2p, reminding us yet again that this degeneracy 
holds only for a “purely” hydrogenic atom. Notice that the average energy of 
the terms arising from 152s is lower than that for 1s2p, reflecting the influence 
of the £ = 1 centrifugal potential discussed earlier. Although the errors in the 
first-order energies for the 2 'S, 2 °S, 2 1P, and 2 °P levels appear to be rather 
large, the percentage error is not too bad—for example, 5% for 2 1S and 2% 
for 2 3S. 

We have placed the singlet and triplet states in separate columns because 
spectroscopic measurements indicate that transitions between singlet and 
triplet states occur with very small probability; in effect, they are forbidden. 

In fact, not even all singlet > singlet or triplet — triplet transitions are 
allowed. Recall that in Chapter 5 the absorption and emission of electro- 
magnetic radiation from a one-electron atom were discussed. For the excited 
states of helium with configurations Isn’é’, an atom in which only one 
electron is excited, we can assume to a good approximation that only this 
electron is involved in transitions. Thus we can generalize the electric dipole 
selection rules of Eqs. (5.43) to these atoms: 


AM, =0, +1 
AL = 
AS = 0, 


(10.16) 


where the spin selection rule follows from the fact that the electric dipole 
moment operator is independent of electron spin. [Very weak transitions 
(with low probability) that violate these rules are observed.] 


Probability Densities. 


Of course, perturbation theory could be used to obtain more accurate wave 
functions for the ground and excited states of helium. However, a good idea 
of the electronic structure of excited states of the atom can be obtained by 
examining the zeroth-order functions. In this regard, it is useful to calculate 
radial probability densities for, say, the states arising from a 152s configuration 
—namely, the singlet state, 2 |S, and the triplet state, 2 °S. Let us introduce the 
function D(r,, r2).., defined by 


Dri, r2); = (4nriXánri) HR 10(1 1 )Raolr2) + Rao" )Rio("2)]? 


where the + and — signs refer to singlet and triplet 152s spatial functions, 
respectively. D(r,, r+). dr, dr, is the probability of finding one electron in a 


shell of width dr, at a distance r, from the nucleus and the other electron in 
a shell of thickness dr, at a distance r,. Figure 10.2 shows plots of curves of 
constant D(r,, r,). for the singlet and triplet states. Notice that, as expected, 
the electrons seem to “repel one another” in the triplet state, whereas in the 
singlet state there is a finite probability that the electrons will be found in 
close proximity. 


Symmetric 2'S 
“singlet” 
D, (r. r2) 


0.05 


Antisymmetric 2 35 
“triplet” 
D_(r,,1r2) 


Figure 10.2 Curves of constant 
D(r,,7rz)« for the singlet and triplet 


0 1 2 3 4 5 states corresponding to 1s2s con- 
r figuration of helium. (Adapted from 
a J. W. Linnett, Wave Mechanics and 


Valency, London: Chapman and 
(b) Hall, Ltd., 1960.) 
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10.2 THE TWO-ELECTRON ATOM (THE VARIATIONAL METHOD) 


It would be a mistake to believe that we can do no better than first-order 
perturbation calculations in studying heliumlike atoms. In fact, even simple 
variational calculations as in Sec. 4.3 give better results than those of Sec. 
10.1. To illustrate, consider once more the ground state 1s”. 

We must choose a trial wave function g that we expect to be a reasonable 
approximation to the ground-state wave function for a two-electron atom. 
This function then leads to an approximate ground-state energy, 


iy tales lee, (10.17) 


which is an upper bound to the exact value. 

Our work in Sec. 8.3 with the one-dimensional two-fermion system can 
guide us in choosing g. We know that (a) the true eigenfunction can be 
written as the product of a spatial function times a spin function, and (b) the 
true ground state is a singlet (S = Ms = 0) witha symmetric spatial function. 
Our trial functions should have the proper symmetry. For example, we might 
use hydrogenic functions with a variable nuclear charge to construct a trial 
function of the form 


P = Pro0(¥1)Pi00(2), (10.18) 
where Piot) = =) "er, i es (10.19) 


This is just the normalized product of two ground-state hydrogenic functions. 
We shall let Z’ be the variational parameter, which is to be distinguished from 
Z, the fixed nuclear charge in the electron-nucleus potential energy terms 
—Ze?/r,. (If Z’ = Z, then g is just the zeroth-order wave function of Sec. 
10.1.) 

The evaluation of £, ,, is straightforward and very similar to the per- 
turbation calculations of Sec. 10.1. We find that 


Sy P oe mE 
B= -£ (2zz -z2 $Z’): (10.20) 


0 8 


The minimum principle of Chapter 4 ensures that minimization of this 
result with respect to the variational parameter Z’ provides an upper bound 
to the true ground-state energy. By requiring that 


we obtain 


27 — 2,» (10.21) 


where Z, the (actual) fixed nuclear charge is 2 for He, 3 for Li*, and so on. 
Substituting this result into Eq. (10.20), we obtain 


Be 25a ): (10.22) 


Bi eas = 2E\(I = BZ aa 256 Z? 

As expected, we see that including the electron-electron repulsion term 
raises the ground-state energy from the zeroth-order value 2E. Since the 
first two terms in the variational energy E',,,,, are the same as the first-order 
perturbation result of Eq. (10.11), the third term may be considered as a 
“variational correction” to the perturbation result. (This term approximates 
the corrections we would obtain by higher-order perturbation calculations.) 
Since E£(° is negative, the effect of this variational correction is to “lower” 
our approximate energy, bringing it still nearer the correct value. This effect 
is explicitly illustrated in columns 7 and 8 of Table 10.1, where numerical 
values of the variational energy and the difference AE(V, E) between it and the 
experimental results are shown. 

We can interpret these results by thinking again in terms of screening. 
One of the 1s electrons in the atom partially screens the other from the effect 
of the full nuclear charge Ze so that the screened electron behaves like an 
electron in the field of a nucleus of charge Z’e, where Z’ is given by Eq. (10.21) 
and is clearly smaller than Z. Thus the effect of including the electron- 
electron repulsion term is to reduce the “effective nuclear charge” seen by each 
electron. 

Had a more elaborate trial wave function been chosen, we would have 
obtained an even better (lower) energy. The variational method, especially in 
its linear version (Sec. 4.4), is attractive to people interested in elaborate 
atomic-structure calculations aimed at very accurate energies, for it is con- 
veniently coded onto a computer.® 


10.3 MULTIELECTRON ATOMS: 
THE HARTREE AND HARTREE-FOCK THEORIES 


In order to treat atoms with many more than two electrons, an alternative to 
perturbation theory is needed, for the computations quickly become cum- 
bersome. Moreover, first-order perturbation theory is not sufficiently 


‘For example, a linear variational calculation of the ground state of helium, 
using 1075 terms, gives an upper bound of —2,903724375 au or —78.95807 eV. [See C. L. 
Pekeris, Phys. Rev. 112, 1649(1959).] This gives an idea of what is possible when sufficient 
computer time (i.e., money) is available to permit such large calculations. 
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accurate, even for helium. In Chapter 9 two ways to think about multielectron 
atoms were suggested: the isolated electron approximation and the central 
field approximation. In each case, the electrons are assigned to orbitals 
(single-particle functions) that satisfy single-particle equations—for example, 


2 
[EV + Vie) yele) = Eyele. (10.23) 


In the isolated electron approximation, the single-particle potential energy 
is simply the electron-nucleus interaction — Ze?/r,. We have seen, in the case of 
helium, that the effect of the electron-electron repulsion is too important to be 
neglected completely; for example, it has a considerable effect on the energies 
(see Fig. 10.1). This interaction term is included in an approximate fashion in 
the central field approximation, in which we take V,(r,) to be independent of 
0, and g,. For instance, we may use the form 


Vir) = -2 + Vtr), (10.24) 


where V*"(r;) is a spherically symmetric screening potential. This poten- 
tial may be approximated by performing a spherical average of the poten- 
tials e?/r;; over the motion of all electrons except the ith (i.e., for j = 1, 2, 
tea & De 

It is probably not obvious precisely how this averaging should be per- 
formed. Intuitively, screening suggests that the average effect of electron j on 
electron i might be approximated by somehow averaging e?/r,, over the 
probability distribution of electron j: 


e? 
ie pAr,) dr,. 
i 


This is the basic idea behind the procedure used to obtain V;(r,). Notice that, 
in general, the screening potential will be different for each electron and that 
in the central field approximation the radial dependence of y,,(r;) is not 
given by the simple hydrogenic radial functions of Chapter 3. 


The Hartree Theory 


One systematic version of the central field approximation is the Hartree 
theory. We ignore the spins of the electrons except insofar as they influence 
the assignment of electrons to shells and subshells via the Pauli exclusion 
principle. Although not strictly correct, this approach will provide a rough 
idea of the energies of the atom. 


Thus the wave function for state y is written 


W, = Y intmp Es )W nemp (2) © + W intmp (En), (10.25) 


where each orbital Wiwemp.(T;) is an eigenfunction of the single-particle 
Hamiltonian 
jika 


nie He 


2 
V ZE + vir). 
fi 
The wave function of Eq. (10.25) is an eigenfunction of the Hamiltonian 
_~¢ h? o: = Ze? 5 5 
c= | -2V mee var) | (10.26) 


Suppose that we wish to solve for the orbital describing the motion of the 
ith electron. Obviously, we must first obtain V;. This screening potential will 
take into account the influence on the ith electron of all the other electrons 
j=1,2,...,N; jÆ i. In the Hartree method, we return to classical elec- 
tromagnetic theory and postulate that the effective potential V;(r;) has the 
same form as the potential energy of interaction of a point charge —e at r, 
with N — 1 other charges, spatially distributed, each with density —ep,(r,) 
and Pea g NN set): 


N. 2 
vite) = $, | Vieno (E) E Wamo (E) dt (10.27) 
Gi) x 


where r, is a dummy variable of integration. Therefore, in order to obtain 
the orbitals and hence the energies, we solve the Hartree equations: 


-v-z Zhi |E wit ) we (r,)| The 
Im, tS FANT Ose [Tees] IPO) Sagir (10.28) 


= EGtmo Worema (ds PSM Qa ogy) Savatons 


Once these equations have been solved, the resulting orbitals can be substi- 
tuted into the product for y, to give approximate wave functions for the 
atom. The expectation value of J€ with respect to this wave function is the 
approximate energy of the atom.’ 


6In cases where Eq. (10.27) is not spherically symmetric, it is usually averaged 
over all angles. 

Notice that this quantity, <y ¥ | 3€ |w#>, is not the same as the sum of the indi- 
vidual orbital energies Btm 
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It is not possible to discuss the details of the solution of the Hartree 
equations here. The method used is called The Method of Self-Consistent 
Fields and is essentially an iterative procedure in which we initially guess a set 
of “reasonable” effective potentials, and then use them to obtain a set of 
orbitals. These orbitals are next used to determine a “better” set of effective 
potentials and so on; the iteration stops at step M when the (M + 1)st set of 
potentials does not differ significantly from the Mth set. (This method is 
discussed in more detail in the references at the end of the chapter.) Let us 
look now at the results of a calculation based on the Hartree method. 


An Example: Cut 


The ground-state configuration of Cu is 15?2s?2p%3s?3p°3d!°4s. Thus Cu* 
corresponds to a closed shell and can be studied by using the Hartree method 
(which, recall, ignores spin). Hartree himself carried out these calculations 
originally.* The Hartree energies Efm, ate presented in Table 10.3, together 


Table 10.3 


Energies EE mai obtained from Hartree calcula- 
tions compared with experimental energies for Cu* 
(all energies in Rydbergs). 


Orbital Ebon, Ent), (exp) 
1s —658.0 —661.6 
2s —78.45 —81.0 
2p —69.86 —68.9 
3s —8.968 —8.9 
3p —6.078 —5.7 
3d —1.195 —0.4 


with experimental energies determined by X-ray measurements. We see that 
except for the 3d orbital, E¥ and E, (exp) agree to within 7%. Notice that 
Eğtmp iS independent of m,,. 

Such calculations can be used to verify the qualitative predictions of 
atomic structure made in the last chapter. For example, in Fig. 10.3 we show 
a plot of the radial probability density of electrons as a function of distance 
from the nucleus for Cu*. The figure, based on the Hartree solution of this 
ion, clearly reveals the K, L, and M shells introduced in Sec. 9.3. 


8See D, R. Hartree, Proc. Roy. Soc. (London) A141, 282(1933). 
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Figure 10.3 Plot of the radial distribution 47r? p(r) for Cut showing the shell structure of this 
atomic species. 


The Hartree-Fock Theory 


However useful the Hartree theory may appear, we know that it is not 
strictly correct and that spin can indeed affect both the orbital energies and 
the total energies of states of the atom. Thus we should take spin into account 
in any theory that is expected to give highly accurate results. 

The first (and most obvious) step in the inclusion of spin into the theory is 
to replace the product function of Eq. (10.25) with a Slater determinant: 


W, = |W) Well.) Wells) >  We,(tw)|, (10.29) 


where each orbital y,(r,) is a product of a spatial part and a spin part. We 
obtain these functions by solution of single-particle equations like Eq. (10.23). 

Unfortunately, the situation is now so complicated that we cannot guess 
the form of the screening potential. We would still expect V;(r,) to take the form 
of an average of e?/r,; over some sort of charge distribution p,, but the 
exchange effects might be expected to make this distribution rather com- 
plicated. 

However, we can use our experience with the helium atom to anticipate 
the influence of exchange effects on the energies of the atom. In particular, we 
expect paired electrons to repel one another more strongly than unpaired elec- 
trons, since the spatial symmetry imposed by the Pauli principle prevents the 
latter from occupying the same point in space. Since this effect is left out of 
the Hartree theory, we should expect it to yield energies which lie too high. 
The Hartree-Fock theory properly accounts for spin-pairing and results in 
lower energies, in better agreement with measurements. 
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A detailed analysis of the problem, taking spin into account as suggested 
above, leads to the rather formidable Hartree-Fock equations 


2 2: 
[= v — wate ce) 


N 
+d 
j=) 


ivi 


2 
= Win ED Öns, (Vino ED] E yno EDY} 


= E frtm W atmo (T). (10.30) 


e? 
[viin Ayn T) | yino E) 
i, 


These equations are presented so that you can see what they look like; 
the details of their derivation and solution are well beyond the scope of this 
book. 

Hartree-Fock calculations for Cu* yield? the orbital energies shown in 
Table 10.4 and the radial functions of Fig. 10.4. Comparison with Fig. 3.2 
reveals that these radial functions are similar to the corresponding hydrogenic 
functions (for the appropriate value of Z) in their qualitative behavior but 
that they differ in their detailed structure. 


Table 10.4 

One-electron energies Ben, for 
Cut* obtained by Hartree-Fock cal- 
culations. (Energies are given in 


Rydbergs.) 
Orbital ER, 
1s — 658.4 
2s —82.30 
2p —71.83 
3s —10.651 
3p = 7:279 
3d — 1.613 


We have done little more than suggest that rather accurate and detailed 
atomic-structure calculations can be performed on multielectron atoms. 
However, armed with the picture of the atom developed in Chapter 9, you 


9D, R. Hartree and W. Hartree, Proc. Roy. Soc. (London) A157, 490(1936). 
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Figure 10.4 Radial wave functions P(r) for Cu* obtained by Hartree-Fock calculations per- 


formed by Hartree and Hartree. (From John C. Slater, Quantum Theory of Atomic Structure, Vol. 
1, New York: McGraw-Hill, 1960.) 


should be able to pursue without too much difficulty any one of a number 
books that discuss the physics of multielectron atoms at a more advanced 
level. 
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SUGGESTED READINGS 


Treatments of atomic-structure calculations can be found in 


KAUZMAN, WALTER, Quantum Chemistry. New York: Academic, 1957. See Chap. 
10. 


SLATER, JOHN C., Quantum Theory of Matter. 2nd ed. New York: McGraw-Hill, 
1968. See Chaps. 12, 16, 17, and 18. 


An excellent discussion of the mathematical aspects of orbital theory, which 
should be accessible to the reader of our text, is presented in 


OFFENHARTZ, PETER O’D.,. Atomic and Molecular Orbital Theory. New York: 
McGraw-Hill, 1970. 


Chapter 6 of this reference deals with atomic orbitals. The electronic structure of 
complex atoms is treated in Chap. 8 of 


MizusHIMA, MASATAKA, Quantum Mechanics of Atomic Spectra and Atomic Struc- 
ture. New York: W. A. Benjamin, 1970. 


Two books of interest, which are more on the level of the researcher in this field, are 


Hartree, Douaras R., The Calculation of Atomic Structure, New York: Wiley, 
1957. 


HERMAN, F., and S. SKILLMAN, Atomic Structure Calculation, Englewood Cliffs, 
N.J.: Prentice-Hall, 1963. 


The latter volume contains tables of atomic potentials as well as detailed discussions 


of their calculation. 3 
Finally, we should mention that a very thorough bibliography of atomic struc- 


ture studies through 1958 is contained in Appendix 16 of 
SLATER, Jonn C., Quantum Theory of Atomic Structure, Vol. I, New York: Mc- 


Graw-Hill, 1960. 
PROBLEMS 


10.1 Evaluation of a Direct Integral (**) 
In this problem we shall verify Eq. (10.10), 


(a) Using the law of cosines, 
r?, =r} +r} — 2rr, cos O, 


where © is the angle between r, and rz, and the properties of Legendre polyno- 
mials, show that 1/r;2 can be expanded as 


i= 2 (45 Tat) Pilcos ®), 


where r- is the lesser of r, and r, and r, is the greater of r, and r,. Thus a different 
expansion is presented for cach region (see Figure 10.5). 


ři Figure 10.5 


(b) Use the Addition Theorem of spherical harmonics,!° 


P,(cos ©) = = Y3(81, 91) ¥i,(02, 92) 


an TA 


in this expansion to write J,,,;, as the product of a radial integral times an angular 
integral. Using properties of the spherical harmonics, show that your result reduces 
to 


Jiss =e? | Í [Riol]? [Rio(ra)l?r tr? drs dra. 
0 o 


(c) Some skill is required to evaluate this radial integral, since r> depends on 
whether r; > r2 or r, < r2. To see how to handle the problem, let us rewrite 
Ii 5,15 aS 


June = fo [Pfr Sraddra [7 fei <ra) dra | drs, 


where f(r; > r2) is written for the integrand as defined in the region (r, > r2). In 
Figure 10.6 we illustrate this choice of limits. The shaded region is an r2-integration 
area for a fixed value of rı. The region below the line r} = r, corresponds to the 
first of the inner integrals, and the region above this line corresponds to the second. 
The final integration, over r, from 0 to 9, is pictorially represented by sweeping the 
vertical ribbon toward the right from 0 to co. 


10See M. E. Rose, Elementary Theory of Angular Momentum (New York: Wiley, 
1957), pp. 59-60 for a derivation of this result. 
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Figure 10.6 


Thus we have 


omg 
Jinis =e? | all [Rio(ra)I2r3 dra 
ol tdo 


A IRio(r2)12 + 1dr Rial dr. 


>r 
r2 
Evaluate this expression, obtaining J; s, ıs = (5/8)(Ze?/ao). 


10.2 First Excited Configurations of Helium: 
Coulomb versus Exchange Energy (**) 


Consider the terms 1S, 3S, arising from the 1s2s configuration and 'P, 
3P arising from the 1s2p, configuration of helium. 


(a) Derive expressions for the coulomb integrals J; s,2s and J;;,2, and exchange 
integrals K,,,2, and K;,,2, all in terms of one-electron radial integrals. Carry out 
all angular integrations. You need not evaluate the radial integrals. Show that 
J; 5,27 and K;,,2, are independent of my. 


(b) The numerical values for these integrals are found in Table 10.2. Think 
carefully about the nature of the integrals and give the best physical arguments 
(charge distributions, nodes, etc.) for each inequality below: 

CG) Jis,2s > Kis,2s and Ji 5,2) > Kis,2p- 
(ii) Jis,2zs <Jis,2p (but same order of magnitude). 
(iii) Kis,25 > Kis,2p (but same order of magnitude). 
[Hint: You may find it more convenient to discuss some of these integrals in their 
original form, before reduction to one-electron radial integrals.] 


10.3 Second Excited Configurations of Helium: 
Short-Range Nature of Exchange (**) 


Consider the terms !S, 3S, tP, 3P, 1D, and 3D arising from the three 
configurations 1s3s, 1s3p, and 153d. 

(a) Write the energies of these terms, correct to first order, in terms of the 
appropriate coulomb and exchange integrals J; s 3s, Kis,3s)J1s,3p) and so on. 

(b) Use the table of observed energy levels (given below) to obtain empirical, 
numerical values for all the coulomb integrals (relative to J,,,;,) and exchange inte- 
grals. Give the relative ordering and provide a physical explanation (as in Prob. 
10.2) of this ordering for 

(i) Jisas Jis, 3p Jis,3% 
(ii) Kis,385 Kis,3ps Kj 5,34 
(iii) Jy 5,35 versus Ky5,35, J1s,3p Versus Ki,,3p, 
Jis,34 Versus K;,,32 (order of magnitude only). 


Table of Energies* 


S P D 
S=1 0 2328 2865 
S=0 1628 2973 2868 


All energies in cm~! relative to the lowest level 3S, 
taken as zero. 


(c) Exchange is often referred to as a “short-range” effect. Comment, using the 
results of this problem (and Prob. 10.2 if you wish). 

(d) Using hydrogenic 1s and 3d wave functions (Z = 2), calculate a numerical 
value for K;;,34- Discuss your result and compare with the empirical result. Explain 
possible causes of the discrepancy, if any. 


10.4 Review Question on Helium (*) 


(a) Consider a helium atom with principal quantum numbers n = 1 and 
n’ = 3 for the two electrons. What are the possible electronic states, characterized 
by quantum numbers L, S, and J, for this atom? For each of these states, write 
the atomic term and the electronic configuration. 

(b) Discuss semiquantitatively, in order of decreasing importance, the interac- 
tions and perturbations that cause the energies of the 10 electronic states found in 
part (a) to be different from each other. For a given state, how might the M; degen- 
eracy be removed? 

(c) Sketch an energy level diagram (see Fig. 10.1), indicating for each electronic 
state of part (a) how the energy degeneracies are removed by the various interac- 
tions and perturbations of part (b). Label all states with the appropriate quantum 
numbers. Indicate what happens to each state if a magnetic field is applied. 
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APPENDIX 1 FUNDAMENTAL CONSTANTS AND 
CONVERSION FACTORS! 


Fundamental Constants 


Planck’s constant h = 6.6262 X 10 ” erg-sec 
= 4.1357 X 107" eV-sec 
Rationalized Planck’s constant h = 1.0546 X 10°” erg-sec 
Boltzmann constant k= 1.3807 X 10°" erg/°K 
Rest mass of the electron m. = 9.1095 X 10°" kg 
Bohr radius a= 0.5292 X 10 *cm 
Speed of light (in vacuum) c = 2.9979 X 10" cm/sec 
Elementary charge e = 4.8032 X 10°“ esu 
Rest mass of the proton m, = 1.6726 X 10” kg 


Conversion Factors 


bohr angstrom 
1 bohr 1 0.529177 
1 angstrom 1.88973 1 
eV Hartree cm~! 
leV 1 3.6748 X 10°? 8065.48 
1 Hartree 27.212 1 219477.84 
lem | 1.23985 X 10° * 4.55627 X 10°° 1 


l angstrom = 10°*cm 
1 Rydberg = } Hartree = 13.606 eV 
LeV = 1.6022 X 10 "erg 


“Review of Particle Properties,” Rev. Mod. Phys. 45 (Supplement), 529(1973). Also 
see B.N., Taylor, W. H. Parker, and D. N. Langenberg, Rev. Mod. Phys. 41, 375(1969), 
and “Symbols, Units, and Nomenclature in Physics, Physica 93A, 1 (1978). 


APPENDIX 2 ATOMIC UNITS 


In many advanced quantum theory textbooks and in some published litera- 
ture, a special system of units, called atomic units, is used. In this system 
we set 


h=m,=e=a,=1. (1) 


In practical terms, this means that we define the unit of length to be the Bohr 
radius, the unit of charge to be the charge of an electron, and the unit of 
mass to be the mass of an electron. In atomic units, Schroedinger’s equation 
for the hydrogen atom becomes 


1 1 
(-77 — =) v@ = Ev). @) 
With these definitions, the unit of energy turns out to be twice the ground- 
state energy of the hydrogen atom. This unit of energy is called a Hartree: 
1 Hartree = 27.212 eV. (3) 


Table 1 presents several important physical quantities in atomic units. 
Also frequently encountered is a special energy unit, the Rydberg. One 
Rydberg is equal to 4 Hartree, so that 


1 Rydberg = 13.606 eV. (4) 
In Rydbergs, we write the Schroedinger equation for a central-force problem 
[V2 + V)lw@) = Ey), 


where the energy and the potential energy are in Rydberg units. 


Table 17 
Constant Symbol Value in Atomic Units’ 

Electronic charge e 1 

Electronic mass me 1 

Bohr radius a 1 

Planck’s constant h 1 

Proton mass m, 1836.11 
Boltzmann constant kg 3.1668 x 10-8 
Speed of light c 137.039 


aSource: Physics Today 17 (2), 48(1964). 

+The unit of time in atomic units is fo = 2.4189 x 10-17 sec., the time required for an 
electron in the first Bohr orbit of a hydrogen atom to describe one radian. The unit of 
velocity is vọ = 2.1877 x 108 cm/sec. 
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APPENDIX 3 EXPECTATION VALUES OF 
SEVERAL IMPORTANT OPERATORS 


The following apply to observable properties of stationary states of the one- 
electron atom discussed in Chapter 3. We adopt the notation 


<® nem = LW nim (GIW nim? 
for operator G. 


1. Powers of r 
<P>ntm = zg Br? — 6 + 1) 


a — Paorsy2 4+ 1 — 30(0 +1 
edain = BBB Sn + 1 — SCE + DI 


me Z 
Pate = BEE D 


= VA] 
ate = BME IEF D 


2. Potential Energy 


204 
Wain = (ZEK Drin = — EE 


3. Square of Linear Momentum 
2» — (uZe*\? 
Pin = (EE) 


This suggests a definition for the RMS (root mean square) speed of 
the electron: 


Zi 2 
MO stm = 
4. Kinetic Energy 


1 Z? 4 
<P> atm = Ip Pm = aaa 


APPENDIX 4 CLEBSCH-GORDAN COEFFICIENTS? 


(i: 4 mım2 | ji 4j m) 


i= m=} m 
; jitm+y ji—m+} 
ate “Iti Zj +1 


aa O Jape 
A Ma 27-1 Ji+ 


Ci 1m ma | ji ljm) 


j= m2=1 m2=0 m.=—1 
jitl itm +m+)) Gi-m+)Gitm+)) Gai=mMUi—m+1) 
QA +1X2j1 +2) j+ +1) Qj +j +2) 
j — /Ui+m(jı—m+1) TAR ii oe 
2A +1) ~ j(i +1) 2j +1) 
Te Gi=m\ji—m-+1) (imi +m) (Gi +m+1Xjı +m) 
2j(2jı+1) J@ji+1) 2j2ji+1) 


(ii $m ma | ji Zim) 


j= m= m=} 
ja Gitm—PGi tm + Gi -m+9) DG ea EEEE 
: GA + DQ +A +3) Ci FDO + 22/1 +3) 


oat 3G -Fm— Ih Em +1 m+} A vS ji+m+} 
Att y) TODEN +3) Uie WET 


ae 30i +m- m+ Smg) ; ji—m+3 
h-i y> Oh DRFA D itam n oora 


ni -JOD E p D 
2ja(2jı—1X2jı +1) 2ji(2jı—1X2jı +1) 
j= m=} m=-} 


Ati [BG +m+DU1—m+ Gi —m +94) J“ XWi—m+iXji m+) 
Cj +D +J +3) (241 H1IX2j1 +2X2j1 +3) 


R? m+ 3G Fm Fi m-i mE 
AHE tmt A ARENE) 


3m N jı+m+} 3G tmU +m+ 31 —m— 3) 
2N Ojiji + DA +2) Bji—1X2jı +2 +2) 


i Vee MA Em +) m- JZ Fm- m+ Hi +m+4) 
2fi(2ji—1(2 ji +1) 2n2i-—N2i+) 


i=} Gi 


252 


Clebsch-Gordan Coefficients? (Continued) 


Appendices 


(j12mı m | fi 2jm) 


j= m,=2 m2=1 
fre itm— Di +mji+m+1IXji+m+2) Ja m+2\ +m+2 ji +m+DU1-+m) 
ji +j +2021 +3X2j1 +4) ji +D FDA +31 +2) 
Pe (iim DG Fry Fm+ Gi —mF2) g W Gi+m+DU: +m) 
i y Tah FDU: FD +I Gi-2m +N RO +D +D FD 
h fe tm- Di +m) ji —m+ 1 ji —m4+2) a EONI 3(ji—m+1X jı +m) 
(ji —D2j G +D +3) (ji — Djaj +221 +3) 
or Tim- — my fi mD mE ; J Gi=m+DGi—m) 

a "i OTS ESV CATES) Uitm- GEDREHT 
jı—2 (ii —m—1) ji -mi —m+1 m+?) ye oL 
y Cn -Jj -j+ Ti-A 

j= m=0 m =—1 
j2 , RG =mENG mE m+ ING mT) JE mD mF Wi AmE 
C+D +Z +D C+D FIFA 
; Xjı—m+1Xjı+m+1) ; Cii—m+1j1—m) 
1 —_Gi=m+TKji—m) 
ur UNE O Cabo) TED) 
r 3m2—ji(ji+1) 31 — mi +m 
4 ZOR Dn FOT CAEN EER 
a = 31 m Em) rie Gitm+DGi +m) 
ht T- DACO Caan DG a a 
2 ye e JZ m—IXji+m+IXjı +m ji +m-—1) 
271-22 /1-DAsi+l) (a-DQA-DAGA+) 
j= m2=—2 
ji+2 CH ee 
QI FDI +X +3K2j1 +4) 
jitt ye 
Fi +I Fe +4) 
i —— e EEA 
@ii—Dyji2ii + 22h +3) 
jä E A =D 
Gi- Dij H+) 
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Ch- -D+ 


aSource: E. U. Condon, and G. H. Shortley, The Theory of Atomic Spectra (London: Cambridge 
University Press, 1951), pp. 76-77. 


APPENDIX 5 TABLE OF ATOMIC PROPERTIES? 


COIDUNRLWNHE 


ionization Orbital 


First 
Ground 
Atom Configuration state energy? 
H Is 28 1/2 13,505 
He 1s? 1S, 24.580 
Li [He]2s 2Si/2 5.390 
Be [He]2s2 1S0 9.320 
B [He]2s22p 2P; 8.296 
Cc [He]2s?2p? 3P 11.264 
N [He]2s?2p3 4832 14.54 
(0) [He]2s22p4 3P, 13.614 
F [He]2s22p5 2P 3/2 17.42 
Ne [He]2s22ps 1S, 21.559 
Na [Ne]3s 2812 5.138 
Mg [Ne]3s2 1S0 7.644 
Al [Ne]3s23p 2Pij2 5.984 
Si [Ne]3s23p2 3P 8.149 
P [Ne]3523p3 4832 11.00 
S [Ne]3s23p4 3P, 10.357 
cl [Ne]3s23p5 2P 3/2 13.01 
Ar [Ne]3523p6 1So 15.755 
K [Ar]4s 2812 4.339 
Ca [Ar]4s2 1S0 6.111 
Sc [Ar]4s73d *D3/2 6.56 
Ti [Ar]4s23d2 3F, 6.83 
v [Ar]4s23d3 4 Fy). 6.74 
Cr [Ar]4s3d5 1S3 6.76 
Mn [Ar]4s23d5 6S5/2 7.432 
Fe [Ar]4s23d6 5D, 7.896 
Co [Ar]4s23d7 4Fy/2 7.86 
Ni [Ar]4s23d8 3F, 7.633 
Cu [Ar]4s3d 10 2S172 7.723 
Zn [Ar]4s23d 1° 1S0 9.391 
Ga [Ar]4s23d 104p 2P;/2 6.00 
Ge [Ar]4s23d 14p2 3Po 8.13 
As [Ar]4s23d1°4p3 4S3 10.00 
Se [Ar]4s23d104p4 3P, 9.750 
Br [Ar]4s23d1°4p5 2P 3/2 11.84 
Kr [Ar]4s23d!4p6 1S0 13.996 
Rb [Kr]5s iSi 4.176 
Sr [Kr]5s? 1S0 5.692 
Y [Kr]4s24d 2D3/2 6.6 
Zr [Kr]5s?4d2 Fa 6.95 


radius? 


0.529 
0.291 
1.586 
1.040 
0.776 
0.620 
0.521 
0.450 
0.396 
0.354 
1.713 
1.279 
1,312 
1.068 
0.919 
0.810 
0.725 
0.659 
2.162 
1.690 
1.570 
1.477 
1.401 
1.453 
1.278 
1.227 
1.181 
1.139 
1,191 
1.065 
1.254 
1.090 
1.001 
0.918 
0.851 
0.795 
2.287 
1.836 
1.693 
1,593 
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Table of Atomic Properties? (Continued) 


First 
Ground ionization Orbital 
Z Atom Configuration state energy’ _radius® 
41 Nb [Kr]5s4d+ Dir 6.77 1.589 
42 Mo [Kr]5s4d5 1S3 7.18 1.520 
43 Te [Kr]5s?4d5 6S5/2 - 1.391 
44 Ru [Kr]5s4d7 SF; TS 1.410 
45 Rh [Kr]5s4d® 4 Foo 7.7 1.364 
46 Pd [Kr]4d'° 1S, 8.33 0.567 
47 Ag [Kr]5s4d 1° 251/2 7.574 1.286 
48 Cd [Kr]5s24d1° 1S, 8.991 1,184 
49 In [Kr]5s?4d!°5p 2P ir 5.785 1.382 
50 Sn [Kr]5s24d!°Sp2 3Po 7.332 1.240 
51 Sb [Kr]5s24d!°Sp? 4853/2 8.64 1.193 
52 Te [Kr]5s24d!°Sp* 3P, 9.01 1001. 
53 I [Kr]5s24d '°5p5 2P 3/2 10.44 1.044 
54 Xe [Kr]5s24d 1°Sp® 1S0 12.127 0.986 
55 Cs [Xel]6s 28 1/2 3.893 2.518 
56 Ba [Xe]6s? 1S0 5.210 2.060 
57 La [Xe]6s25d 2D3)2 5.61 1.915 
58 Ce [Xe](6s24/5d) GHs) 6.91 1.978 
59 Pr [Xe](6524f?) (41/2) 5.76 1.942 
60 Nd [Xe]6s24f* 5I, 6.31 1.912 
6l Pm [Xe](6s24f 5) (Hs/2) - 1.882 
62 Sm [Xe]6s24f° TF) 5.6 1.854 
63 Eu [Xe]6s24f7 8S 5/2 5.67 1.826 
64 Gd [Xe]6s24f75d D, 6.16 1.713 
65 Tb [Xe](6s24f9) (SH 5/2) 6.74 IRS 
66 Dy [Xe](6s24f1°) (GJs) 6.82 1.750 
67 Ho [He](6s24f11) (41 5/2) = 1.727 
68 Er [Xe](6s24f 12) (H6) - 1.703 
69 Tm [Xe]6s24f 13 2Fy/2 - 1.681 
70 Yb [Xe]6s24 f+ 189 6.2 1.658 
71 Lu [Xe]6s24f 45d 2D3i2 5.0 1.553 
72 Hf [Xe]6s?4f 145d? 3F, 5.5 1.476 
73 Ta [Xe]6s24f 145d? 4F 3/2 7.88 1.413 
74 WwW [Xe]6s24f 115d 5Do 7.98 1.360 
75 Re [Xe]6s24f145d5 6 S52 7.87 1.310 
76 Os [Xe]6s24f145d6 5D, 8.7 1.266 
77 Ir [Xe]6s24f 145d7 4Foi2 9.2 1.227 
78 Pt [Xe]6s4f 145d’ 3D; 8.96 1.221 
79 Au [Xe]6s4f 145d 10 2S1/2 9.223 1.187 
80 Hg [Xe]6s74f145d1° 1S0 10.434 1.126 


Table of Atomic Properties? (Continued) 


First 
Ground ionization Orbital 
Z Atom Configuration state energy’ radius 
81 Tl [Xe]6s24f 145d! 6p 2Pi2 6.106 1.319 
82 Pb [Xe]6s24f145d1°6p2 3Po 7.415 1.215 
83 Bi [Xe]6s24 145d! 6p3 4S3/2 7.287 1.295 
84 Po [Xe]6s?24f 145d106p+ 3P, 8.43 1.212 
85 At [Xe](6s74f 144d 106p5) (?P3/2) - 1.146 
86 Rn [Xe]6s24f 145d 196 ps 1S0 10.746 1.090 
87 RE [Rn](7s) (7S4/2) = 2.447 
88 Ra [Rn]7s2 1S0 5.277 2.042 
89 Ac [Rn]7s26d 2D3/2 6.9 1.895 
90 Th [Rn]7s26d2 3F, - 1.788 
91 Pa [Rn](7s25f26d) (4K 1/12) - 1.804 
92 U [Rn]7s25/36d 516 4 1.775 
93 Np [Rn](7s25f46d) (§L44/12) - 1.741 
94 Pu [Rn](7s25f6) (7Fo) - 1.784 
95 Am _— [Rn](7s25f7) (88772) - 1.757 
96 Cm [Rn](7s25f76d) (D2) -= 1.657 
97 Bk [Rn](7s25f°) (6H 5/2) - 1.626 
98 Cf [Rn](7s25f 1°) (51g) - 1,598 
99 Es [Rn](7s25f!1) (4T; 5/2) - 1,576 
100 Fm [Rn](7s25f 12) (H6) - 1.557 
101 Md [Rn](7s25f 13) (2F 5/2) - 1.527 
102 No [Rn](7s25f +4) (So) - 1.581 
103 Lw [Rn](7s25f 146d) D32) = - 


@Source: Data from C. E. Moore, Atomic Energy Levels, National Bureau of Standards 
(U.S.), Circular No, 467 (U.S. Government Printing Office, Washington, D.C.), 1949, and 
Waber and Cromer, J. Chem. Phys. 42, 4116(1965). 

Energy in electron volts. 

Radius of the maximum in radial probability density of the outermost orbital (in ang- 
stroms). 
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